
MATHEMATICAL SCIENCES AND APPLICATIONS E-NOTES
https://doi.org/10.36753/mathenot.1500238
13 (1) 36-53 (2025) - Research Article
ISSN: 2147-6268

Hermite-Hadamard Inequalities for Generalized
ζ−Conformable Integrals Generated by Co-Ordinated

Functions
Sümeyye Ermeydan Çiriş* and Hüseyin Yıldırım

Abstract
In this article, we introduce generalized ζ− conformable fractional integrals on co-ordinated functions
and for the functions of two variables. Additionally, we derive a new Hermite-Hadamard inequality by
utilizing the generalized Riemann-Liouville integrals, utilizing the generalized ζ−conformable integral
definition. Furthermore, we demonstrate some implications of the Hermite-Hadamard inequality and
definitions introduced in this study. Consequently, we state and prove several related inequalities.
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1. Introduction
Convex functions are a subject of extensive scientific research. One of the most outstanding inequality for convex

functions was discovered by Hadamard in 1893. Additionally, many studies have focused on convex functions and
the Hermite-Hadamard-type integral inequalities related to convex functions. Sarıkaya et al. define the general
convex functions as the following inequality for f : [ρ, λ] ⊂ R → R on [ρ, λ] in [1].

f (θφ (τ) + (1− θ)φ (ϕ)) ≤ θf (φ (τ)) + (1− θ) f (φ (ϕ)) . (1.1)

Moreover, Cristescu defined and proved the Hermite-Hadamard-type integral inequality for general φ−convex
functions in [2]. Then,

f

(
φ (ρ) + φ (λ)

2

)
≤ 1

φ (ρ)− φ (λ)

∫ φ(λ)

φ(ρ)

f (z) dz ≤ f (φ (ρ)) + f (φ (s))

2
. (1.2)
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If f is a concave function, the inequality is reversed. This inequality is significant in fractional integrals and
derivatives. There are many studies on the Hermite-Hadamard inequality in the literature (see, e.g., [3–5]).

Set et al. introduce φ−convex functions on co-ordinates, and they demonstrate their properties. Moreover, they
obtain Hadamard type inequalities via φ−convex function on co-ordinates in [6]. We should give the following
basic definition and basic theorem to use later.

Definition 1.1. [6] Let ∆ := [τ, ϕ]× [θ, µ] ⊆ [0,∞)× [0,∞) , τ < ϕ and θ < µ. If f : ∆ → R is said to be φ−convex
on ∆ for every two points (λ, u) , (λ, v) , (y, u) , (y, v) ∈ ∆ and ρ, s ∈ [0, 1]. Then, we get

f (ρφ1 (λ) + (1− ρ)φ1 (y) , sφ2 (u) + (1− s)φ2 (v))
≤ ρsf (φ1 (λ) , φ2 (u)) + ρ (1− s) f (φ1 (λ) , φ2 (v))
+ (1− ρ) sf (φ1 (y) , φ2 (u)) + (1− ρ) (1− s) f (φ1 (y) , φ2 (v)) ,

(1.3)

for φi : [τ, ϕ] → [θ, µ] , i = 1, 2 be a continuous function. A function f : ∆ → R is φ−convex function on ∆ is called
co-ordinated φ−convex on ∆ if the partial mappings fφ2 : [τ, ϕ] → R, fφ2 (u) = f (u, φ2) and fφ1 : [θ, µ] → R,
fφ1 (v) = f (φ1, v) are φ−convex for all τ ≤ φ2 ≤ ϕ and θ ≤ φ1 ≤ µ.

Theorem 1.1. [6] If f : ∆ = [τ, ϕ] × [θ, µ] ⊂ R2 → R is φ−convex on the co-ordinates on ∆ with f ∈ L [∆] , Then, we
obtain

f
(

φ(τ)+φ(ϕ)
2 , φ(θ)+φ(µ)

2

)
≤ 1

(φ(ϕ)−φ(τ))(φ(µ)−φ(θ))

∫ φ(ϕ)

φ(τ)

∫ φ(µ)

φ(θ)
f (ρ, s) dsdρ

≤ f(φ(τ),φ(θ))+f(φ(τ),φ(µ))+f(φ(ϕ),φ(θ))+f(φ(ϕ),φ(µ))
4 .

(1.4)

Furthermore, we demonstrate that the generalized ζ−conformable fractional integration operator α
σJ

β
τ+ is

well-defined on Xp
ϱ (τ, ϕ) for p > ϱ. We can write the following definition and theorem.

Definition 1.2. [7, 8] Let ζ (λ) be an increasing and positive monotone function on [0,∞). Furthermore, if we
consider ζ

′
(λ) is continuous on [0,∞) and ζ (0) = 0, the space Xp

ζ (0,∞) is the following form for (1 ≤ p < ∞) ,

∥f∥Xp
ζ
=

(∫ ∞

0

|f (t)|p ζ
′
(λ) dt

) 1
p

< ∞ (1.5)

and if we choose p = ∞,

∥f∥X∞
ζ

= ess sup
1≤t<∞

[
f (t) ζ

′
(λ)

]
. (1.6)

Additionally, If we take ζ(λ) = λ (1 ≤ p < ∞) the space Xp
ζ (0,∞), we have the Lp[0,∞)−space. Moreover, if

we take ζ(λ) = λσ+1

σ+1 (1 ≤ p < ∞, σ ≥ 0) the space Xp
ζ (0,∞), we have the Lp,σ[0,∞)−space.

Definition 1.3. Let f ∈ Xζ(0,∞), ζ be an increasing and positive monotone function on [0,∞) and also derivative
ζ ′ be continuous on [0,∞) and ζ (0) = 0. The left and right generalized conformable fractional integrals of order
β ∈ C, R (β) ≥ 0 and α > 0,

α
ζ J

β
τ+f (λ) = 1

Γ(β)

∫ λ

τ

[
(ζ(λ)−ζ(τ))α−(ζ(ρ)−ζ(τ))α

α

]β−1
ζ
′
(ρ)f(ρ)dρ

(ζ(ρ)−ζ(τ))1−α
(1.7)

and
α
ζ J

β
ϕ−f (λ) = 1

Γ(β)

∫ ϕ

λ

[
(ζ(ϕ)−ζ(λ))α−(ζ(ϕ)−ζ(ρ))α

α

]β−1
ζ
′
(ρ)f(ρ)dρ

(ζ(ϕ)−ζ(ρ))1−α , (1.8)

respectively.

Bozkurt et al. showed conformable derivatives and conformable integrals for the functions of two variables in
[9]. Based on this article, we define the following the definition.
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Definition 1.4. Let f ∈ Xζ ([τ, ϕ]× [θ, µ]) and α1 ̸= 0, α2 ̸= 0, β, γ ∈ C, Re (β) > 0, Re (γ) > 0. Meanwhile, ζ be an
increasing and positive monotone function on [0,∞) and also derivative ζ ′ be continuous on [0,∞) and ζ (0) = 0.
Then, we have the generalized ζ−conformable integrals of order β, γ of f (ρ, s),

α1,α2

ζ Jβ,γ
τ+,θ+

= 1
Γ(γ)Γ(β)

∫ λ

τ

∫ y

θ

[
(ζ(λ)−ζ(τ))α1−(ζ(ρ)−ζ(τ))α1

α1

]β−1 [
(ζ(y)−ζ(θ))α2−(ζ(s)−ζ(θ))α2

α2

]γ−1

× ζ
′
(ρ)

(ζ(ρ)−ζ(τ))1−α1
. ζ

′
(s)

