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Abstract

In this article, we introduce generalized (— conformable fractional integrals on co-ordinated functions
and for the functions of two variables. Additionally, we derive a new Hermite-Hadamard inequality by
utilizing the generalized Riemann-Liouville integrals, utilizing the generalized (—conformable integral
definition. Furthermore, we demonstrate some implications of the Hermite-Hadamard inequality and
definitions introduced in this study. Consequently, we state and prove several related inequalities.
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1. Introduction

Convex functions are a subject of extensive scientific research. One of the most outstanding inequality for convex
functions was discovered by Hadamard in 1893. Additionally, many studies have focused on convex functions and
the Hermite-Hadamard-type integral inequalities related to convex functions. Sarikaya et al. define the general
convex functions as the following inequality for f : [p, A\] CR — Ron [p, A] in [1].

Flo(m)+ (1 =0)p(¢) <Of(o(7))+(1—0)f(p(e))- (1.1)

Moreover, Cristescu defined and proved the Hermite-Hadamard-type integral inequality for general p—convex
functions in [2]. Then,
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If f is a concave function, the inequality is reversed. This inequality is significant in fractional integrals and
derivatives. There are many studies on the Hermite-Hadamard inequality in the literature (see, e.g., [3-5]).

Set et al. introduce ¢ —convex functions on co-ordinates, and they demonstrate their properties. Moreover, they
obtain Hadamard type inequalities via ¢p—convex function on co-ordinates in [6]. We should give the following
basic definition and basic theorem to use later.

Definition 1.1. [6] Let A := [, ¢] x [0, u] C [0,00) x [0,00),7T < pand § < p. If f : A — Ris said to be ¢p—convex
on A for every two points (A, u) , (A, u) (y,u), (y,v) € Aand p,s € [0,1]. Then, we get
[ o1 (A) + (1= p) 1 (y) , sp2 (u) + (1 = 5) 2 (v))
< psf (e ( )2 (W) +p(1=35) f (1 (A), 92 (v)) (1.3)
T (A =p)sf (1Y), p2(w) + (1 =p) (1 =s5)f(p1(y);p2(v))

for p; : [1,6] — [0, 1], % =1,2be a continuous function. A function f : A — R is p—convex function on A is called
co-ordinated p—convex on A if the partial mappings f,, : [7,¢] = R, f,, (u) = f(u,¢2) and f,, : [0, u] = R,
for (v) = f (¢1,v) are p—convex forall 7 < ¢y < pand § < 1 < p.

Theorem 1.1. [6] If f : A = [1,¢] x [0, u] C R? — R is p—convex on the co-ordinates on A with f € L[A], Then, we
obtain

f («P(T)+<P(¢) w(9)+¢>(u)

w(o w(u)
< GO G Jay Sy £ (ps) dsdp (1.4)

< f(sa(T),w(G))Jrf(«p(T),sa(u))l-f(sa(@7w(9))+f(sa(¢),w(u)).

Furthermore, we demonstrate that the generalized {(—conformable fractional integration operator &.J i is
well-defined on X? (7, ¢) for p > o. We can write the following definition and theorem.

Definition 1.2. [7, 8] Let ¢ (A\) be an increasing and positive monotone function on [0, o). Furthermore, if we
consider ¢’ ()) is continuous on [0, 00) and ¢ (0) = 0, the space X? (0, 00) is the following form for (1 < p < o0),

e = ([T ore war)” <o 15)
and if we choose p = oo,
1l =ess sup [£()¢ (V)] (1.6)
1<t<oco

Additionally, If we take ((\) = A (1 < p < oo) the space X7 (0, c0), we have the L,[0, co)—space. Moreover, if

we take () = ’(\::11

(1 <p< oo, 0>0)the space X[ (0,00), we have the L, , [0, 0c0)—space.

Definition 1.3. Let f € X(0,c0), ¢ be an increasing and positive monotone function on [0, c0) and also derivative
¢’ be continuous on [0, c0) and ¢ (0) = 0. The left and right generalized conformable fractional integrals of order
BeC,/R(B) >0and a > 0,

?Jf+f(>\) - ﬁ f:\ {(C(M*C(T))”;(C(p)%(r))‘l}5_1 (Cf,/,§’i)f(%)ﬁp—a (1.7)
and

I F ) = 1 Y [<<<¢>>74<A>>0;<c<¢>—<<p>>”}5‘1 (C(c(;gro_)gé;))){g (1.8)
respectively.

Bozkurt et al. showed conformable derivatives and conformable integrals for the functions of two variables in
[9]. Based on this article, we define the following the definition.
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Definition 1.4. Let f € X ([7,¢] x [0, p]) and oy # 0, az # 0, 5,7 € C, Re (8) > 0, Re (y) > 0. Meanwhile, { be an
increasing and positive monotone function on [0, o0) and also derivative ¢’ be continuous on [0, c0) and ¢ (0) = 0.
Then, we have the generalized {—conformable integrals of order 3, of f (p, s),

