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ABSTRACT:

In this paper, we introduce some ideal convergent double interval valued numbers sequence
spaces defined by Orlicz function and study different properties of these spaces like
completeness, solidity, etc. We establish some inclusion relations among them.
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1. INTRODUCTION

The notion of I-convergence was initially introduced by Kostyrko, et. al [10] as a
generalization of statistical convergence (see [8],[21] ) which is based on the structure of the
ideal I of subset of natural numbers N. Kostyrko, et. al [11] gave some of basic properties of I-
convergence and dealt with extremal /-limit points. Although an ideal is defined as a hereditary
and additive family of subsets of a non-empty arbitrary set X, here in our study it suffices to take
I as a family of subsets of N, positive integers, i.e. I € 2N, such that AU B € I foreach 4,B € I,
and each subset of an element of I is an element of I.

A non-empty family of sets F c 2N is a filter on N if and only if ® € F, AN B € F for
each A, B € F, and any subset of an element of F is in F. An ideal I is called non-trivial if [ # ®
and N € [. Clearly [ is a non-trivial ideal if and only if F = F(I) = {N— A: A € I} is a filter in
N, called the filter associated with the ideal I. A non-trivial ideal [ is called admissible if and
only if {{n}:n € N} c I. A non-trivial ideal I is maximal if there cannot exist any non-trivial
ideal J # I containing I as a subset. Further details on ideals can be found in Kostyrko, et.al (see
[10]). Recall that a sequence x = (x;) of points in R is said to be /-convergent to a real number
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L if {keN:|x, —¢| =¢€} €l for every € >0 ([10]). In this case we write | — limx;, = ¢.
Further details on ideal convergence can be found in [20], [25]. The notion of I-convergence
double sequence was initially introduced by Tripathy and Tripathy (see [24]).

Interval arithmetic was first suggested by Dwyer [2] in 1951. Development of interval
arithmetic as a formal system and evidence of its value as a computational device was provided
by Moore [14] in 1959 and Moore and Yang [15] in 1962. Further works on interval numbers
can be found in Dwyer [3], Fischer [9] , Markov [13]. Furthermore, Moore and Yang [16], have
developed applications to differential equations.

Chiao in [1] introduced sequence of interval numbers and defined usual convergence of
sequences of interval number. Ideal of N and the corresponding convergence coincides with the
usual convergence. If we take [ =[5 = {A S N: §(4) = 0} where §(A4) denote the asymptotic
density of the set A. Then Is is a non-trivial admissible ideal of N and the corresponding
convergence coincides with the statistical convergence.

Sengoniil and Eryilmaz in [22] introduced and studied bounded and convergent sequence
spaces of interval numbers and showed that these spaces are complete metric space. Esi in [4],
[5] introduced and studied strongly almost A —convergence and statistically almost
A —convergence of interval numbers and lacunary sequence spaces of interval numbers,
respectively. In [7], Esi and Hazarika introduced the difference classes of interval numbers.
Recently Esi [6] has studied double sequences of interval numbers.

A set consisting of a closed interval of real numbers x such that a < x < b is called an
interval number. A real interval can also be considered as a set. Thus we can investigate some
properties of interval numbers, for instance arithmetic properties or analysis properties.We
denote the set of all real valued closed intervals by IR. Any elements of IR is called closed
interval and denoted by X. That is X = {x € R:a < x < b}. An interval number X is a closed
subset of real numbers [1]. Let x; and x, be first and last points of x interval number,
respectively. For x;,x; €IR, we have Xx; =X, © Xx1,7x3,,%1,7%;,. X, + X, = {x € Rixy, +
1Ex<xlr+x27rand if a=0, then ar=xeR:axl<i<axlr and if a<0, then
ax = {x ERiax;, <x < 0£X1l}.

_ {x € R: min{xll.le,xll.xzr, xlr.le,xlr.xzr} < x}
xl.xz = .