(ζ(s)−ζ(θ))1−α2
f (ρ, s) dsdρ,

(1.9)

α1,α2

ζ Jβ,γ
ϕ−,θ+

= 1
Γ(γ)Γ(β)

∫ ϕ

λ

∫ y

θ

[
(ζ(ϕ)−ζ(λ))α1−(ζ(ϕ)−ζ(ρ))α1

α1

]β−1 [
(ζ(y)−ζ(θ))α2−(ζ(s)−ζ(θ))α2

α2

]γ−1

× ζ
′
(ρ)

(ζ(ϕ)−ζ(ρ))1−α1
. ζ

′
(s)

(ζ(s)−ζ(θ))1−α2
f (ρ, s) dsdρ,

(1.10)

α1,α2

ζ Jβ,γ
τ+,µ−

= 1
Γ(γ)Γ(β)

∫ λ

τ

∫ µ

y

[
(ζ(λ)−ζ(τ))α1−(ζ(ρ)−ζ(τ))α1

α1

]β−1 [
(ζ(µ)−ζ(y))α2−(ζ(µ)−ζ(s))α2

α2

]γ−1

× ζ
′
(ρ)

(ζ(ρ)−ζ(τ))1−α1
. ζ

′
(s)

(ζ(µ)−ζ(s))1−α2
f (ρ, s) dsdρ,

(1.11)

and
α1,α2

ζ Jβ,γ
ϕ−,µ−

= 1
Γ(γ)Γ(β)

∫ ϕ

λ

∫ µ

y

[
(ζ(ϕ)−ζ(λ))α1−(ζ(ϕ)−ζ(ρ))α1

α1

]β−1 [
(ζ(µ)−ζ(y))α2−(ζ(µ)−ζ(s))α2

α2

]γ−1

× ζ
′
(ρ)

(ζ(ϕ)−ζ(ρ))1−α1
. ζ

′
(s)

(ζ(µ)−ζ(s))1−α2
f (ρ, s) dsdρ.

(1.12)

Remark 1.1. In here, when we get ζ (λ) = λσ+1

(σ+1)
1
α

in Definition 4, then we can write equations as follows,

α1,α2
σ Jβ,γ

τ+,θ+

= 1
Γ(γ)Γ(β)

∫ λ

τ

∫ y

θ

[
(λσ+1−τσ+1)

α1−(ρσ+1−τσ+1)
α1

α1(σ+1)

]β−1 [
(yσ+1−θσ+1)

α2−(sσ+1−θσ+1)
α2

α2(σ+1)

]γ−1

× ρσ

(ρσ+1−τσ+1)1−α1
. sσ

(sσ+1−θσ+1)1−α2
f (ρ, s) dsdρ,

(1.13)

α1,α2
σ Jβ,γ

ϕ−,θ+

= 1
Γ(γ)Γ(β)

∫ ϕ

λ

∫ y

θ

[
(ϕσ+1−λσ+1)

α1−(ϕσ+1−ρσ+1)
α1

α1(σ+1)

]β−1 [
(yσ+1−θσ+1)

α2−(sσ+1−θσ+1)
α2

α2(σ+1)

]γ−1

× ρσ

(ϕσ+1−ρσ+1)1−α1
. sσ

(sσ+1−θσ+1)1−α2
f (ρ, s) dsdρ,

(1.14)

α1,α2
σ Jβ,γ

τ+,µ−

= 1
Γ(γ)Γ(β)

∫ λ

τ

∫ µ

y

[
(λσ+1−τσ+1)

α1−(ρσ+1−τσ+1)
α1

α1(σ+1)

]β−1 [
(µσ+1−yσ+1)

α2−(µσ+1−sσ+1)
α2

α2(σ+1)

]γ−1

× ρσ

(ρσ+1−τσ+1)1−α1
. sσ

(µσ+1−sσ+1)1−α2
f (ρ, s) dsdρ,

(1.15)

and
α1,α2
σ Jβ,γ

ϕ−,µ−

= 1
Γ(γ)Γ(β)

∫ ϕ

λ

∫ µ

y

[
(ϕσ+1−λσ+1)

α1−(ϕσ+1−ρσ+1)
α1

α1(σ+1)

]β−1 [
(µσ+1−yσ+1)

α2−(µσ+1−sσ+1)
α2

α2(σ+1)

]γ−1

× ρσ

(ϕσ+1−ρσ+1)1−α1
. sσ

(µσ+1−sσ+1)1−α2
f (ρ, s) dsdρ.

(1.16)

Remark 1.2. If we take ζ (λ) = λ in Definition 3, then we have the following equations in [9]

α1,α2Jβ,γ
τ+,θ+ = 1

Γ(γ)Γ(β)

∫ λ

τ

∫ y

θ

[
(λ−τ)α1−(ρ−τ)α1

α1

]β−1 [
(y−θ)α2−(s−θ)α2

α2

]γ−1

× 1
(ρ−τ)1−α1

. 1
(s−θ)1−α2

f (ρ, s) dsdρ,
(1.17)
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α1,α2Jβ,γ
ϕ−,θ+ = 1

Γ(γ)Γ(β)

∫ ϕ

λ

∫ y

θ

[
(ϕ−λ)α1−(ϕ−ρ)α1

α1

]β−1 [
(y−θ)α2−(s−θ)

α2

α2

]γ−1

× 1
(ϕ−ρ)1−α1

. 1
(s−θ)1−α2

f (ρ, s) dsdρ,
(1.18)

α1,α2Jβ,γ
τ+,µ− = 1

Γ(γ)Γ(β)

∫ λ

τ

∫ µ

y

[
(λ−τ)α1−(ρ−τ)α1

α1

]β−1 [
(µ−y)α2−(µ−s)α2

α2

]γ−1

× 1
(ρ−τ)1−α1

. 1
(µ−s)1−α2

f (ρ, s) dsdρ,
(1.19)

and
α1,α2Jβ,γ

ϕ−,µ− = 1
Γ(γ)Γ(β)

∫ ϕ

λ

∫ µ

y

[
(ϕ−λ)α1−(ϕ−ρ)α1

α1

]β−1 [
(µ−y)α2−(µ−s)α2

α2

]γ−1

× 1
(ϕ−ρ)1−α1

. 1
(µ−s)1−α2

f (ρ, s) dsdρ.
(1.20)

Remark 1.3. [10] If we take ζ (λ) = λ, α1 = 1 and α2 = 1 in Definition 3, then we get

α1,α2Jβ,γ
τ+,θ+ =

1

Γ (γ) Γ (β)

∫ λ

τ

∫ y

θ

(λ− ρ)
β−1

(y − s)
γ−1

f (ρ, s) dsdρ, (1.21)

α1,α2Jβ,γ
ϕ−,θ+ =

1

Γ (γ) Γ (β)

∫ ϕ

λ

∫ y

θ

(ρ− λ)
β−1

(y − s)
γ−1

f (ρ, s) dsdρ, (1.22)

α1,α2Jβ,γ
τ+,µ− =

1

Γ (γ) Γ (β)

∫ λ

τ

∫ µ

y

(λ− ρ)
β−1

(s− y)
γ−1

f (ρ, s) dsdρ, (1.23)

and
α1,α2Jβ,γ

ϕ−,µ− =
1

Γ (γ) Γ (β)

∫ ϕ

λ

∫ µ

y

(ρ− λ)
β−1

(s− y)
γ−1

f (ρ, s) dsdρ. (1.24)

Kiriş et al. studied Hermite-Hadamard inequalities for co-ordinated convex function via generalized conformable
fractional integrals in [11]. Moreover, Çiriş and et al. defined generalized σ−conformable integrals by co-ordinated
functions [12]. In addition, considering Definition 4, we can obtain Definition 5.