ag,0n Jﬁ ot
¢ Tt,0t
o ay18—1 « an17—1
A)—=¢(E)N*t = —¢(m)™t —((0))*2—(¢(s)—¢(0))2
— F('y)l"(ﬂ f fe {(C( ¢(m) al(C(ﬂ) ¢(r) ] {(C(y) ¢(9) az(C() ¢9) ] (1.9)
¢ (p) ¢ (s)
X et —cyE f (P 8) dsdp,
e |
)t a1 —¢(0)*2—(C(s)—C(0)*2 7™
F(ﬁ) I {(cw) LN —(C)=C) } [<c<y) LN~ (G()=C0) } (1.10)
¢ (o) ¢(s)
><( C(@)=Clp)' 1 " (C(s)—¢(O)' =3 (p,s) dsdp,
ap,az 78,y
; QJTJWL 1 1
— WI fu [(C(/\)fc(f))”lf(C(ﬂ)fC(T))”l]B_ [(C(u)fC(y))”Q4((#)*4(8))”2]7_ (1.11)
Y [e5} a2 :
¢ (p) ¢ (s)
X e Tz d (pr8) dsdp,
and N
a1, vy
Cl 2] T 5 .
L )1 — o1 - — 2 —C(s))*2 -
fo f; [(cw) 4e))) m(cw) (o) } [(cw) <y) az(c(u) () ] (1.12)
0 ¢ (s)
X C@—con =T sz J (p>5) dsdp.
Remark 1.1. In here, when we get { (\) = ( *;:L in Definition 4, then we can write equations as follows,
g2 0,
1 ’ A ry ()\U+1_7_o+1)0¢1_(po+1_7_a+1)a1 B—-1 (yg+1_90+1)a2_(sg+1_90+1)a2 ~y—1
F('Y)F(ﬁ) fT fg |: a1(0+1) |: a2(0+1) :| (113)
X (pg+17,fg+1)1—a1 . (SU+176‘S:+1)1—CY2 f (p, 3) de,O,
a0 By
o 2J¢,79+ o s
o 1 é (7 ATH) M (goHl_poti) (y7 107 +1) 2 (s7H1_got1) 2
= rer x Jo [ Py T (1.14)
X (poTi—pot)I-oat - (s”*l—;;:rl)l"’? f (p, S) dep,
a1,02 JB v
TH,u— B-1 ( 1 1) R ( 4 +1) .71
= F(’Y)F(B) fT fy |: ai(o+1) aa(o+1) (115)
X (pa+1_7_g+1)17a1 . (u”*l—;:*l)l*‘w f (p, S) dep,
and
Oll OZQJB s
N
B—1 ~y—1
TR R S N C AR i (uo+l—yoH )2 (ol _got1)o2
F(ﬁ f)\ f |: ay(o+1) az(o+1) (116)
X (¢(T+1ipn+1)1 aq * (M,7+178:+1)1 ag f (p, 8) dsdp.
Remark 1.2. If we take ¢ (A) = A in Definition 3, then we have the following equations in [9]
@ @ 1371 @ «a ’7*1
a1,a0 78, _ A=7)*t —(p=7)*1 (y—=0)*2—(s—0)*2
v 2Jr+79+ = F(ylr f fe [ = } [y az } (1.17)

Xy ooy | (P )d‘”dp’
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1817 o agqy—1
1 By _ [ (6=N)"1 —(¢—p)™1 (y=0)*2—(s—0)
o “2J¢ 6+ = T(y F(,B) f)\ fe a1 ] I . s } (1.18)
X(¢ p)l rxl-(s 0)1—@2f(p78) dep?
a ay1B-17p1 o ao1Y—1
ay,as 7BY n [ (A=1)*1—(p—7)1 (h=y)*2 —(u—s)"2
v goo p(ﬁ) i o | o } (1.19)
(p 7.)1 o (# 9)17a2f(p7s)d8dp7
and
« ay1B-17p o «@ y—1
aron 78 w [ (=21 —(p—p)* (H=y)*2—(p—s5)*2
o F(v)r(m IN fl ar I > } (1.20)
X Gy g f (0r8) dsdp.
Remark 1.3. [10] If we take { (A\) = A, oy = 1 and ay = 1 in Definition 3, then we get
e = v ' [ 0= w9 (ps) sy (121)
T T (TB) Sy e ’ ’
I = v ' [ 0=3 =9 (o 5) sy (122)
¢7.0% (W’)F(IB) X Jo 7 ’
i, = e | ' [ = 5= 1 o) sy (1.23)
T T B) ) S, ’ ’
and
avz 700 ! /4)/#( NP s — )" 1 (prs) dsd (124)
= - s—y p,s)dsdp. .
ST N S,

Kiris et al. studied Hermite-Hadamard inequalities for co-ordinated convex function via generalized conformable
fractional integrals in [11]. Moreover, Ciris and et al. defined generalized o —conformable integrals by co-ordinated
functions [12]. In addition, considering Definition 4, we can obtain Definition 5.

Definition 1.5. Let f € X, ([, ¢] x [, p]) and oy # 0, as # 0, 8,7 € C, Re(f) > 0, Re (8) > 0. Now, ¢ be an
increasing and positive monotone function on [0, o0) and also derivative ¢’ be continuous on [0, c0) and ¢ (0) = 0.

In here,
(77.1) (. #4) 125
- [( W=¢E)™ =) =¢rn 177 1o ) 0 (1.25)
(8 Jr o I Ch=cmr
(221) (222
©Y ’ AL (00 (1.26)
=1 ¢ [(c(m con™ =)= |7 e e
GRS o I @< ’
(273.1) (55%.0)
_ 1 [Cwconm o —cenz ] A s g 27
= T Jo s I Ce=coy=Y =Y
and
(#11) ()
fu[@ —CW)™2 ()= <<s>>°‘2}7*1 G IO (2%
= oz G =clspT—z7 ¥ S
we have equations.
Remark 1.4. If we take ¢ (\) = (V:l in Definition 5, then we can write as the following,
o+1l)a

(2. (v22)

1 f)‘ |:(/\o+1_7_a+1)a1_(pa+1_7_a+1)a1 p-1 p"f(p,eJrT“)dp (129)
T I

a1 (o+1) (peHi—rothyI=o1s A>T,
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(1) (v 22)
T L v e e el M1 A (130
T I ai(o+1) (@7 Hi_potT)l—a1 7 < ¢,
(2297+0) (552.)
1y '(ya+1_90+1)a2_(So+1_ga+1)a2 -1 57 f(742 ) ds 6, (1.31)
W (2 Oéz(o'Jrl) (s"+1—9'7+1)1 ag ) y >
and
(327-1) (55%09)
. 1 u (Md+l_ya+1)u2_(MU+1_SU+1)422 -1 Uf( 7s)ds (132)
T T Jy az(o+1) (potio Sa+1)1 azs Y < M
Remark 1.5. [11] If we get ¢ (A) = A in Definition 4, then we obtain
[ o o B8—1 9+M
o B +p AT A=) —(p—7)1 fp dp
(011) (3 25) - [ S
(7 £) (1. 252) = oy I <¢—A>“1—(¢—p)a1r*1 HeZ5t)de o
iy (_ 9)'12 o(q 9)&2 y—1 f((j:»CPP);dWl ) 7 (133)
53 Y— —(s— s
( 2J7 (—, ) F('y) fa { as } 1(5 )= 'y >0,
az 7Y [ 1 bl (p=y)®2—(u—s)*217" f(7+¢ )ds
(2J f)(iy)_r(’ﬁf L s :| (- €)107y<u