< max{xll. Xop X1 X X1, X Xq e xzr}

In [14], Moore proved that the set of all interval numbers IR is a complete metric space defined
by
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d(il,fz) = maX{lxll - lel, |x1T - xzrl}.
In the special case x; = [a, a] and x, = [b, b], we obtain usual metric of R.

Let us define transformation f:N — R by k = f(k) =x,x = (X). Then x = (x}) is
called sequence of interval numbers. The X}, is called k" term of sequence X = (X,).w' denotes
the set of all interval numbers with real terms and the algebraic properties of w' can be found in

[1].
Now we give the definition of convergence of interval numbers:

A sequence x = (x;,) of interval numbers is said to be convergent to the interval number
X, if for each € > 0 there exists a positive integer k, such that d(xy,x,) < € for all k > k, and
we denote it by lim, X, = X, [1].

Thus, limkfk = fo (=4 limkxkl = xol and limkxkr =Xy

Recall in [17],[12] that an Orlicz function M is continuous, convex, nondecreasing
function define for x > 0 such that M(0) = 0 and M(x) > 0. If convexity of Orlicz function is
replaced by M(x + y) < M(x) + M(y) then this function is called the modulus function and
characterized by Ruckle [19]. An Orlicz function M is said to satisfy A, — condition for all
values u, if there exists K > 0 such that M(2u) < KM(u),u = 0. Subsequently, the notion of

Orlicz function was used to defined sequence spaces by Tripathy et al [23], Tripathy and
Hazarika[26] and many others.

An interval valued double sequence x = (Yk,l) is said to be convergent in the
Pringsheim’s sense or P-convergent to an interval number x,, if for every € > 0, there exists
N € N such that

d(fk,l,fo) < gfork,l > N (see Pringsheim)

and we denote it by P — limx,; = x, , where d (Yk,l,?k l) is the Hausdorff distance between
x = (Yk,l) andy = (?k l). The interval number X, is called the Pringsheim limit of x = (Ek‘l).
More exactly, we say that a double sequence of interval numbers x = (Yk,l) converges to a finite

interval number X, if X, tends to x, as both k and [ tend to infinity independently of each

another. We denote by ¢’ the set of all double convergent interval numbers of double interval
numbers.
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The interval number double sequence x = (Yk,l) is bounded if and only if there exists a

positive number B such that d(fk,l,a) < B for all k and [. We shall denote all bounded interval
2
number double sequences by [,. Let W’ denote the set of all double sequences of interval

numbers.

Letp = (pi,j) be a double sequence of positive real numbers. If 0 < p; ; < sup; jp;; =
H <o and D =max(1,2771), then for a;;b; €ER for all i,j€EN, we have

|ai,j + bi,jlpi.j < D(lai,jlpi'j 4 |bi‘j|pi,j).

2. MAIN RESULTS

In this paper, we define new double sequence spaces for interval sequences as follows.

Let 7 be an admissible ideal of N X N. Let M be an Orlicz function and p = (pi, j) be a
double sequence of strictly positive real numbers. We introduce the following sequence spaces:

zwj(M p) =
Y:(E,j):{(m,n)ENxN:ﬁ m [M M)] 28}6,‘7,
for somep > 0,andx, € IR
—7
ZWO(M p) =
E:(Ei,j):{(m,n)eNxNzﬁ n [M(d(x”()))] 28}6,’7,
for somep >0
—7
ZWOO(Mip) =
>..0 Di,j
x = (x;;):3K > Os.t. {(m n) €N xN:— 1 [M(—d(x;”o)ﬂ > K} €7,
for somep >0
and
a(x,;0)\ "
() = | * = () sup o B X ()] <0l

or somep > 0
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Theorem 2.1. Let pz(pi,j) be bounded. Then the double sequence spaces
ng (M, p), ZWZ (M, p) and ZWZO (M, p) are linear spaces.

Proof. It is easy, so omitted it.

