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1. Introduction

Consider the boundary value problem

tv = —v" 4+ p(z)v =\, 0 <z < 00 (1.1)

(B50(0) — az0’(0))ix* + (B20(0) — a0/ (0)A* = (B10(0) — a1 v'(0))ix — Bov(0) + agr'(0) =0 (1.2)

known as a Sturm Liouville problem, where ) is a spectral parameter, the potential function ¢ (z) is

real valued such that -

/(1+x)|<p(x)\da:<oo (1.3)
0

and for o, B; € R, i =0,3, ag # 0, and P3 # 0,

(—1)F6i <0, k € {1,2}; 6, =0, k =3 where 0i = B — @iBitk (1.4)

An important part of scattering theory is the study of boundary value problems involving the spectral
parameter. Sturm-Liouville problems with spectral parameter-dependent boundary conditions arise
in studies of heat conduction problems and vibrating string problems. Cohen introduced a method
to solve an initial-boundary value problem arising in the diffusion and heat flow theory [1]. Various
examples of spectral problems that occur in mechanical engineering and contain an eigenparameter
in the boundary conditions were presented in [2]. Moreover, problems with boundary conditions
concerning spectral parameters were investigated in finite intervals [3-10] and on the half line in [11-14].
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Levinson’s theorem provides a relation between the number of bound states of a quantum mechanical
system and the phase shift of that system [15-17]. It is a fundamental tool in quantum mechanics and
scattering theory, as it is responsible for solving the inverse scattering problem [18]. In work [19], the
Levinson formula was obtained for Sturm Liouville operator, which is not only a necessary condition
but also sufficient for the given collection {S (A\); A;; m; (j =1,n)} to be scattering data of the
reconstructed equation. The Levinson-type formulas for boundary conditions containing a spectral
parameter were studied in [20-22].

The paper aims to analyze the spectral characteristics of the Sturm-Liouville problem with a nonlinear
spectral parameter in the boundary condition. In progress, we provide the scattering function and the
spectrum of the boundary value problem (1.1) and (1.2), and present the relation between the number
of eigenvalues and the argument’s variation of the scattering function. This relation is referred to as

the Levinson-type formula.

The remaining paper is structured as follows: Section 2 presents the scattering function and the
spectrum for (1.1) and (1.2). Section 3 investigates the scattering function’s continuity. Finally,
section 4 derives the Levinson-type formula.

2. The Scattering Function S(\) and the Discrete Spectrum

Let (1.3) hold. Then, as known in [19], there exists a unique solution e(A, z) of (1.1) which holds the

asymptotic behavior ggrl e e (X z) =1, for I > 0, and can be expressed as
X o

e(\,z) = e 4 /K(:L‘,t) eMdt (2.1)

called Jost solution. The function e (A, z) is analytic with respect to A in the upper-half plane (& > 0)
and continuous on the real line. Moreover, the kernel function K(x,t) is related as follows:

K(,a) =5 [ (¢

Let 1 (A, x) represent the solution of (1.1) with the conditions:
PN, 0) = ag +iath — asA? —iasA®  and  Y'(X,0) = By 4 iBiA — Bod? — i3\
It is obvious that the solution ¥(A, z) holds (1.2).

Let W{y; z] := v'z — yz’ denote the Wronskian. For any solutions e (A, z) and e (=, z) of (1.1), the
Wronskian We (A, z) ;e (=, x)] is independent of z and is equal to 2i\. Therefore, for all A € R\{0},
e (A x) and e(—\, z) constitute a fundamental set of solutions of (1.1), and any solution (A, x) of
(1.1) can be expressed as