In this study, we will examine Hermite-Hadamard inequalities for co-ordinated convex mappings by means of
the generalized (—conformable fractional integral operator. In addition, we are going to prove several important
Theorems utilizing the Hermite-Hadamard inequality for generalized (—conformable fractional integrals and by
means of definitions which we define.

2. Hermite-Hadamard inequality

In this section, we will derive Hermite-Hadamard inequality for generalized (—conformable fractional integrals.

Theorem 2.1. Let f € X ([, ¢]) and f is p—convex function. ¢ be an increasing and positive monotone function on [0, o)
and also derivative ¢’ be continuous on [0, 00) and ¢ (0) = 0. We obtain the inequalities as follows utilizing the generalized
¢—conformable fractional integrals for R (3) > 0 and o; € (0,1],

In here, we have

and

f (c(r)+<(¢>)
2
20191 1(B41)af

<
= Cle)—¢(m) P Ja-(— <<1>>“1>ﬁ (1—(1—¢(0))*2)”]

[?1J(Bwl)+f(w2) +?1 (wa)™ f(W3):|
< JEOErEE)

X

2 2 -
¢(r)+¢(@) ¢ (@) —-¢(r) _
2 2 B
C(T)+C(¢)+C(0)(C(¢)—C(T)):w3
2 2
C(r)+¢(9) ¢ (C(¢) —¢(r))

2.1)
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Proof. By definition of p—convex function, we get

(M) +<()
P
= £ 3 (F2m + 15E00)) + 5 (S5 + H52C0)

1
2
< (@ (7) + 1550 (9)) + F (52 () + 52 ()
< f(C(T))erf(Cw)).

Here, we can write

f (C(T)JQrC(dJ)) < % [f (Hg(P)C(T) + 1*g(P)§(¢)>

+f <1—§(P)< (r) + 1+g(p)C (@)} (2.2)
< f(C(T))';‘f(C(Gﬁ)).

i oy (1=0=¢e ) T ) . i .
Moreover, if we multiply ( ” ) e ™= both of inequalities in (2.2) and we integrate from 0 to 1,

then we acquire

f (c<r>+<<¢>> Ik (1414@))“1)5‘1 ¢ (p)dp
2 0 a A=c(p)t— 1

o4 ﬁfl 4
1 14 1— 1—(1— 1 d
S;Mf(gwaﬂ+$kw0(<;@>) e s
a1\ B-1 ’ .
1 1— 1 1—(1— 1 d
I (1502 () 4 1ol () (Amlon™) (1_44(‘5)))1’21]

< LEENHIEO) |1 (k(lf«p))”l)ﬁ‘l ¢ (p)dp
2 0 a1 T

Furthermore, we get I; as the following,

[e1 ﬁfl 4
1 1 1— 1—(1— 1 d
L= |, f( +g(p)<(7)+#<(¢)) ( ( aCI(P)) ) (1,2((5)))1[)—%-

By changing the variable with,

¢ (7) + 15522 (9) = ¢ (u), (2.4)

we have

w1 aj —¢ (Clw)=¢(r)t—=

o ar\ A1 N ‘
I :fw2 1*(%) (C(u)—=¢(r)1 ( 2 ) OFCw)E (w)du
1=, @<
_ ot s ((“‘”;“”)“l(qu)c(f))ﬂl)ﬁ_l £ (w)du
w1

()¢’ ai (Clw)=¢(r)t—=

— 29T B
= @oramyem ¢ Jupd (we)-

At the same way;, if we take I, as the following,

1 — —(1— =51 1871 4 d
I = fo f (520 (r) + B¢ (g)) (S ) e

By changing the variable with,

1*§(P) C(r)+ 1+g(P) C(p) = (u), (2.5)

[e1 o 571 ’
I = [ [ lemtan) €@ ce)m ( 2 )‘“ ()¢ (du
ws ar @H—<D ) o)1

oy -1 '
___emr (49560) " (@)™ \ e wydn
€@ —CrNTP Juws o (@) =¢w)i—

_ _2°T(B) o 1B
= T ¢ Jug £ (Ws):

Additionally, if we get I3 as the following, then we obtain

we can write

a 1-¢(p))t 1

L= HH(p))ﬂl)B‘l( ¢ (p)dp
= gar (- (=)™’ = (== con™)’].
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If we use I, I and I3 in (2.3) then, we have

f (<<r>+c(¢))
2
201°-1 7(B41)af

<
= (C(@)=¢(m)) 1P [(1=(1=¢(1))*1)? = (1= (1-¢(0))*1)”]

X (20 (wa) 42 I F ()]
(w1) (ws)
f(C(T))2 (C(6)

The proof is completed. O
If we take ¢ (A\) = A in Theorem 2, then we obtain
r 291871 P(B+1)af [o r
f < g(b) S (¢_T§f¥13 ) ! |: ! Jf+f ( ;d)

which is proved in [13].