Definition 1.5. Let f ∈ Xζ ([τ, ϕ]× [θ, µ]) and α1 ̸= 0, α2 ̸= 0, β, γ ∈ C, Re (β) > 0, Re (β) > 0. Now, ζ be an
increasing and positive monotone function on [0,∞) and also derivative ζ ′ be continuous on [0,∞) and ζ (0) = 0.
In here, (

α1

ζ Jβ
τ+f

)(
λ, θ+µ

2

)
= 1

Γ(β)

∫ λ

τ

[
(ζ(λ)−ζ(τ))α1−(ζ(ρ)−ζ(τ))α1

α1

]β−1 f(ρ, θ+µ
2 )ζ

′
(ρ)dρ

(ζ(ρ)−ζ(τ))1−α1
, λ > τ,

(1.25)

(
α1

ζ Jβ
ϕ−f

)(
λ, θ+µ

2

)
= 1

Γ(β)

∫ ϕ

λ

[
(ζ(ϕ)−ζ(λ))α1−(ζ(ϕ)−ζ(ρ))α1

α1

]β−1 f(ρ, θ+µ
2 )ζ

′
(ρ)dρ

(ζ(ϕ)−ζ(ρ))1−α1
, λ < ϕ,

(1.26)

(
α2

ζ Jγ
θ+f

)(
τ+ϕ
2 , y

)
= 1

Γ(γ)

∫ y

θ

[
(ζ(y)−ζ(θ))α2−(ζ(s)−ζ(θ))α2

α2

]γ−1 f( τ+ϕ
2 ,s)ζ

′
(s)ds

(ζ(s)−ζ(θ))1−α2
, y > θ,

(1.27)

and (
α2

ζ Jγ
µ−f

)(
τ+ϕ
2 , y

)
= 1

Γ(γ)

∫ µ

y

[
(ζ(µ)−ζ(y))α2−(ζ(µ)−ζ(s))α2

α2

]γ−1 f( τ+ϕ
2 ,s)ζ

′
(s)ds

(ζ(µ)−ζ(s))1−α2
, y < µ,

(1.28)

we have equations.

Remark 1.4. If we take ζ (λ) = λσ+1

(σ+1)
1
α

in Definition 5, then we can write as the following,

(
α1
σ Jβ

τ+f
)(

λ, θ+µ
2

)
= 1

Γ(β)

∫ λ

τ

[
(λσ+1−τσ+1)

α1−(ρσ+1−τσ+1)
α1

α1(σ+1)

]β−1
ρσf(ρ, θ+µ

2 )dρ
(ρσ+1−τσ+1)1−α1

, λ > τ,
(1.29)
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(
α1
σ Jβ

ϕ−f
)(

λ, θ+µ
2

)
= 1

Γ(β)

∫ ϕ

λ

[
(ϕσ+1−λσ+1)

α−(ϕσ+1−ρσ+1)
α1

α1(σ+1)

]β−1
ρσf(ρ, θ+µ

2 )dρ
(ϕσ+1−ρσ+1)1−α1

, λ < ϕ,
(1.30)

(
α2
σ Jγ

θ+f
) (

τ+ϕ
2 , y

)
= 1

Γ(γ)

∫ y

θ

[
(yσ+1−θσ+1)

α2−(sσ+1−θσ+1)
α2

α2(σ+1)

]γ−1
sσf( τ+ϕ

2 ,s)ds
(sσ+1−θσ+1)1−α2

, y > θ,
(1.31)

and (
α2
σ Jγ

µ−f
)(

τ+ϕ
2 , y

)
= 1

Γ(γ)

∫ µ

y

[
(µσ+1−yσ+1)

α2−(µσ+1−sσ+1)
α2

α2(σ+1)

]γ−1
sσf( τ+ϕ

2 ,s)ds
(µσ+1−sσ+1)1−α2

, y < µ.
(1.32)

Remark 1.5. [11] If we get ζ (λ) = λ in Definition 4, then we obtain(
α1Jβ

τ+f
)(

λ, θ+µ
2

)
= 1

Γ(β)

∫ λ

τ

[
(λ−τ)α1−(ρ−τ)α1

α1

]β−1 f(ρ, θ+µ
2 )dρ

(ρ−τ)1−α1
, λ > τ,(

α1Jβ
ϕ−f

)(
λ, θ+µ

2

)
= 1

Γ(β)

∫ ϕ

λ

[
(ϕ−λ)α1−(ϕ−ρ)α1

α1

]β−1 f(ρ, θ+µ
2 )dρ

(ϕ−ρ)1−α1
, λ < ϕ,(

α2Jγ
θ+f

) (
τ+ϕ
2 , y

)
= 1

Γ(γ)

∫ y

θ

[
(y−θ)α2−(s−θ)α2

α2

]γ−1 f( τ+ϕ
2 ,s)ds

(s−θ)1−σ , y > θ,(
α2Jγ

µ−f
)(

τ+ϕ
2 , y

)
= 1

Γ(γ)

∫ µ

y

[
(µ−y)α2−(µ−s)α2

α2

]γ−1 f( τ+ϕ
2 ,s)ds

(µ−s)1−σ , y < µ.

(1.33)

In this study, we will examine Hermite-Hadamard inequalities for co-ordinated convex mappings by means of
the generalized ζ−conformable fractional integral operator. In addition, we are going to prove several important
Theorems utilizing the Hermite-Hadamard inequality for generalized ζ−conformable fractional integrals and by
means of definitions which we define.

2. Hermite-Hadamard inequality

In this section, we will derive Hermite-Hadamard inequality for generalized ζ−conformable fractional integrals.

Theorem 2.1. Let f ∈ Xζ ([τ, ϕ]) and f is φ−convex function. ζ be an increasing and positive monotone function on [0,∞)
and also derivative ζ ′ be continuous on [0,∞) and ζ (0) = 0. We obtain the inequalities as follows utilizing the generalized
ζ−conformable fractional integrals for R (β) > 0 and α1 ∈ (0, 1] ,

f
(

ζ(τ)+ζ(ϕ)
2

)
≤ 2α1β−1.Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β .[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α2 )β]

×
[
α1

ζ Jβ

(w1)
+f (w2) +

α1

ζ Jβ

(w4)
−f (w3)

]
≤ f(ζ(τ))+f(ζ(ϕ))

2 .

(2.1)

In here, we have
ζ (τ) + ζ (ϕ)

2
− ζ (1) (ζ (ϕ)− ζ (τ))

2
= w1,

ζ (τ) + ζ (ϕ)

2
− ζ (0) (ζ (ϕ)− ζ (τ))

2
= w2,

ζ (τ) + ζ (ϕ)

2
+

ζ (0) (ζ (ϕ)− ζ (τ))

2
= w3

and
ζ (τ) + ζ (ϕ)

2
+

ζ (1) (ζ (ϕ)− ζ (τ))

2
= w4.



Conformable integrals and co-ordinated functions 41

Proof. By definition of φ−convex function, we get

f
(

ζ(τ)+ζ(ϕ)
2

)
= f

[
1
2

(
1+ζ(ρ)

2 ζ (τ) + 1−ζ(ρ)
2 ζ (ϕ)

)
+ 1

2

(
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ)

)]
≤ 1

2

[
f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ)
)
+ f

(
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ)

)]
≤ f(ζ(τ))+f(ζ(ϕ))

2 .

Here, we can write
f
(

ζ(τ)+ζ(ϕ)
2

)
≤ 1

2

[
f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ)
)

+f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ)
)]

≤ f(ζ(τ))+f(ζ(ϕ))
2 .