YN z)=eNz)7(A) +e(=Az)72(N) (2.2)
By evaluating the following Wronskians of e (A, z) and (A, z),
Wle (A z) , (X, 2)] = 32(X)2id = (X, 0)e" (A,0) — ¢'(A, 0)e (A, 0)

and
W[e (_)‘733) 7¢()‘7 x)] = _’Yl(>‘)2i)‘ = 1/}()‘70)6/ (_)‘7 0) - 1//()\70)6 (—)\, 0)

we find 1 () and v2(A) and substitute in (2.2). Let ©(A) and ©1(A) be functions such that
O(A) = ¥(A,0)¢' (A,0) = ¢'(A, 0)e (A, 0) (2.3)
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and
©1(N) = ¥(X,0)e’ (=A,0) = ¢'(A,0)e (=), 0) (2.4)

Therefore, we obtain the solution of (1.1) with (1.2) such that
Y (N z) = (2I0) 7 [=01(Ne (N, z) + O(N)e (=), )] (2.5)
Define the function
S() =e1()em)™ (2.6)
called the scattering function of (1.1) and (1.2).

We state some properties of S(A). Show that ©(\) # 0, for all A € R\{0}. Assuming the contrary,
then there exists a A\g € R, A\g # 0, such that

(ap + iar o — @) —iaszAd)e’ (Mo, 0) = (Bo +iB1 X0 — BaA§ — iB3A)e (Mo, 0)

Besides,

2i\g = W[€(>\Oa 0)7 €(>\0, 0)]

= 6’()\0,0)6()\0, O) - 6()\0,0)6/()\0,0)

L
= Ie(Ao,O)Fzﬁ(ﬁoﬂﬂﬂo B2)3 zﬁSA())

Oéo+ia1>\0—a2)\g—ia3>\g
From the result,

le (Ao, 0)[? [06150 — apB + (21 — a1B) |hol? + (@3B — azfs) P\oﬂ
’2

‘(l() + ial)\o - 042)\% — iag)\%
This is a contradiction since the left hand is positive, which proves the claim.
Therefore, firstly, S(A) is defined on (—o0,0) and (0,00), and secondly, it is continuous in these
intervals, which can be observed from the definition of ©(\). In section 3, the continuity of S(\) at

A = 0 is investigated. Next, O(\) is analytic function of X since e (A, 0) and €’ (\,0) are analytic in
the upper half plane.

From the definition of S(\), we derive that the function —1 — S(\) belongs to the space L (—00, 00).
Using (2.1) and substituting related expressions into the ©(\),

O(N) = (o +icg A — agA? —iaz\?) {i)\ — K(0,0) + [ K, (0,t) e“tdt}
0

—(Bo + i1\ — B2A? —i33)3) {1 + ZOK (0,1) e“tdt} 27)
— 0 fas+ 0(2)
as |A| = co. Similarly,
01(A) = (ap +iai A — asA? — iaz\3) {—i)\ — K(0,0) + ZOK (0,4) e—Wdt}
(2.8)

—(Bo + 1A — BaA? — if33A?) {1 + ?K (0,1) e_i’\tdt}
0

= (iIN!'[~a3+ 0(%)]
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Then, the following result is obtained:

1-S() =0 (1) A= oo (2.9)

Therefore, —1 — S(\) € Lg (—o0, 00).
Lemma 2.1. For all A € R\{0},
SO = 5N, S| <1

PROOF. Since ¢(z) is real, it follows that e (A,0) = e (—A,0). For A € R\{0}, /(A,0) = ¢(—A,0) and
P (X, 0) = ¢ (=, 0), it follows from (2.3) and (2.4) that ©(A) = O(—=A) and O1(\) = ©1(—A), which

shows S(A\) = S(—A), for all A € R\{0}.

To show |S(\)| < 1, the following equality is obtained:
[SI* = S(A) - S(A)

_ B0 MO) P+ A0)* eV 0) 2 ~2R(4(1,0)-4(1,0)-e(A,0)¢'(A.0))
[D(X0)1%-1e'(A0) P10 (X,0)[*[e(X,0)|* =2R (¥ (X,0)-¢ (X,0)-¢/ (1,0)-¢(X,0))

for all A € R\{0}. Using (1.4),
(£, 0) T 0) = @/(A,0)- 51 0)] - [¢ (A, 0) ¢ (X.0) — &' (X, 0)e (1,0)]
=23 ($(1,0)- PN 0)) - Wle (A,0),¢ (1, 0)]
= —4)2? [1 8y — a1 + (2B — a1B82) A% + (a3f2 — a2f33) A