) +a1 Jsif (%‘ﬁ)} SW7

Theorem 2.2. Let f € X¢ ([7,¢] x [0, u]) and f is a (—conformable co-ordinated p—convex function. Moreover, ( be
an increasing and positive monotone function on [0, 00) and also derivative ¢’ be continuous on [0, 00) and ¢ (0) = 0.
Additionally, we have for a; # 0, as # 0, 8,7 € C, Re(8) > 0, Re (y) > 0,

( +<<¢>> ce>+<<>
((1 (1 <(1))“1>"B<1 = <(O>>‘*1>") ((1 (1-¢)*2)"—(1-(1— <<0>>“2>W)

az’y

i
{ 2149237 (B)T () (aha?ﬂ " +f) (w2, q2)

IN

1
1|9 ac(g))a‘”f( (W)—¢(0))*27

n 2917227 (B)I(v) (alvo“?‘][M ,f) (w2, q3)
+

(€@ <) P (0)—C ()27 wi g (2.6)

2a1ﬁ2a2’vr‘ T ) ’
(BT() <?1 az yh ;,qf f) (w3, q2)

(@)= <rg>“1fi<c(< )0

221829277 (B (y ar,0n 78,7
(@) —¢C(M) P (C(B)—C ()27 \¢ Jw;,%—f (w37q3)}
Cr) €O+ (Cr) L) EA(E(0) O+ (E(@). L)

+
£(
((1 (1—¢)*Hf-(1-(1- 4(0))“1)’3> ((1 (A=¢)*2)"—(1-(A- 4(0))a2)w).

a ,B aQ'Y

IN

In here, we write

w, = C(T);C(@ _ C(D(C(%)*C(T)) , o = C(@;C(u) _ C(D(C(/;)*CW))
wy = C(T);C(qﬁ) _ C(O)(C(G;)—C(T)) B - 6(9)-5((#) _ C(O)(C(/»;)—C(@)
I C(T)-02-<(¢) + C(O)(C(Q;)—C(T)) , g3 = 4(9)-54(@ + C(O)(C(é)—CW))
wy, = C(T)gé(@ + C(D(C(%)*C(T)) , Q= C(@;C(M) + C(U(C(/;)*CW))_

Proof. We can write the equality

f (<(r)+<(¢> C(9)+C(u))

= f[3 (g <o)+ “’”cw) 1+C(S)<(9)+1’§(S)C(u))
+1 1+<<p><<7> 1), 5 0) + H5E ()
+5 (52 + 1+<“')<<¢>, SC2C (6) + 5 ()
+i( 2¢ (1) + 2B ¢ (9), 1= ><<9>+”§<5><<u>)}.
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By Definition 1, we have

f (C(T)+C(¢) C(9)+C(u)

1{ (1+C(p)<(7) 1— €(P)C<¢) 1+C(S)C(9) 1- g(q)c(u

+F (PG (1) + 5 (9), TG (0) + L () 27
)+ ()

/\

+f (52 (r ”C L (9), 52 (0) + =5 (n

+f (= §”><(T) “3(”4(@ 5000 (0) + 25 ()|
< f(((T)74(9))+f(C(T)7C(M))Zf(C(¢) 4(9))+f(4(<1>) C(M))_

[e% 571 ! o4 -1 ’
If we multiply by (17(1;‘:1(")) ! ) (17<<(p()p))1w1 (k(l;(z(s)) 2 )7 (175(5(;‘))1 = both of the inequalities in (2.7)
and integrating [0, 1] x [0, 1] with respect to s and p, then we obtain

(M) O+
f 2 ’ 2
o B—-1 ! o v—1 ’
11 (1-(1-¢(p)™? ¢ (o) 1-(1-¢(5)"2 ¢ (s)dsdp
“Jo Jo ( a ) 5 1<17<<p>>1—“1 ( a2 ) , =<
1|t (=<’ < (p) 1-(1-=¢(s)°2 "7 (9)dsdp
<1 [fo Jo ( a1 ) (1—C(ppT o1 ( az ) 1—¢(s)T 2
x f (H—C(P C(T) + 1—C(P)C(¢) 7 1+§(S)C(9) 1— C( )C ))
p-1 ' az 771
1-(1-¢(p)™ <) 1-(1— 4s)) 2 ¢ (s)dsdp
* (fo Jo (FUE ) e ( ) <D™ a2>

X f (2 () + S5 (9) S5 (0) + B S)C(u)

1--co) T ) SO ~t(s)dsdp 28)
M (fo Jo (R == ( ) >
f (F522¢ () + L (6), I (0) + g ()
ap\B-1 ' as\ 71
Ll (1-0-Ce)™ o) (10mcen ¢ (s)dsdp
+ (fo Jo (FUEE ) o ( e )
xf Ql‘;‘@’c (r) + 52 (9), =520 (0) + %“c )]
< SO0 - D) SO+ D) <0
ap\B-1 ! ag\7—1
Ll (1=0-¢e)™ (o) (1=0-¢(s)™ ¢ (s)dsdp
(0 (2ty” e (i) e )
By changing variables,
HEC () + 55 (0) = (),
(2.9)
HEC0) + 5 () = ()
we have
o -1 / o y—1 ’
(1=¢ (o))" (o) (1m(-¢(s)™ ¢ (s)dsdp
fO fO ( o1 ) (1=¢(p)tmet ( o2 ) (1=¢(s)*t o2
xf (B¢ (7) + 52¢ (), B (6) + 500 ()
NN 2 | ) « 1
_ e (1-CEGEEE) - (CER=ER) 2)7
w1 YJq1 (63} Qg
291 (¢(u)—¢(7))*1 1 292 (¢(v)—¢(0))*2 4 ’
< (P ) (i) ¢ ¢ 07 ()¢ (@) dudv @10

(e )mﬂ( ) g e (CEEEE o o
) (@) Jul o

a —1
N e ORI K FC@) ) (W) (v)dudy
@2 (C()—C(TN' =21 (C(m)—¢ () — 2
2041/32(1271“(,8)1"(7) (al,ag ﬂﬁ )
= @) =< ) P (C(n)—C(B)) 27 I w2, ¢2)
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In the same way, we have

B-1 4 o -1 ’
1=(1=¢(p))*! ¢ (p) 1=(1=¢(s))*2 ¢ (s)dsdp
fo fo ( o ) (1=¢(p)t—1 ( o2 ) (1=¢(s)t o2
xf(—”“p’c( )+ 5 (9), 50 (0) + B¢ ()