(2.2)

Moreover, if we multiply
(

1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1
both of inequalities in (2.2) and we integrate from 0 to 1,

then we acquire

f
(

ζ(τ)+ζ(ϕ)
2

) ∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1

≤ 1
2

[∫ 1

0
f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ)
)(

1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1

+
∫ 1

0
f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ)
)(

1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1

]
≤ f(ζ(τ))+f(ζ(ϕ))

2

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1
.

(2.3)

Furthermore, we get I1 as the following,

I1 =
∫ 1

0
f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ)
)(

1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1
.

By changing the variable with,
1+ζ(ρ)

2 ζ (τ) + 1−ζ(ρ)
2 ζ (ϕ) = ζ (u) , (2.4)

we have

I1 =
∫ w2

w1

(
1−( 2

ζ(ϕ)−ζ(τ) )
α1 (ζ(u)−ζ(τ))α1

α1

)β−1 (
2

ζ(ϕ)−ζ(τ)

)α1 f(ζ(u))ζ
′
(u)du

(ζ(u)−ζ(τ))1−α1

= 2α1β

(ζ(ϕ)−ζ(τ))α1β

∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(u)−ζ(τ))α1

α1

)β−1
f(ζ(u))ζ

′
(u)du

(ζ(u)−ζ(τ))1−α1

= 2α1βΓ(β)

(ζ(ϕ)−ζ(τ))α1β .
α1

ζ Jβ

w+
1

f (w2) .

At the same way, if we take I2 as the following,

I2 =
∫ 1

0
f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ)
)(

1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1
,

By changing the variable with,
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ) = ζ (u) , (2.5)

we can write

I2 =
∫ w4

w3

(
1−( 2

ζ(ϕ)−ζ(τ) )
α1 (ζ(ϕ)−ζ(u))α1

α1

)β−1 (
2

ζ(ϕ)−ζ(τ)

)α1 f(ζ(u))ζ
′
(u)du

(ζ(ϕ)−ζ(u))1−α1

= 2α1β

(ζ(ϕ)−ζ(τ))α1β

∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(u))α1

α1

)β−1
f(ζ(u))ζ

′
(u)du

(ζ(ϕ)−ζ(u))1−α1

= 2α1βΓ(β)

(ζ(ϕ)−ζ(τ))α1β .
α1

ζ Jβ

w−
4

f (w3) .

Additionally, if we get I3 as the following, then we obtain

I3 =
∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)dρ

(1−ζ(ρ))1−α1

= 1

βαβ
1

[
(1− (1− ζ (1))

α1)
β − (1− (1− ζ (0))

α1)
β
]
.
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If we use I1, I2 and I3 in (2.3) then, we have

f
(

ζ(τ)+ζ(ϕ)
2

)
≤ 2α1β−1.Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β .[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1

ζ Jβ

(w1)
+f (w2) +

α1

ζ Jβ

(w4)
−f (w3)

]
≤ f(ζ(τ))+f(ζ(ϕ))

2 .

The proof is completed.

If we take ζ (λ) = λ in Theorem 2, then we obtain

f
(

τ+ϕ
2

)
≤ 2α1β−1.Γ(β+1)αβ

1

(ϕ−τ)α1β

[
α1Jβ

τ+f
(

τ+ϕ
2

)
+α1 Jβ

ϕ−f
(

τ+ϕ
2

)]
≤ f(τ)+f(ϕ)

2 ,

which is proved in [13].

Theorem 2.2. Let f ∈ Xζ ([τ, ϕ]× [θ, µ]) and f is a ζ−conformable co-ordinated φ−convex function. Moreover, ζ be
an increasing and positive monotone function on [0,∞) and also derivative ζ ′ be continuous on [0,∞) and ζ (0) = 0.
Additionally, we have for α1 ̸= 0, α2 ̸= 0, β, γ ∈ C, Re (β) > 0, Re (γ) > 0,

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
×
(

(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β

αβ
1β

)(
(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ

αγ
2γ

)
≤ 1

4

[
2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w+
1 ,q+1

f
)
(w2, q2)

+ 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(θ)−ζ(µ))α2γ

(
α1,α2

ζ Jβ,γ

w+
1 ,q−4

f
)
(w2, q3)

+ 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(θ)−ζ(µ))α2γ

(
α1,α2

ζ Jβ,γ

w−
4 ,q+1

f
)
(w3, q2)

+ 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(θ)−ζ(µ))α2γ

(
α1,α2

ζ Jβ,γ

w−
4 ,q−4

f
)
(w3, q3)

]
≤ f(ζ(τ),ζ(θ))+f(ζ(τ),ζ(µ))+f(ζ(ϕ),ζ(θ))+f(ζ(ϕ),ζ(µ))

4

×
(

(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β

αβ
1β

)(
(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ

αγ
2γ

)
.

(2.6)

In here, we write

w1 = ζ(τ)+ζ(ϕ)
2 − ζ(1)(ζ(ϕ)−ζ(τ))

2 , q1 = ζ(θ)+ζ(µ)
2 − ζ(1)(ζ(µ)−ζ(θ))

2

w2 = ζ(τ)+ζ(ϕ)
2 − ζ(0)(ζ(ϕ)−ζ(τ))

2 , q2 = ζ(θ)+ζ(µ)
2 − ζ(0)(ζ(µ)−ζ(θ))

2

w3 = ζ(τ)+ζ(ϕ)
2 + ζ(0)(ζ(ϕ)−ζ(τ))

2 , q3 = ζ(θ)+ζ(µ)
2 + ζ(0)(ζ(µ)−ζ(θ))

2

w4 = ζ(τ)+ζ(ϕ)
2 + ζ(1)(ζ(ϕ)−ζ(τ))

2 , q4 = ζ(θ)+ζ(µ)
2 + ζ(1)(ζ(µ)−ζ(θ))

2 .

Proof. We can write the equality

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
= f

[
1
4

(
1+ζ(ρ)

2 ζ (τ) + 1−ζ(ρ)
2 ζ (ϕ) , 1+ζ(s)

2 ζ (θ) + 1−ζ(s)
2 ζ (µ)

)
+ 1

4

(
1+ζ(ρ)

2 ζ (τ) + 1−ζ(ρ)
2 ζ (ϕ) , 1−ζ(s)

2 ζ (θ) + 1+ζ(s)
2 ζ (µ)

)
+ 1

4

(
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ) , 1+ζ(s)

2 ζ (θ) + 1−ζ(s)
2 ζ (µ)

)
+ 1

4

(
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ) , 1−ζ(s)

2 ζ (θ) + 1+ζ(s)
2 ζ (µ)

)]
.



Conformable integrals and co-ordinated functions 43

By Definition 1, we have

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
≤ 1

4

[
f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ) , 1+ζ(s)
2 ζ (θ) + 1−ζ(s)

2 ζ (µ)
)

+f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ) , 1−ζ(s)
2 ζ (θ) + 1+ζ(s)

2 ζ (µ)
)

+f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ) , 1+ζ(s)
2 ζ (θ) + 1−ζ(s)

2 ζ (µ)
)

+f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ) , 1−ζ(s)
2 ζ (θ) + 1+ζ(s)

2 ζ (µ)
)]

≤ f(ζ(τ),ζ(θ))+f(ζ(τ),ζ(µ))+f(ζ(ϕ),ζ(θ))+f(ζ(ϕ),ζ(µ))
4 .