Theorem 2.2.The double sequence spaces ZWg(M,p), ZWZ(M, p) and ZWZO(M, p) are
paranormed sequence spaces paranormed by

gx) = 1nf{p H supM (d(x: 0)) < 1}
whereH = max(1,sup; ;p;; < ).

Proof. Clearly g(0) = 0,g(%) = g(-%). Let x = (¥;,),y = (yi‘j) € ,w (M,p). Then there
exist some p; > 0 and p, > 0 such that

supM 4Ees0) < landsupM u <1
; p ij P2

Now
Pij d(x;; _i 0
gx+y) = inf{(p1 + pZ)TJ: supM <%> < 1}
Lj
pPi

Pij %0
< 1nf{p " supM (d(xu'o)) < 1}
iLj

P1

Pij d(y. .0
+1nf{p H supM< O, 0)> < 1}
i,j P2
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=g +g0O).

Let § € R, then the continuity of the product follows from the following inequality:
Pij % 0
G(B%) = inf{pTJ: supM (M) < 1}
Lj

1nf{(|[3|r) H supM (d(x”o)) < 1}

where lﬁ | This completes the proof.

Theorem 2.3.The double sequence spaces W (M, P), ZWZ (M, p), W (M, p) and
2We (M, p) are complete paranormed spaces, paranormed by g defined by Theorem 2.2.

Proof. Let (Yisj) be a Cauchy sequence in W (M,p). Then y((ff,-)— (Yf])) -0 as
s,t = oo, For given € > 0, choose r > 0 and x, > 0 be suchthat7> 0 andM( ) > 1. Now

g ((xl]) - (xl])) — 0 as s,t = oo implies that there exists n, € N such that

E((xl]) (xl,)) < —foralls t = n,.

Then

pl _$ .__F .0
1nf{p e supM <M> < 1} <=, 2.1)

Now from (2.1), we have

—s —t =
d(xi,j—xi,j‘o) X9 € €

a(@)-(=)) 2 e z

This implies that (ff j) is a Cauchy sequence of real numbers. Let lims_)oofz j =x;; . Using
continuity of M, we have
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= .-%.0
limsupM <M> <1

<1.

d(ff.j—fi.jﬁ))

= su M(
i,jp p

Let s = n,, then taking infimum of such p’s, we have g((}ﬁj) - (Ei‘j)) < &. Thus (Es]) -
(Ei,j) €, Weo(M,p). By linearity of the double space We(M,p), we have
(Ei, j) €, Woo(M,p). Hence ,w, (M, p) is complete. This completes the proof.

Theorem 2.4. (a) 2W7 M,p) € ,w,(M,p),
®) Wo(M,p) © W (M,p).
Proof. It is easy, so omitted.

Theorem 2.5.The double sequence spaces W (M, p) and ZWZ (M, p) are nowhere dense
subsets of W (M, Dp).

Proof. The proofis obvious in view of Theorem 2.3 and Theorem 2.4.
Theorem 2.6. ()[f 0 < inf,;p,; < pi; < 1,then W (M,p) < W (M),
—J —J
b1 <p;j <supy;p;j <o, then w (M) c ,w (M,p),

©)f0<p;; <q;j <ooand (ﬂ) is bounded, then ZWg(M, p) C ng (M, q).

Pij

Proof. The first part of the result follows from the relation

Lym yn a(*i,j%o)
{(m,n)ENxN.mn mxn M( . )25}

L1 d(%; jXo) Pij
c {(m,n) eNXN:L3m, 37, [M(T)] >

and the second part of the result follows from the relation

L1 ym yn a(xi,j%o) P
{(m,n)ENXN-mn i=1 Lij=1 [M( p )] =€

49



Journal of Scientific Perspectives
E-ISSN: 2587-3008 /DOI: 10.26900/ jsp.2017.4
Year: 2017 Volume: 1 Issue: 1

c {(m,n) ENXN-Ym, 3% M (@) > e}.
This completes the proof.