29182927 (B8)I'(v) (a17a2 B,y )
= @)= TP (n)—C(0) 27 leﬂq— (w2, q3)

B-1 ’ as\ Y1 /

1=(1=¢(p))? ¢ (p) 1-(1=¢(s))2 ¢ (s)dsdp

fO fo ( o ) (1=C(p))'~ ( o2 ) (1=¢(s))' 2
o f (5220 (1) + B¢ (0), 500 (0) + 502 ()

_ 20182927 (B)T () (041,(12 B,y )
= GO Py e ¢ Jur g f) (w3, 2)

and

-1 ! ag\Y—L
1-(1=¢(p ¢ () 1-(1=¢(s)*? ¢ (s)dsdp
fO fo ( o1 ) (1=C(p))'t =1 ( o2 ) (1=¢(s)i2
1 1— 1 s
><f( 00 () + B (9), 5500 (0) + 56 ()

2‘*1520‘%1“( BT (v) (al,az By )
= @) —C(M) TP (1) —C(0))™27 Jw4 e (w?”q?))

By simple calculations, we have

« Bil 4 [e1 ’771 4
1l (1-(1=¢(p)™ < (p) 1-(1-¢(5))°2 ¢ (s)dsdp
Jo Jo ( a1 ) (1=C(p)) =1 ( az ) (1—¢(s)) =2
- ((17(1%(1))"1)‘* (1—(

Ozfﬁ O‘Q’Y

By using (2.10)-(2.14) in (2.8), we obtain

f C(T)-Q%C(¢)’C(9);C(H)
« ((1—(1—4(1))‘”)’3;(1—(1—4(0))“1)’3) ((1 (A=¢@)*2)"—(A-(1- g(o))“z)W)

alp ol

<1 [( 0] 24?3?:f;f(f)f(v()e))m (al’asz +f) (w2, q2)
B () [T
(C(#) ;(}ggilji(;{(g);?(je))ﬂzv (ZIZZ?Z%N ) (w3, q2)
(C(@)—C(M) 7 () —¢(0) 72" f) (w3, q3)

IN

X

+
+ LN
F¢(7), 4(9))+f(C(T) C(u))+f(€(¢) C(9))+f(C(¢) )

afB

012’}/

The proof is completed.

Remark 2.1. [11]1f ¢ (A\) = X in Theorem 3, we obtain

f(@ m)( 1 ) < (2"‘15*12"‘2”’11‘(B)F(v)

2002 afag By (9=7)* 17 (u—0)*27

() (50 (o 1) (32229

() (5.2 5 (1) (5 25)

<f(n«9>+f<w>+f<¢,9>+f(¢,u)( 1 )
— 4 a?a’gﬁ’y :

- 1*4(0))“1)[3) ((1 (A=¢)*2)"—(1-(1= C(O))“"‘)”>_

(1-(1=¢)* -1~ (1—C(0))"1)5> ((1—(1—C(1))"‘2)7 (a-Qa- C(O))az)w),

.11)

(2.12)

(2.13)

(2.14)
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Remark 2.2. By choosing ¢ (A\) = A, @; = 1 and o = 1 in Theorem 3, we have

T+ 0+p 2812771 (B41)I (v +1)
f( 272 )g (¢=7)P (u—6)"

(et () + () (5. 42)

1,1 48, T+¢ O+ 1,1 48, T+¢ 6
() (38 ) + (00,0 1) (75205

< F@O+f(Tm)+£(¢,.0)+f($.1)
— 4 M

Remark 2.3. By choosing ¢ (A\) =X, a1 =1, a2 =1, § =1and y = 1 in Theorem 3, we have

=
< T=He=n IO £ (¢, 5) dsdt
< H@O+f(, u)+f(¢ 9)+f(¢ u)

Theorem 2.3. Let f : A = [1,¢] x [0,u) CR? - Rfor 0 <7 < pand 0 < § < u. Furthermore, f is (—conformable
co-ordinated p—convex function and f € X (A). ¢ be an increasing and positive monotone function on [0, co) and also
derivative ¢’ be continuous on [0, c0) and ¢ (0) = 0. We can obtain as the following inequality for aq # 0, ag # 0, 8,7 € C,
Re (B) >0, Re () >0,

¥ (<(T>+<(¢> c<9)+<(u)

2“1/* 2r(B+1)a?
= @ A -(1-¢(1)™) (- (1-¢(0))7]
x [aljgrf<c<r>+c<¢> C(H)JrC(u)) o Jﬁ_f(c(ﬂ;cw),cw);cw))]

+ 2927 72D (y+1)a]
(G =CEN™TA—(1=¢(1)™2) 7 (T-(1-¢(0) )]
[a2ﬂ+f <<r>+<<¢> C(9)+C(u)) +e2 f(C(T);C(qﬁ)’C(@);C(u))}

2027~ 1 ga1 A1 F(«,+1)F(/3+1)a”a’*
= @O P —C@)727 [1—(1—C(1)" )P~ (1—(1—< )1 )7]
a1,z 76, ) LOHCW) oves b, T)+¢(9) LO)+((
X |:<1 ZJU)1’Y7(11 f( ) ( l)> Cl ’ Ju}fj,q f( ( )2 ’ 2 M)):|
it o 1F(7+1) (B+Dagaf
T @G @ [0 (1< o))
v [al @2 776 f<<<r>+<<¢) 4(9>+<<u>) povez B g (L) <(9>;<<u>>]
wyq) wa—,q; ’
SQ(;(Z)S,I;((%?? [aljﬁ f(C(T @ ) 4o g7 g (0D
+e gy SOH@) )+a1 JB f(<<f)+<(4>>