<0

which yields

_1/}()‘7 O) ' 1/}/()‘7 0) "€ ()‘7 O) e <)‘7 O) - w()‘ﬂ 0) ’ W(% O) e (/\7 0) € ()‘7 0)

< (N 0) - (N0 - € (A, 0) - e (N 0) — BN 0) - /(A 0) - & (A, 0) - e (), 0)

—2R ($(X,0) - P/(X,0) - € (X, 0) - & (X, 0)) < =2 ((A,0)- ¥'(X,0) - ¢ (1, 0) - ¢ (X, 0) )
and then

WL 0) - e (A 0)* + [/ (A, 0) - [e (A, 0) = 2R (%:(X, 0) - ¥/(,0) - € (A, 0) - & (X, 0))

<[ 0) - [ (L0 + [/ (A, 0) - e (A, 0)]* = 2R (#(2,0) - /(2,0) - ' (A,0) - ¢ (A,0))
which shows |S(\)? < 1, that is, |S(\)| < 1, for all A € R\{0}. Thus, the lemma is proved. [J

We proceed to research the spectrum of the boundary value problem (1.1) and (1.2). Therefore, we
investigate the scattering function in more detail. It is a meromorphic function in the upper half plane
S > 0, with poles at the zeros of the function ©(\).

[

Lemma 2.2. The function ©(A) has only finitely many zeros in the upper half plane & > 0. The
zeros of ©(\) are simple and pure imaginary.

PROOF. If we assume that p(xz) = 1 in [11], the proof of the lemma can be obtained similarly. []

Let ¢\; such that A; > 0, for all j = I,n, be the zeros of the function ©(\), called the singular values
of (1.1) and (1.2). Thus, the numbers m;, for all j = I, n, are defined by
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2 1

o0 e (1A, 0) 2 |5 3 (augnBe — arBror) X'+ 3 (awBask — cor i) A
E/ e (i\j, x) |*dx + b o
0

|Ozo — 041)\]' + ag)\? - 043)\?|2

and called the normalized numbers for (1.1) and (1.2). As a result, we can give the following definition.

Definition 2.3. The collection of quantities {S (X\); i);; m; (j = 1,n)} is called the scattering data
of the boundary value problem (1.1) and (1.2).

Based on the scattering data, form an integral equation for the kernel K (z,y).

Theorem 2.4. For every fixed x > 0, the kernel K (z,y) of the solution (2.1) satisfies the integral

equation, called the main equation

K(fv,y)+F(x+y)+/K(w,t)F(t+y)dt=0, y>uw (2.10)
where -
n 1 )
2 -z iAT
= » — —-1-9(\ d\
]E:lmje Y —|—27T_/( S(A))e

PRrROOF. The proof is obtained similarly for the case p(z) =1 in [11]. O
3. The Scattering Function’s Continuity

This section presents the scattering function’s continuity.
Theorem 3.1. For all A € R, the function S(\) is continuous.

PROOF. From section 2, ©(\) # 0, for all A in the intervals (—oo,0) and (0,00), and S(A) is defined
on (—00,0) and (0,00) and continuous in these intervals. From the form (2.7) of O()), if ©(0) # 0,
then S(A) is continuous at zero and S(0) = 1. It remains to investigate the case:

@(0)2@{ 00+/K (0,t)d } 60{1+/K0t }:o

Moreover, if we substitute z = 0 into (2.10), then
K(O.) + F(y) + [ KO0F(t+y)dt =0 (3.1)

Integrating (3.1) according to y from z to oo, letting t +y = £, and applying the integration by parts,

{1 + /OOK(O, y)dy} 7F(y)dy + 7K(0, y)dy — 7F(t + 2) {/OOK(O, f)d&} dt =0 (3.2)
0 z z 0 t