The proof of the part three is easy, so omitted.
Theorem 2.7.(a)lf 0 < inf; jp;; < pij < 1, then ZWZ(M, p) C 2W(g)(M),
—7 —7
M1 <p;; <sup;p;j <o, then wo(M)c ,wo(M,p),

©f0<p;; <q;j <ooand (ﬂ) is bounded, then ZWZ(M, p) C ZWZ(M,q).

pi,j
Proof of the result follows from the Theorem 2.6.

Theorem 2.8.Let M, and M, be two Orlicz functions. Then
—7 —7 —7
W (My,p) Ny W (Mp,p) €, w (M + My, p).
Proof. Let (Yi,j) €, w’ (My,p) N, w (M, p). Then for every € > 0 we have

d (Ei' j,Eg)

Pij
P )] = e} €7, forsomep; >0
1

1
{(m,n)er\lxr\l:E moy, [Ml(

and

L1 d(%; j%o) Pij
{(m,n) € N x N'E 21 X [MZ (p—z)] >¢ec €7, forsomep, > 0.

Let p = max{p,, p,}. The result follows from the following inequality

d(x; 1 %)\ P
m S [ + ) ((FR)|

a(%i,;.%)\ 1P d(%;, %)\ P
<D (s S [ (B m, w M, (FEED)] ),

P2

This completes the proof.
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Theorem 2.9.Let M, and M, be two Orlicz functions. Then
—37 —37
W (My,p) €, W (M © My, p).

Proof. Let infp; ; = Hy. For given & > 0, we first choose &y > 0 such that max{e ,ef 1<e.
Now using the continuity of M, choose 0 < § < 1 such that 0 < t < § implies M, (t) < &,. Let
(Ei,j) €W (My,p). Now from the definition of W (M, p), for some p > 0

— % E NP
A(8) = {(m,n) ENXN:—¥™, ¥, [M1 (@)1 TS 5H} cq
Thus if (m,n) & A(S) then we have

1 d(xi,5%0)\ 7% H

mn ﬁ1 7:1 [M1 ( P )] <6
m n a(%i,j%o) Pij H

= Xit1 Xj=1 |My (T) <mné

i X Dij
= [Ml (@)] "< 6, foralli,j = 12,3 ..

Hence from above inequality and using continuity of M,, we must have

M, <M1 (@)) < &, foralli,j =123 ...

which consequently implies that

_ Pij
d(x ),
L)/ le <M1 (%))l < mnmax{e{f,eé{"} < mne

_ _ Pij
1 d(%;j%o)

This shows that

_ Pij
{(m, n) eNxN:--3m, 37, lMZ <M1 (@))l > e} c A8
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and so belongs to J. This completes the proof.
Theorem 2.10.Let M; and M, be two Orlicz functions. Then
(@) 2Wo(My,p) Ny Wo(Ma,p) <, Wo(My + My, p);
(b) 2Wo(My,p)  Wo(M, © My, p).
The proof of the theorem follows from the Theorems 2.8 and 2.9.
Theorem 2.11.Let M; and M, be two Orlicz functions satisfying A,-condition. If B =

Mzt(t) > 1, then

lim_ o

—7 —3
(@) wo(My,p) =, wo(M, o My,p),
—7 —3
(b) w (My,p) =, w (M, o My,p).
Proof. It is easy, so omitted.

Theorem 2.12.The double sequence space 2W7 (M, p), ZWZ (M, p), ZWZO (M,p) and
2We (M, p) are solid as well as monotone.

Proof. We give the proof for only ZWZ(M, p). The others can be proved similarly. Let
X = (Yi,j) €, Wg (M,p) and (ai,j) be a scalar sequence such that |ai,j| <1 forall i,j € N. Then
for every € > 0 we have

i 1 d(ai,jii,j,ﬁ) pi'j
{(m,n)ENxN.E =g Xj=1 [M(T =€

E a(%;;,0)\ P4
Q{(m,n)ENXN.E 7{';1 ?:1 [M(T>] > & Ej,

where E = max{1, |ay,|"}. Hence (ax) €, wa (M, p). This completes the proof.
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