«

292737 (v+1)ad [a C(0)+¢(p a C(O)+¢(1)
W[zjﬁfw f)‘i‘ZJ’wa %

e f(w W) o2 fl(w47C(9)J2rC(u))}
<IE. C(0))+f(<(7) ) ESTERIIES s Gcih

Here, we have

w, = C(T);C(@ _ C(l)(C(Q;)*C(T)) o = 4(9)24(#) _ C(l)(C(l;)*C(f?))
wy = cm;cw) _ C(O)(C(Q;)*C(T)) . g = C(G);C(u) _ C(@(C(/;)*C(@))
I C(T)-;C(qb) + C(O)(C(q;)—((f)) G = 4(9)-52-4(11) + C(O)(C(é)—é(@)
wy = C(T);C(aﬁ) + §(1)(<(¢;)*C(T)) T C(@;C(#) + C(l)(C(l;)*CW))_

Proof. If f : A — R is co-ordinated ¢ —convex function and also g¢(x) : [q1, 4] = R, ge(x) (C(p)) = f(C(N), ¢ (p)) is
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p—convex on [g1, ga] for all wy < {(A) < wy, then, we obtain by utilizing Theorem 2,

(C(@;C(u))

292771 (y4+1) )
C() C(O)* 27 [(1-(1-¢(1))*2)7—(1—(1-¢(0))*2)"]
Jq+9<(,\) (q2) +g JV geon (a3)
gc(x)C(9)+gc(A)C(H)

L/qey)

IN X

Here, we can write

f (C (A), C(9)+C(H))

2027~ l’y(l

S @@=y =0 =) == (=C0=)"]
g2 ((““)“”) ~(¢(p)=¢(6)*2 )7 FCAC)C (0)do
Qs

* o C(p)—C(0) 22 (2.15)

n @ <(C(#)24(9) )az

g3

1 ,
~€=¢e 2\ £e.Co)E (0)dp
oz (C(m)—C(p)) 72

FEN),E0)+F(EN),¢(1)
— 2 *

If we multiply both sides of (2.15) b

2a1571Ba/1:‘ (5(05);((1' )”‘1 (CN)=C(r))™1 p-1 C/()\)
(C(p)—¢(r))or? a1 (C)=¢(r)ter?

and if we integrate with respect to A on [wy, w2], then we get

90181 5,0 I (S5 e —¢r) )7 £(60), SO ()ax
(C(@)—=C ()17 a1 R =¢En ==
ga2v—1 ga1f—1 oﬂ ﬁ ~B8

S D P <O (- c(m%);g (1-(—¢()°2)7] »
|| [ e (LAZEENT (¢ (N)—¢(r)* (SLSO)*2 _(¢(p)—c(0))°2 \
w1 Jq1 ay a2

() NI () dpd
V- = (C(—c(8)

| e e ((““”;“*))“1<<<A><<r>>“1)5_1 ((‘“”;““)“2(c(mc@)r‘z)”‘1 (2.16)
w1 [e5]) (e 5]

g3

(C)=CENT 1 (C(m)—C )~ "2
a1 a -1 ’
<_ 271572308 [ (LAZEENT (¢ (A)—¢(m))>1 ’ FE),¢(0)C (NaA
= (@) —<c(rN=? |Jun ar CN)—=¢()Te1

wa (2255 _en)=cr )T penc0i¢ (ax
+ Jun o GRS

HC)CNC N (o) dpd ”

(C)=¢(r)t—=

Similarly, if we multiply both sides of (2.15) by

[e3 71 ’
2011[3—15(1? (C(¢);C(T)) 1—(C(¢)—C(A))al B ¢ (A)
(¢(@)—¢(m))*1? a1 C@)—CO)T—or?
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and if we integrate with respect to A on [ws, w4], then we can have

a (Cle)=¢A))t

2041571[3043 wa (C(d’);{("’))“l
() =¢(m)) 1P Jws

(B - )‘“ F(C),£04€00 ) ¢’ (3)ax

gagv—1 gay B—1 0‘20‘1 ~B

=T GG @ [ ()™ (- (—<©)™)]
« -1 _ a -1
(42560) (o) -con )7 [ (L9549) ¢ -con2
w3 a i az

COLENE NC (p)dpd
¢) CONTT1(C(p)—C(0)) 2

o ()T @ N R A (2.17)
w3 43 an a3z

FIEOCE NC (p)dpdr ”

X @)~ (C()—C(p)) 72

1 @ -1 4
20182508 [fm((““;“’) (<(¢><<A)>1>ﬂ FIE)LO)C (N)dA

= (@) —¢(r))*F | Jws a1 (C(@)—¢(A)t

—c(T [e3 o 1371 ’
L (L) (@) ¢ FIE).C)E (M)A
w3 [e58 (C(¢)_C()\))1ial

If f is co-ordinated p—convex function, then g¢(,y : [wi,ws] = R, ge,) (C(A)) = f(C(N),((p)) is p—convex
function, then, by Theorem 2, we get

7)+¢(¢
9c(p) (C( )2C( )

< 20‘15711—‘(5‘5‘1)0?
= (@ —¢(rN P [1—(1-¢(1))*1)P = (1= (1=¢(0))*1)?]
(2172 9c) (w2) +82 T _geqp) (w)]
960 6N +9¢(5)6(9)

3 .

X

IN

Here, we can write,

f (((T)JQFC(¢) ¢ (p)>
< 20‘1‘371,8(1{3
- (C(¢')*C(T))a1ﬁ[(1 (1=¢(1)*1)P—(1—(1— (0))011);3}

$@—¢(n) o -1 !
wa [ ( )" - =¢r) JEN) L) (NdA
w1 ( ai ) (CN)—=¢(r)t— (218)

X

-1

— T (a3 o /8 /7
+ [ ( (S50 (¢(¢)=¢(N) ) FEONCE A
w3 a1

(C(p)—¢(N)) 1

< L)) +1(C(4),¢(p))
— 2 *

Moreover, by multiplying both side of (2.18) by

2“27—1,Ya’2y (C(H);C(S))QQ_(C(p)_C(g))az v-1 C/(p)
(C(r)—¢(0))*27 az (Clp)=¢(e))t 2
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and by integrating with respect to p on [¢1, ¢2] , then we obtain