We now apply the same procedure to the derivation of the main equation concerning x for obtaining

oo

{K(O,O)Jr]OKm(O,y)dy}/ Y)dy — F(z /K (0, y)dy — / (t+z){7KI(O,§)d§}dt0 (3.3)
0 t

z

Multiplying (3.3) by (ag+icai A —a % —iasA3) and (3.2) by (8o +iB1A — B2A% —iB3)3) and subtracting
the latter from the former,
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0= |(ap + i1\ — asA? —iazA3) {—K(Q 0) + | K(0, y)dy}
0

— (Bo + iBiX — B2 —if33A?) {1 + ZOK(O,y)dyH :foF(y)dy

o

+(ap + it A — agA? —iaz3) [ K, (0,y)dy
—(Bo + 11X — B2A? —iB3A3) [ K(0,y)dy — (ap + i A — aoA? — iazA3)F(2)

- 7‘0{7‘0[(@0 A — asd? — iagN) K, (0,€) — (Bp + B A — B2\ — iBs)3)K (0, )] dg} F(t+ 2)dt
0 t
Letting A — 0,

aoF(z) =

o {—K(o,()) + ;fmo,y)dy} — Bo {1 + Zfomo,y)dy}] [ F)dy
+ T 1000, )dy = AoK(0,9)] dy

- Zo{jfo[aon(O, €)= BoK(0,8)] dg} F(t+ 2)dt

Define the functions G(z) and H(z) as follows:

[e.9]

G(z) = [ a0k (0.9)dy ~ Bo (0.3)] dy

and
H(z) = apF(2)

Hence, the integral equation is as follows:
G(2) — / F(t+ 2)G(t)dt = H(z)
0
G(z) is a bounded solution of the equation
G(z) —/F(t—l—z)G(t)dt:O, 0<z< o0
0

and every bounded solution of this equation is summable on the half line [0,00). It means that
G(z) € L1(0,00) (see p. 211 [19]). Thus, for

Ki(\) = ag + ion A — agA? — iagA® — By — ifa) + B3A2

—(o1 + i\ — a3)\2)K(0, 0) + (a1 + i — a3>\2) K, (0, t)ew‘tdt

o—g

—(B1 + B2 — B3A?) ?K(O, t)eMdt + ofoG(t)ei’\tdt
0 0
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O()) = a (M _ K(0,0)+ Zon(o, t)e”“dt) — By <1 + ZOK(O, t)ei’\tdt>
(i — as)? — iaz)®) (M — K(0,0) + ZOKx(o, t)ei’\tdt>
—(iB1A — BaA? — iB3A3) (1 + Z‘OK(O,t)ert>

= {M K(0,0) + fK (0, t)dt—H)\f (fK (0, y)dy> Mtdt}

—Bo {1 + ?K(O,t)dt + A 7‘0 (TK(O,y)dy) e“tdt}
0 0 t

+iA [ial/\ - 042)\2 - iOé3A3 — ,31 - ’iﬁQ/\ + 53)\2 — (Ctl + iag)\ — Oég)\2)K(0, 0)}

(3.4)
A [ (a1 +iao) — az?) [ K (0,t)e™dt — (81 + i) — B30%) [ K(Oat)eiktdt]
0 0
:ao{ K(0,0) + fK (0,1) dt} ﬂo{l—i— fK(O,t)dt}
0
i T{ T 0o 0,) = Bk (0.9)] dy | e
0o \t
+i)\ [iOzl/\ - 042)\2 - iag)\3 — ,31 - ’iBQ/\ + ﬁg)\z — (061 + iag)\ — Ozg)\z)K(O, 0)}
+iX [ (a1 + i) — azA?) [ K. (0,t)eNdt — (81 + ifa) — B3A2) [ K(0,t)eiMdt
0 0
=iAK1())
In a similar manner, from (2.8),
O1(N) = —iAK3()\) (3.5)

where -
Ko(\) =g + iai A — o2 —iasA3 + B1 + iffo X — B3\

+(a1 + i — azA2)K(0,0) — (a1 + ico) — azA?) [ K, (0,t)e”Mdt
0

(81 + iB2A — BN2) [ K(0,0)e= Nt + [ G(t)e Mt
0 0
According to (2.6), (3.4), and (3.5), N
s = K2
Ki(M\)