(2.7)

If we multiply by
(

1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)

(1−ζ(s))1−α2
both of the inequalities in (2.7)

and integrating [0, 1]× [0, 1] with respect to s and ρ, then we obtain

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
×
∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

≤ 1
4

[∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)β−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

×f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ) , 1+ζ(s)
2 ζ (θ) + 1−ζ(s)

2 ζ (µ)
)

+

(∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

)
×f

(
1+ζ(ρ)

2 ζ (τ) + 1−ζ(ρ)
2 ζ (ϕ) , 1−ζ(s)

2 ζ (θ) + 1+ζ(s)
2 ζ (µ)

)
+

(∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

)
×f

(
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ) , 1+ζ(s)

2 ζ (θ) + 1−ζ(s)
2 ζ (µ)

)
+

(∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

)
×f

(
1−ζ(ρ)

2 ζ (τ) + 1+ζ(ρ)
2 ζ (ϕ) , 1−ζ(s)

2 ζ (θ) + 1+ζ(s)
2 ζ (µ)

)]
≤ f(ζ(τ),ζ(θ))+f(ζ(τ),ζ(µ))+f(ζ(ϕ),ζ(θ))+f(ζ(ϕ),ζ(µ))

4

×
(∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

)
.

(2.8)

By changing variables,
1+ζ(ρ)

2 ζ (τ) + 1−ζ(ρ)
2 ζ (ϕ) = ζ (u) ,

1+ζ(s)
2 ζ (θ) + 1−ζ(s)

2 ζ (µ) = ζ (v)

(2.9)

we have ∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

×f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ) , 1+ζ(s)
2 ζ (θ) + 1−ζ(s)

2 ζ (µ)
)

=
∫ w2

w1

∫ q2
q1

(
1−( 2(ζ(u)−ζ(τ))

ζ(ϕ)−ζ(τ) )
α1

α1

)β−1 (
1−( 2(ζ(v)−ζ(θ))

ζ(µ)−ζ(θ) )
α2

α2

)γ−1

×
(

2α1 (ζ(u)−ζ(τ))α1−1

(ζ(ϕ)−ζ(τ))α1

)(
2α2 (ζ(v)−ζ(θ))α2

(ζ(µ)−ζ(θ))α2

)
ζ

′
(u) ζ

′
(v) f (ζ (u) , ζ (v)) dudv

=
(

2
ζ(ϕ)−ζ(τ)

)α1β (
2

ζ(µ)−ζ(θ)

)α2γ ∫ w2

w1

∫ q2
q1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(u)−ζ(τ))α1

α1

)β−1

×
(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(v)−ζ(θ))α2

α2

)γ−1
f(ζ(u),ζ(v))ζ

′
(u)ζ

′
(v)dudv

(ζ(ϕ)−ζ(τ))1−α1 (ζ(µ)−ζ(θ))1−α2

= 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w+
1 ,q+1

f
)
(w2, q2) .

(2.10)



44 S. Ermeydan Çiriş & H. Yıldırım

In the same way, we have

∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

×f
(

1+ζ(ρ)
2 ζ (τ) + 1−ζ(ρ)

2 ζ (ϕ) , 1−ζ(s)
2 ζ (θ) + 1+ζ(s)

2 ζ (µ)
)

= 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w+
1 ,q−4

f
)
(w2, q3) ,

(2.11)

∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

×f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ) , 1+ζ(s)
2 ζ (θ) + 1−ζ(s)

2 ζ (µ)
)

= 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w−
4 ,q+1

f
)
(w3, q2)

(2.12)

and ∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

×f
(

1−ζ(ρ)
2 ζ (τ) + 1+ζ(ρ)

2 ζ (ϕ) , 1−ζ(s)
2 ζ (θ) + 1+ζ(s)

2 ζ (µ)
)

= 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w−
4 ,q−4

f
)
(w3, q3) .

(2.13)

By simple calculations, we have

∫ 1

0

∫ 1

0

(
1−(1−ζ(ρ))α1

α1

)β−1
ζ
′
(ρ)

(1−ζ(ρ))1−α1

(
1−(1−ζ(s))α2

α2

)γ−1
ζ
′
(s)dsdρ

(1−ζ(s))1−α2

=
(

(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β

αβ
1β

)(
(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ

αγ
2γ

)
.

(2.14)

By using (2.10)-(2.14) in (2.8), we obtain

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
×
(

(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β

αβ
1β

)(
(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ

αγ
2γ

)
≤ 1

4

[
2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w+
1 ,q+1

f
)
(w2, q2)

+ 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w+
1 ,q−4

f
)
(w2, q3)

+ 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w−
4 ,q+1

f
)
(w3, q2)

+ 2α1β2α2γΓ(β)Γ(γ)

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ

(
α1,α2

ζ Jβ,γ

w−
4 ,q−4

f
)
(w3, q3)

≤ f(ζ(τ),ζ(θ))+f(ζ(τ),ζ(µ))+f(ζ(ϕ),ζ(θ))+f(ζ(ϕ),ζ(µ))
4

×
(

(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β

αβ
1β

)(
(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ

αγ
2γ

)
.

The proof is completed.

Remark 2.1. [11] If ζ (λ) = λ in Theorem 3, we obtain

f
(

τ+ϕ
2 , θ+µ

2

)(
1

αβ
1α

γ
2βγ

)
≤ ( 2

α1β−12α2γ−1Γ(β)Γ(γ)

(ϕ−τ)α1β(µ−θ)α2γ

×
[(

α1,α2Jβ,γ
τ+,θ+f

)(
τ+ϕ
2 , θ+µ

2

)
+

(
α1,α2Jβ,γ

τ+,µ−f
)(

τ+ϕ
2 , θ+µ

2

)
+
(
α1,α2Jβ,γ

ϕ−,θ+f
)(

τ+ϕ
2 , θ+µ

2

)
+
(
α1,α2Jβ,γ

ϕ−,µ−f
)(

τ+ϕ
2 , θ+µ

2

)]
≤ f(τ,θ)+f(τ,µ)+f(ϕ,θ)+f(ϕ,µ)

4

(
1

αβ
1α

γ
2βγ

)
.
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Remark 2.2. By choosing ζ (λ) = λ, α1 = 1 and α2 = 1 in Theorem 3, we have

f
(

τ+ϕ
2 , θ+µ

2

)
≤ 2β−12γ−1Γ(β+1)Γ(γ+1)

(ϕ−τ)β(µ−θ)γ

×
[(

1,1
ζ Jβ,γ

τ+,θ+f
)(

τ+ϕ
2 , θ+µ

2

)
+

(
1,1
ζ Jβ,γ

τ+,µ−f
)(

τ+ϕ
2 , θ+µ

2

)
+
(
1,1
ζ Jβ,γ

ϕ−,θ+f
)(

τ+ϕ
2 , θ+µ

2

)
+

(
1,1
ζ Jβ,γ

ϕ−,µ−f
)(

τ+ϕ
2 , θ+µ

2

)]
≤ f(τ,θ)+f(τ,µ)+f(ϕ,θ)+f(ϕ,µ)

4 .

Remark 2.3. By choosing ζ (λ) = λ, α1 = 1, α2 = 1, β = 1 and γ = 1 in Theorem 3, we have

f
(

τ+ϕ
2 , θ+µ

2

)
≤ 1

(ϕ−τ)(µ−θ)

∫ θ

τ

∫ µ

θ
f (t, s) dsdt

≤ f(τ,θ)+f(τ,µ)+f(ϕ,θ)+f(ϕ,µ)
4 .