201l g [((S550)°2 () —co)°2 \ T F(EREED ()¢ (p)dp
€< Jar e o)) 2

2‘12””1.2‘11371.04;04?47,8

<

(¢ =C(T) P ()—=¢(0) 727 [(1—(1=¢(1))*1)P = (1—(1-¢(0))*1)”] X
«@ 71 — [e3 -

] e ((W) 2—(4@)—4(@))%)” <(W) 1—(4(»—4&))“1)5

q1 Jwi Qo a1

FENCE WE (p)drdp

X o) =CO) =2 (N —C(ri—
e e (B2 e T (s —conm T (2.19)
q1 Jws a2 a1

) —C(0) "2 (¢ (@) —C (N —°1
« 71 ’
2927 2ya] l 4 ((“‘”24“”) 2—(<<p>—<<9>>ﬂ‘2)7 £ L)E (p)dp

o FEO).LC N (0)drdp ”

S |Ja > ROESOE

@ o -1 ’
Lo () o=\ £e6).conC ()ap
q1 az C(p)—¢o)t=>2 |-

Furthermore, if we multiply both sides of (2.18) by

2f127—1,yag (C(u)gﬁ(g))“2_(C(#)_C(p))a2 v-1 C,(p)
(C(m)—¢(6))*27 @z (C(w)—¢lp)t—2”

and if we integrate with respect to p on [g3, 4] , then we get

(C)—=C(0)°27 Jgg as C(m)—C(p))— "2
< 2“2771.20‘15’1.04;@?45
(@) —C(M)) 1P () —¢(0)*27 [(1—(1—-¢(1))*1)P = (1—(1-¢(0))*1)?]

x [ a e ((“”;“‘”)”<<<u><<p>>“2)7_1 ((W;“*))"Wc(x)cv))“l)ﬁ_l
ay

- —1 ’
222" 190]  ra (<<“’;<<">)2<<<u><<p>>“2>7 F(EEEEE ()¢ (p)dp

q3 Jwi (e}

FEN)L)E N (p)drdp
)= () —C (o)) 2

as [ ((““)2“9) )2 (¢ (1) —¢(p))2 )7_1 ((“‘”2“*))”1 —(C(@)—¢ () )’3‘1 (2.20)

+

q3 Jw3 Q2 aq

X @) =N (C()—C(p)) =72

[e3 71 ’
20272503 [%((C(“)?““) 2—“(“"“””“2>7 FER)CDC (o)

AN A (p)drdp ”

SEw=—cone | Jos o (CG—C(pnT 1

« -1 ,
T Gl B (A D A ) T e@)6)¢ (0)dp
o . Cm—ConToz |



Conformable integrals and co-ordinated functions 49

In here, if we add the inequalities (2.16)-(2.20) and divide by 2, then we have

2217720 (B+1)af {al 8 (<(T>+<(¢> C(9)+<(u)) ar 78 (c(7>+<(¢> C(9)+C(u)”
(C(@)—C(r)*1P CJwrf 2 2 *¢ Jw;f 22

2°27 2T (y+1)a] [ay 77 ¢(r) +<(¢> <<6>+<< )) as 7Y <<<r>+¢<¢> C(9>+<<u>)]
GMEIQE { A f( AR e

< 20271 29181 Py )T (B+1)ao?
= (€)= ¢(M)) 1P (¢(1) =€ (6))*27[(1=(1=¢(1))*2) 7 = (1= (1-¢(0))*2)"]

» [al o gBy g (cm;cw), c(e);cw)) povez gBy g <<<r>;<<¢>)7 4(9>;<<u>)]

w1 7‘11 Wy 14y

n 2027~1 29181 Py L P (B+1)a] o
(@) —¢(m)™ 1P (1) —¢(9)) ™27 [(1—(1—¢(1))*1) P —(1—(1—¢(0))*1) 7]

(2.21)

% {al o i f (C(T +C(8) SO+l )) poves gha g (cm;cw), c@;cm)}

wy 7‘11 wa—,qy

2019730 (B+1)af [ay 18 ¢(T)+¢(8) ) o1 78 <<<T>+<<¢> )
SW |:<1warf( 2 q +C waf 2 )44

+?1J5Zf(<(f)gc<¢)’ql) 4o szf(qr);«w’%)}

2&27—31—\(,\/+1)a7 as v C(0)+C(p) o ¥ C(a)'f‘((u))
MR GMES QS L‘”qrf(wh 2 )+<2 Tt (“’4’ 2

2 7Y CO)+¢(w) 2 7Y ¢O)+<¢(w)
+? Jq;f (wlv D) )+? Jq;f(wﬁlv P} ):| .

We give some results for special circumstances, if we get ¢ (A) = (T)i on the left side of the (2.15) inequality,
then we obtain,

f <<<r>+<(¢>>7 C(9)+C(u))
2a2’y 1,}/012
S Q=@ A=0—C)™) — A= (1=C0)™)"]

e () g2 \ T A SO () (2.22)
@ o @)=

«@ -1 4
Lopo () G —con 2 )T A(60), SO ) (pyap
a3 [ (C(W)—=C(p)) 22

Similarly, if we take ¢ (p) = M on the left side of the (2.18) inequality, then we get,

f (<<r>+<(¢> C(0)+¢(w)
2 ? 2
< 2Q1ﬂ_1ﬂaf
= (L) —¢(m) ™M P[(1—(1-¢(1))*1)# —(1—(1—¢(0))*1)?]

e (25O ey T (SO ) ar (2.23)
v, ORI

(3}

L (L9340 c)—con™ 7T (SO ) oar
a (C(@)—cont—=

If we do the necessary calculations for (2.22) and (2.23), we can obtain
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f (<<r>+<<¢) <<9)+<<u))
2 ? 2

< 27172 D(B+1)af

= (@) —C(mN) P [(1-(1-¢(1))*1)P —(1-(1—¢(0))*1)”]