Taking into account the identity (2.5),

20(\,z) = Ki(\) {e(=A,2) = S(Ve(A, z)}

from which it follows that I/(\l(O) # 0, otherwise it would be (0, z) = 0 and it contradicts 1(0,0) # 0.
This shows that S()\) is continuous at A = 0 and completes the proof. [J

Consequently, from these results and section 2, S(A) is defined over (—oo,c0) and continuous in this
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interval. Moreover, in the case a; = 1 = 0,

1, e #£0
S(O)_{ -1, ©(\) =0

4. The Levinson-Type Formula

This section describes the Levinson-type formula for the considered boundary value problem.

Theorem 4.1. The following formula holds:

p(+00) = p(+0)

n—t0)=
where n is the number of the zeros of the function ©(\) in the upper half plane,

2, ©(0)%£0

5. ©(0)=0

pw(\) = arg©(\), and t(0) = {

(3.6)

(4.1)

(4.2)

PRrROOF. To achieve formula (4.1), the function ©()) is analyzed using the argument principle. We

now assume that

I're=ChUCRU[-R,—€¢|Ule, R

for sufficiently large R > 0 and sufficiently small €, where CE is a circle oriented counterclockwise and

centered at the origin with radius R, and C_ is a circle oriented clockwise and centered at the origin

with radius e.

Define the function arg©(A) = u(A). Then, the function ©(A) is analytic in the upper half plane

and continuous along the real axis. Hence, the increment of p(\) equals the number of zeros of ©(\)

multiplied by 27 as A runs over the real axis from —oo to 0o, bypassing the point A = 0 along semicircle

of sufficiently small radius € in the upper half-plane.
As R — oo,
{p(=€) = p(=00)} + {pu(+€) — p(=€)} + {p(+00) — p(+€)} + dm = 27n
because
1
O = (iN)* [as + O(})], 1A = 0
for & > 0. If ©(0) # 0, then
lim {u(+e) —p(—€)} =0
However, if ©(0) = 0, then ©()\) = iAK; (), K1(0) # 0 by (3.4). Hence,
lim {pu(+€) — p(=e)} = -
When € — 0,

- 0, ©(0)#0 I
2 {y1(c0) u<o>}+{_m oo T2

since lim {js(~¢) — p(—00)} = lim {4(00) ~ pu(€)}. Thus,

| o) — u(0)
T
where ¢(0) is defined by the formula (4.2), which proves the theorem. [

n—t(O
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Proposition 4.2. For a; = ;1 = 0, the increase in the logarithm of the scattering function is
associated with the number of eigenvalues of the problem (1.1) and (1.2) by the following equality
In S(+0) — In S(o0) 1 —5(0)
B 2 T4
PROOF. According to (2.9) and (3.6), |S(0)] = [S(c0)| = 1, and hence InS(4+0) = —2iu(0) and
In S(o0) = —2ipu(o0). Considering these results in (4.1), (4.3) holds. O

-2

(4.3)

Definition 4.3. (4.3) is called the Levinson-type formula for (1.1) and (1.2).
5. Conclusion

Levinson’s theorem is a valuable tool for understanding quantum scattering phenomena. In this
work, we have provided the scattering function and the spectrum for (1.1) and (1.2). The scattering
function’s continuity has been studied. The formula connecting the number of eigenvalues of (1.1) and
(1.2) to the argument’s variation of the function ©(\) over the interval (—oo, 00) has been introduced.

In a special case, we have derived the Levinson-type formula.

The study described in the text focuses on conducting spectral analysis of a second-order differential
operator with nonlinear dependence on spectral parameters in boundary conditions. In future research,
this methodology can be extended to various boundary value problems, and the boundary value
problem (1.1) and (1.2) can be generalized for boundary conditions involving higher order polynomials

of the spectral parameter.
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