Theorem 2.3. Let f : ∆ = [τ, ϕ] × [θ, µ] ⊂ R2 → R for 0 ≤ τ < ϕ and 0 ≤ θ < µ. Furthermore, f is ζ−conformable
co-ordinated φ−convex function and f ∈ Xζ (∆) . ζ be an increasing and positive monotone function on [0,∞) and also
derivative ζ ′ be continuous on [0,∞) and ζ (0) = 0. We can obtain as the following inequality for α1 ̸= 0, α2 ̸= 0, β, γ ∈ C,
Re (β) > 0, Re (γ) > 0,

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
≤ 2α1β−2Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
+

2α2γ−2Γ(γ+1)αγ
2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×
[
α2

ζ Jγ

q+1
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α2

ζ Jγ

q−4
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
≤ 2α2γ−1.2α1β−1.Γ(γ+1)Γ(β+1)αγ

2α
β
1

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1,α2

ζ Jβ,γ

w+
1 ,q+1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1,α2

ζ Jβ,γ

w+
1 ,q−4

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
+

2α2γ−1.2α1β−1.Γ(γ+1)Γ(β+1)αγ
2α

β
1

(ζ(ϕ)−ζ(τ))α1β(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1,α2

ζ Jγ,β

w−
4 ,q+1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1,α2

ζ Jγ,β

w4−,q−4
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
≤ 2α1β−3Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β

[
α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , q1

)
+α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , q4

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , q1

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , q4

)]
+

2α2γ−3Γ(γ+1)αγ
2

(ζ(µ)−ζ(θ))α2γ

[
α2

ζ Jγ

q+1
f
(
w1,

ζ(θ)+ζ(µ)
2

)
+α2

ζ Jγ

q+1
f
(
w4,

ζ(θ)+ζ(µ)
2

)
+α2

ζ Jγ

q−4
f
(
w1,

ζ(θ)+ζ(µ)
2

)
+α2

ζ Jγ

q−4
f
(
w4,

ζ(θ)+ζ(µ)
2

)]
≤ f(ζ(τ),ζ(θ))+f(ζ(τ),ζ(µ))+f(ζ(ϕ),ζ(θ))+f(ζ(ϕ),ζ(µ))

4 .

Here, we have
w1 = ζ(τ)+ζ(ϕ)

2 − ζ(1)(ζ(ϕ)−ζ(τ))
2 , q1 = ζ(θ)+ζ(µ)

2 − ζ(1)(ζ(µ)−ζ(θ))
2

w2 = ζ(τ)+ζ(ϕ)
2 − ζ(0)(ζ(ϕ)−ζ(τ))

2 , q2 = ζ(θ)+ζ(µ)
2 − ζ(0)(ζ(µ)−ζ(θ))

2

w3 = ζ(τ)+ζ(ϕ)
2 + ζ(0)(ζ(ϕ)−ζ(τ))

2 , q3 = ζ(θ)+ζ(µ)
2 + ζ(0)(ζ(µ)−ζ(θ))

2

w4 = ζ(τ)+ζ(ϕ)
2 + ζ(1)(ζ(ϕ)−ζ(τ))

2 , q4 = ζ(θ)+ζ(µ)
2 + ζ(1)(ζ(µ)−ζ(θ))

2 .

Proof. If f : ∆ → R is co-ordinated φ−convex function and also gζ(λ) : [q1, q4] → R, gζ(λ) (ζ (ρ)) = f (ζ (λ) , ζ (ρ)) is
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φ−convex on [q1, q4] for all w1 ≤ ζ(λ) ≤ w4, then, we obtain by utilizing Theorem 2,

gζ(λ)

(
ζ(θ)+ζ(µ)

2

)
≤ 2α2γ−1Γ(γ+1)αγ

2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×
[
α2

ζ Jγ

q+1
gζ(λ) (q2) +

α2

ζ Jγ

q−4
gζ(λ) (q3)

]
≤ gζ(λ)ζ(θ)+gζ(λ)ζ(µ)

2 .

Here, we can write

f
(
ζ (λ) , ζ(θ)+ζ(µ)

2

)
≤ 2α2γ−1γαγ

2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×

[∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
f(ζ(λ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

+
∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
f(ζ(λ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α2

]
≤ f(ζ(λ),ζ(θ))+f(ζ(λ),ζ(µ))

2 .

(2.15)

If we multiply both sides of (2.15) by

2α1β−1βαβ
1

(ζ(ϕ)−ζ(τ))α1β

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
ζ
′
(λ)

(ζ(λ)−ζ(τ))1−α1
,

and if we integrate with respect to λ on [w1, w2], then we get

2α1β−1βαβ
1

(ζ(ϕ)−ζ(τ))α1β

∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f(ζ(λ), ζ(θ)+ζ(µ)

2 )ζ
′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

≤ 2α2γ−1.2α1β−1.αγ
2α

β
1 .γβ

(ζ(ϕ)−ζ(τ))α1β .(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×

[[∫ w2

w1

∫ q2
q1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1 (
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dρdλ

(ζ(λ)−ζ(τ))1−α1 (ζ(ρ)−ζ(θ))1−α2

]
+

[∫ w2

w1

∫ q4
q3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1 (
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dρdλ

(ζ(λ)−ζ(τ))1−α1 (ζ(µ)−ζ(ρ))1−α2

]]
≤ 2α1β−2βαβ

1

(ζ(ϕ)−ζ(τ))α1β

[∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f(ζ(λ),ζ(θ))ζ

′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

+
∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f(ζ(λ),ζ(µ))ζ

′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

]
.

(2.16)

Similarly, if we multiply both sides of (2.15) by

2α1β−1βαβ
1

(ζ(ϕ)−ζ(τ))α1β

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
ζ
′
(λ)

(ζ(ϕ)−ζ(λ))1−α1
,
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and if we integrate with respect to λ on [w3, w4], then we can have

2α1β−1βαβ
1

(ζ(ϕ)−ζ(τ))α1β

∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f(ζ(λ), ζ(θ)+ζ(µ)

2 )ζ
′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

≤ 2α2γ−1.2α1β−1.αγ
2α

β
1 .γβ

(ζ(ϕ)−ζ(τ))α1β .(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[[∫ w4

w3

∫ q2
q1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1 (
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dρdλ

(ζ(ϕ)−ζ(λ))1−α1 (ζ(ρ)−ζ(θ))1−α2

]
+

∫ w4

w3

∫ q4
q3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1 (
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
]

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dρdλ

(ζ(ϕ)−ζ(λ))1−α1 (ζ(µ)−ζ(ρ))1−α2

]]
≤ 2α1β−2βαβ

1

(ζ(ϕ)−ζ(τ))α1β

[∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f(ζ(λ),ζ(θ))ζ

′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

+
∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f(ζ(λ),ζ(µ))ζ

′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

]
.

(2.17)

If f is co-ordinated φ−convex function, then gζ(ρ) : [w1, w4] → R, gζ(ρ) (ζ (λ)) = f (ζ (λ) , ζ (ρ)) is φ−convex
function, then, by Theorem 2, we get

gζ(ρ)

(
ζ(τ)+ζ(ϕ)

2

)
≤ 2α1β−1Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1

ζ Jβ

w+
1

gζ(ρ) (w2) +
α1

ζ Jβ

w−
4

gζ(ρ) (w3)
]

≤ gζ(ρ)ζ(τ)+gζ(ρ)ζ(ϕ)

2 .

Here, we can write,

f
(

ζ(τ)+ζ(ϕ)
2 , ζ (ρ)

)
≤ 2α1β−1βαβ

1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f(ζ(λ),ζ(ρ))ζ

′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

+
∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f(ζ(λ),ζ(ρ))ζ

′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

]
≤ f(ζ(τ),ζ(ρ))+f(ζ(ϕ),ζ(ρ))

2 .