% {aljzif (<<r)+<(¢> C(0)+C(u)> 4o Jﬂ_f (q(r);w)’ co%;cuo)} (2.24)
227~ 21"('y+1)oz

MRS C(a))agg[)(l C((¢1>) 421()9))%(); )(1 e C(O))%)VC]( )+(@) O)+C(w)
el )+ +¢(1 el )+ +¢ (1
e (St g v g (g, e )|

The inequality in (2.24)is the first inequality of Theorem 4.
Finally, if we get ¢ (p) = ¢ () on the right-hand side of the (2.18) which we get by using the second inequality in

(2.1), then we obtain

2018 = 1,804
(@) —¢(r)*1P[A—(1-¢(1)*1)P—(1-(1— 4(0 "1)[3]
o | e ((W) —(CN)=¢(r)*1 FIEON)C 9))Cl(>\2d>\
w1 (CA)=¢(r)) 71 (2.25)

o1 (@) —¢cN
< L)L)+ 1(C(¢),4(0))
5 .

w3

i ((‘”’)2“”) —(¢(9)— (A))‘”)ﬁ b o) (/\)d/\]

In same way, if we take ¢ (p) = ¢ (¢) in (2.18), then we can write

2018~ lﬁa
(C($)—C(m)1P[(1—(1=¢(1)*1)P —(1—-(1— co))‘*l)ﬁ]
o | e ((“‘”24“)) —(C(V)— C(T))”l) FIEO),Cm)E (\)dA
w A TN =¢(r)tTer
1 (C( )—¢(7)) (2.26)

(@) —¢c(t
< L) C)+1(E(¢),¢(w)
5 .

w3

<(é)—¢(r) p-1
o (( >4 a1(<(¢) c(M))™ ) FCON),C())E (A)dA

In a similar way, if we take ¢ (A\) = ¢ (7) on the right-hand side of the (2.15) inequality, then we have

2927~ 1'ya

O (e e O e L OO
P ((“‘”2‘”’) ~ >C<9>>"2) FEELNE ()dp
(63}

* g (C(p)—C(0)) 22

(2.27)

_~_Q4

— @ [e3 /871 ’
((w;“’)) 2~ (¢ =¢(p)) 2) HED)-L)C ()dp
a3

az (C(w)—C(p)) =2
< JET).CO)+F(C(r),C(w)
= 2 .

Moreover, if we take ¢ (\) = ¢ (¢) in (2.15), then we get

2927 1yq]

=@ = 1=C0) ) = (==
0 ((“%““)“2<<<P><<0>>"2>7 FC(D).L(0))C (p)dp

* o az (C(p)—¢(0)) 2

(2.28)

_ « -1 /
Lopas (25w o0\ T p@1<e) (e
= o —cton 2

< L((8),¢(0)+(C(),¢(1))
— 2 .

When we make the necessary calculations for (2.25), (2.26), (2.27) and (2.28), then we obtain the 4th inequality of

Theorem 4. O
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Corollary 2.1. [11]If { (X\) = A in Theorem 4, we acquire,

f T+é O+p
2 02
2°18720(B+1)0f [q 0 @
S (¢, ()alﬁ)l 1J5f(;’%)+1‘]ﬁ 2 ’%)}
+2 2(# 0()1;& oy [azJ’Y f(7'2¢ 9-;#) Jaz JZ f(% T#>i| (229)
20277 1.2°18 71 (74 )I(B+Daga]
- (p—7)*1P (p—0)27
> {al aQJB 79+f (7’-§-¢>7 9+M) a0 Jﬁ ’Tu_f <T-§¢’ HTM)}
2027=1 29101 P44 T (B+1)a o?
(p—7)*1P (p—0)>27
« |:o¢1 a2Jﬂ'Y +f (T+¢ 9+u> 40,0 Jﬁ'Y f(%’%ﬂ
2918730 (B+1) T
<t o () 0 2 (0
o1 Jﬂ_f (T+¢ 9) 4o Jﬁ_f (T;¢7M):| (2.30)
O+p

227737 (y+1)a]
+ [aauf( ”F‘)w 731 (,222)
el f (r ) 4o 0 f (0,052
< LEOTICWHI G0 6u)

Corollary 2.2. By choosing ((A\) = X\, oq = 1 and ay = 1 in Theorem 4, we write as the following inequality for
Riemann-Liouville fractional integrals

T f-2p
(o) < 2 g

2 ’ 2 0 2
+ITEG [P, 5 (=42, “—“) +! J,fff (=, 5]
T+

277128 Dy DT (B+D) [1,1 78,7 +¢ 0+ 1,1 78,7 b 6+
S T ey Tebor 72 0 RS A G
2771287 D(y+ DEB+D) [1,1 78,7 +u 1,1 787 T+o O+p
(6—1)7 - (a—0)" Jooe 7 RS A e i

(2.31)

IN +

ST ) S

() s ()
~¥—3
FEGEE L g ( 9*#) Tt
w g () £ ()
< f(f,0)+f(w)1f(¢ﬁ)+f(qw)'

Corollary 2.3. By choosing ( (A\) = X\, 8 =1,v =1, a1 = 1 and as = 1 in Theorem 4, we write as the following inequality
for Riemann-Liouville fractional integrals

f T+¢ M

WW (155 ) ] + sy [ 5 1 (5520 ]
G |7 i F (6 9) dsd]
4(¢1777)[1J71+f(%¢39) 41 J1+f(7+¢ )

1 (550) 1515 (50)
i 3 52 £ 0 )

1 () 0102
< LEOHI )+ (GO H1(Be)

I/\ IN

IN

(2.32)
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der

3. Conclusion

There are many studies on Hermite-Hadamard inequalities and fractional integrals [14—20]. In this study, we
ive the Hermite-Hadamard inequality for generalized (—conformable fractional integrals. Moreover, we derive

two distinct definitions for these integrals: one for functions with two variables and another for co-ordinated
functions. Expanding on these definitions, we highlight several significant findings and illustrate their implications
and applications. Furthermore, we discuss important consequences within the broader mathematical context.
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