(2.18)

Moreover, by multiplying both side of (2.18) by

2α2γ−1γαγ
2

(ζ(µ)−ζ(θ))α2γ

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
ζ
′
(ρ)

(ζ(ρ)−ζ(θ))1−α2
,
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and by integrating with respect to ρ on [q1, q2] , then we obtain

2α2γ−1γαγ
2

(ζ(µ)−ζ(θ))α2γ

∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
f( ζ(τ)+ζ(ϕ)

2 ,ζ(ρ))ζ
′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

≤ 2α2γ−1.2α1β−1.αγ
2α

β
1 .γβ

(ζ(ϕ)−ζ(τ))α1β .(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[[∫ q2
q1

∫ w2

w1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1 (
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dλdρ

(ζ(ρ)−ζ(θ))1−α2 (ζ(λ)−ζ(τ))1−α1

]
+

[∫ q2
q1

∫ w4

w3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1 (
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dλdρ

(ζ(ρ)−ζ(θ))1−α2 (ζ(ϕ)−ζ(λ))1−α1

]]
≤ 2α2γ−2γαγ

2

(ζ(µ)−ζ(θ))α2γ

[∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
f(ζ(τ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

+
∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
f(ζ(ϕ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

]
.

(2.19)

Furthermore, if we multiply both sides of (2.18) by

2α2γ−1γαγ
2

(ζ(µ)−ζ(θ))α2γ

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
ζ
′
(ρ)

(ζ(µ)−ζ(ρ))1−α2
,

and if we integrate with respect to ρ on [q3, q4] , then we get

2α2γ−1γαγ
2

(ζ(µ)−ζ(θ))α2γ

∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
f( ζ(τ)+ζ(ϕ)

2 ,ζ(ρ))ζ
′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α2

≤ 2α2γ−1.2α1β−1.αγ
2α

β
1 .γβ

(ζ(ϕ)−ζ(τ))α1β .(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[[∫ q4
q3

∫ w2

w1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1 (
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dλdρ

(ζ(λ)−ζ(τ))1−α1 (ζ(µ)−ζ(ρ))1−α2

]
+

[∫ q4
q3

∫ w4

w3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1 (
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1

× f(ζ(λ),ζ(ρ))ζ
′
(λ)ζ

′
(ρ)dλdρ

(ζ(ϕ)−ζ(λ))1−α1 (ζ(µ)−ζ(ρ))1−α2

]]
≤ 2α2γ−2γαγ

2

(ζ(µ)−ζ(θ))α2γ

[∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
f(ζ(τ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α1

+
∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
f(ζ(ϕ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α2

]
.

(2.20)
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In here, if we add the inequalities (2.16)-(2.20) and divide by 2, then we have

2α1β−2Γ(β+1)αβ
1

(ζ(ϕ)−ζ(τ))α1β

[
α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
+

2α2γ−2Γ(γ+1)αγ
2

(ζ(µ)−ζ(θ))α2γ

[
α2

ζ Jγ

q+1
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α2

ζ Jγ

q−4
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
≤ 2α2γ−1.2α1β−1.Γ(γ+1)Γ(β+1)αγ

2α
β
1

(ζ(ϕ)−ζ(τ))α1β .(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×
[
α1,α2

ζ Jβ,γ

w+
1 ,q+1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1,α2

ζ Jβ,γ

w−
4 ,q−4

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
+

2α2γ−1.2α1β−1.Γ(γ+1)Γ(β+1)αγ
2α

β
1

(ζ(ϕ)−ζ(τ))α1β .(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1,α2

ζ Jβ,γ

w+
1 ,q+1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1,α2

ζ Jβ,γ

w4−,q−4
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
≤ 2α1β−3Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β

[
α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , q1

)
+α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , q4

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , q1

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , q4

)]
+

2α2γ−3Γ(γ+1)αγ
2

(ζ(µ)−ζ(θ))α2γ

[
α2

ζ Jγ

q+1
f
(
w1,

ζ(θ)+ζ(µ)
2

)
+α2

ζ Jγ

q+1
f
(
w4,

ζ(θ)+ζ(µ)
2

)
+α2

ζ Jγ

q−4
f
(
w1,

ζ(θ)+ζ(µ)
2

)
+α2

ζ Jγ

q−4
f
(
w4,

ζ(θ)+ζ(µ)
2

)]
.

(2.21)

We give some results for special circumstances, if we get ζ (λ) = ζ(τ)+ζ(ϕ)
2 on the left side of the (2.15) inequality,

then we obtain,

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
≤ 2α2γ−1γαγ

2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×

[∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
f(ζ(λ), ζ(θ)+ζ(µ)

2 )ζ
′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

+
∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
f(ζ(λ), ζ(θ)+ζ(µ)

2 )ζ
′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α2

]
.

(2.22)

Similarly, if we take ζ (ρ) = ζ(θ)+ζ(µ)
2 on the left side of the (2.18) inequality, then we get,

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
≤ 2α1β−1βαβ

1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f( ζ(τ)+ζ(ϕ)

2 ,ζ(ρ))ζ
′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

+
∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f( ζ(τ)+ζ(ϕ)

2 ,ζ(ρ))ζ
′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

]
.

(2.23)

If we do the necessary calculations for (2.22) and (2.23), we can obtain
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f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
≤ 2α1β−2Γ(β+1)αβ

1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×
[
α1

ζ Jβ

w+
1

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α1

ζ Jβ

w−
4

f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
+

2α2γ−2Γ(γ+1)αγ
2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×
[
α2

ζ Jγ

q+1
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)
+α2

ζ Jγ

q−4
f
(

ζ(τ)+ζ(ϕ)
2 , ζ(θ)+ζ(µ)

2

)]
.

(2.24)

The inequality in (2.24)is the first inequality of Theorem 4.
Finally, if we get ζ (ρ) = ζ (θ) on the right-hand side of the (2.18) which we get by using the second inequality in

(2.1), then we obtain
2α1β−1βαβ

1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f(ζ(λ),ζ(θ))ζ

′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

+
∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f(ζ(λ),ζ(θ))ζ

′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

]
≤ f(ζ(τ),ζ(θ))+f(ζ(ϕ),ζ(θ))

2 .

(2.25)

In same way, if we take ζ (ρ) = ζ (µ) in (2.18), then we can write

2α1β−1βαβ
1

(ζ(ϕ)−ζ(τ))α1β[(1−(1−ζ(1))α1 )β−(1−(1−ζ(0))α1 )β]

×

[∫ w2

w1

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(λ)−ζ(τ))α1

α1

)β−1
f(ζ(λ),ζ(µ))ζ

′
(λ)dλ

(ζ(λ)−ζ(τ))1−α1

+
∫ w4

w3

(
( ζ(ϕ)−ζ(τ)

2 )
α1−(ζ(ϕ)−ζ(λ))α1

α1

)β−1
f(ζ(λ),ζ(µ))ζ

′
(λ)dλ

(ζ(ϕ)−ζ(λ))1−α1

]
≤ f(ζ(τ),ζ(µ))+f(ζ(ϕ),ζ(µ))

2 .

(2.26)

In a similar way, if we take ζ (λ) = ζ (τ) on the right-hand side of the (2.15) inequality, then we have

2α2γ−1γαγ
2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×

[∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)β−1
f(ζ(τ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

+
∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)β−1
f(ζ(τ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α2

]
≤ f(ζ(τ),ζ(θ))+f(ζ(τ),ζ(µ))

2 .

(2.27)

Moreover, if we take ζ (λ) = ζ (ϕ) in (2.15), then we get

2α2γ−1γαγ
2

(ζ(µ)−ζ(θ))α2γ [(1−(1−ζ(1))α2 )γ−(1−(1−ζ(0))α2 )γ ]

×

[∫ q2
q1

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(ρ)−ζ(θ))α2

α2

)γ−1
f(ζ(ϕ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(ρ)−ζ(θ))1−α2

+
∫ q4
q3

(
( ζ(µ)−ζ(θ)

2 )
α2−(ζ(µ)−ζ(ρ))α2

α2

)γ−1
f(ζ(ϕ),ζ(ρ))ζ

′
(ρ)dρ

(ζ(µ)−ζ(ρ))1−α2

]
≤ f(ζ(ϕ),ζ(θ))+f(ζ(ϕ),ζ(µ))

2 .

(2.28)

When we make the necessary calculations for (2.25), (2.26), (2.27) and (2.28), then we obtain the 4th inequality of
Theorem 4.
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Corollary 2.1. [11] If ζ (λ) = λ in Theorem 4, we acquire,

f
(

τ+ϕ
2 , θ+µ

2

)
≤ 2α1β−2Γ(β+1)αβ

1

(ϕ−τ)α1β

[
α1Jβ

τ+f
(

τ+ϕ
2 , θ+µ

2

)
+α1 Jβ

ϕ−f
(

τ+ϕ
2 , θ+µ

2

)]
+

2α2γ−2Γ(γ+1)αγ
2

(µ−θ)α2γ

[
α2Jγ

θ+f
(

τ+ϕ
2 , θ+µ

2

)
+α2 Jγ

µ−f
(

τ+ϕ
2 , θ+µ

2

)]
≤ 2α2γ−1.2α1β−1.Γ(γ+1)Γ(β+1)αγ

2α
β
1

(ϕ−τ)α1β .(µ−θ)α2γ

×
[
α1,α2Jβ,γ

τ+,θ+f
(

τ+ϕ
2 , θ+µ

2

)
+α1,α2 Jβ,γ

τ+,µ−f
(

τ+ϕ
2 , θ+µ

2

)]
(2.29)

+
2α2γ−1.2α1β−1.Γ(γ+1)Γ(β+1)αγ

2α
β
1

(ϕ−τ)α1β .(µ−θ)α2γ

×
[
α1,α2Jβ,γ

ϕ−,θ+f
(

τ+ϕ
2 , θ+µ

2

)
+α1,α2 Jβ,γ

ϕ−,µ−f
(

τ+ϕ
2 , θ+µ

2

)]
≤ 2α1β−3Γ(β+1)αβ

1

(ϕ−τ)α1β

[
α1Jβ

τ+f
(

τ+ϕ
2 , θ

)
+α1 Jβ

τ+f
(

τ+ϕ
2 , µ

)
+α1Jβ

ϕ−f
(

τ+ϕ
2 , θ

)
+α1 Jβ

ϕ−f
(

τ+ϕ
2 , µ

)]
+

2α2γ−3Γ(γ+1)αγ
2

(µ−θ)α2γ

[
α2Jγ

θ+f
(
τ, θ+µ

2

)
+α2 Jγ

θ+f
(
ϕ, θ+µ

2

)
+α2Jγ

µ−f
(
τ, θ+µ

2

)
+α2 Jγ

µ−f
(
ϕ, θ+µ

2

)]
≤ f(τ,θ)+f(τ,µ)+f(ϕ,θ)+f(ϕ,µ)

4 .

(2.30)

Corollary 2.2. By choosing ζ (λ) = λ, α1 = 1 and α2 = 1 in Theorem 4, we write as the following inequality for
Riemann-Liouville fractional integrals

f
(

τ+ϕ
2 , θ+µ

2

)
≤ 2β−2Γ(β+1)

(ϕ−τ)β

[
1Jβ

τ+f
(

τ+ϕ
2 , θ+µ

2

)
+1 Jβ

ϕ−f
(

τ+ϕ
2 , θ+µ

2

)]
+ 2γ−2Γ(γ+1)

(µ−θ)γ

[
1Jβ

θ+f
(

τ+ϕ
2 , θ+µ

2

)
+1 Jβ

µ−f
(

τ+ϕ
2 , θ+µ

2

)]
≤ 2γ−1.2β−1.Γ(γ+1)Γ(β+1)

(ϕ−τ)β .(µ−θ)γ

[
1,1Jβ,γ

τ+,θ+f
(

τ+ϕ
2 , θ+µ

2

)
+1,1 Jβ,γ

τ+,µ−f
(

τ+ϕ
2 , θ+µ

2

)]
+ 2γ−1.2β−1.Γ(γ+1)Γ(β+1)

(ϕ−τ)β .(µ−θ)γ

[
1,1Jβ,γ

ϕ−,θ+f
(

τ+ϕ
2 , θ+µ

2

)
+1,1 Jβ,γ

ϕ−,µ−f
(

τ+ϕ
2 , θ+µ

2

)]
≤ 2β−3Γ(β+1)

(ϕ−τ)β

[
1Jβ

τ+f
(

τ+ϕ
2 , θ

)
+1 Jβ

τ+f
(

τ+ϕ
2 , µ

)
+1Jβ

ϕ−f
(

τ+ϕ
2 , θ

)
+1 Jβ

ϕ−f
(

τ+ϕ
2 , µ

)]
+ 2γ−3Γ(γ+1)

(µ−θ)γ

[
1Jγ

θ+f
(
τ, θ+µ

2

)
+1 Jγ

θ+f
(
ϕ, θ+µ

2

)
+1Jγ

µ−f
(
τ, θ+µ

2

)
+1 Jγ

µ−f
(
ϕ, θ+µ

2

)]
≤ f(τ,θ)+f(τ,µ)+f(ϕ,θ)+f(ϕ,µ)

4 .

(2.31)

Corollary 2.3. By choosing ζ (λ) = λ, β = 1, γ = 1, α1 = 1 and α2 = 1 in Theorem 4, we write as the following inequality
for Riemann-Liouville fractional integrals

f
(

τ+ϕ
2 , θ+µ

2

)
≤ 1

2(ϕ−τ)

[∫ ϕ

τ
f
(
t, θ+µ

2

)
dt
]
+ 1

2(µ−θ)

[∫ µ

ϕ
f
(

τ+ϕ
2 , s

)
ds
]

≤ 1
(ϕ−τ).(µ−θ)

[∫ θ

τ

∫ µ

θ
f (t, s) dsdt

]
≤ 1

4(ϕ−τ)

[
1J1

τ+f
(

τ+ϕ
2 , θ

)
+1 J1

τ+f
(

τ+ϕ
2 , µ

)
+1J1

ϕ−f
(

τ+ϕ
2 , θ

)
+1 J1

ϕ−f
(

τ+ϕ
2 , µ

)]
+ 1

4(µ−θ)

[
1J1

θ+f
(
τ, θ+µ

2

)
+1 J1

θ+f
(
ϕ, θ+µ

2

)
+1J1

µ−f
(
τ, θ+µ

2

)
+1 J1

µ−f
(
ϕ, θ+µ

2

)]
≤ f(τ,θ)+f(τ,µ)+f(ϕ,θ)+f(ϕ,µ)

4 .

(2.32)
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3. Conclusion
There are many studies on Hermite-Hadamard inequalities and fractional integrals [14–20]. In this study, we

derive the Hermite-Hadamard inequality for generalized ζ−conformable fractional integrals. Moreover, we derive
two distinct definitions for these integrals: one for functions with two variables and another for co-ordinated
functions. Expanding on these definitions, we highlight several significant findings and illustrate their implications
and applications. Furthermore, we discuss important consequences within the broader mathematical context.
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