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ABSTRACT. In this article, firstly we study pointwise slant, pointwise hemi-slant submanifolds whose
ambient spaces are para-cosymplectic manifolds and we prove that there exist pointwise hemi-slant non-
trivial warped product submanifolds whose ambient spaces are para- cosymplectic manifolds by giving
some examples. We get several theorems and some characterizations. Later, we also obtain some in-
equalities.
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1. INTRODUCTION

Slant submanifold was explained by B.Y. Chen in 1990 and he started the working in pseudo-Riemannian
manifolds in 2012 [4]. Then, Almost contact manifold was indicated by I. Sato [10]. S. Zamkovoy re-
searched almost para-contact metric manifolds [12] and An almost para-contact geometry is expressed
as (P,&,n). Such that, P2 = I —n® ¢ and n(¢) = 1 on almost para-contact structure. Then, some
researchers have been working Riemannian and semi-Riemannian manifolds in last years |1}2L|5]/8].

Bishop and O’Neill produced notion of warped product manifolds. Warped products are N, and N,
be Riemannian manifolds with g, and g,. Then, warped product manifold NV, = N, x; N} is a product
manifold NV, x Ny, equipped by g, = g, +k%gy and k is a warping function of warped product manifold [3].
Warped products is generally used in differential geometry, theory of general relativity, theory of string,
black holes. Warped product pseudo-slant submanifolds whose ambient spaces are Kaehler manifolds
were worked by B. Sahin [9]. He proved that the warped product pseudo-slant Nbl Xk Ng submanifold
does not exist and he obtained a characterization and an inequality. Later S. Uddin and others worked
warped product submanifolds whose ambient spaces are cosymplectic manifolds [11].

This article is organized as follows. In section 2, we introduce pointwise slant submanifolds of para-
cosymlectic manifolds. Moreover, we give some definitions, examples and results. In section 3, we
introduce proper pointwise hemi-slant submanifolds in para-cosymplectic manifolds and we give theo-
rems, lemmas and examples. In section 4, we define pointwise hemi-slant non-trivial warped product
submanifolds in para-cosymlectic manifolds. Also, we give some results and examples. In section 5, we
obtain some inequalities.

2. PRELIMINARIES

Let NV, be a (272 + 1)-dimensional almost para-contact metric structure. If it is provided with structure
(P,&,1m,01), that P is a tensor field of type (1, 1), 7 is a one form, ¢ is a vector field and ¢; is to expressed
semi-Riemannian metric.

PP=T-n®¢ né) =1 g(PX.,PYV)=—5(Xa, V) +n(Xa)n(Ws) (1)
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These situations require that
PE=0, n(PXa) =0, U(Xa) = §1<Xa7§)7 (2)

G1(PXa, V) = —g1(Xa, PY). (3)
An almost para-contact metric manifold is named para-cosymplectic manifold if the following relation is
satisfied:

(Va,P)Vy =0, PVa,Vo=Va,PVy, Vat=0 (4)
including any vector fields X, Y, on N,.
Let currently, NV, is a submanifold of (P, &, 7, §1). The Gauss and Weingarten equations are dedicated
by
Va, Vo =V, Vp+ hi(Xa, Vo), (5)
Va,V=-AvX, +Vz V, (6)
including X,, Y, € T(TN,) and V € T(TN;), that h; is a second fundamental form of A, Ay is the
Weingarten endomorphism connected with V' and V< is the normal connection. Ay and hy are related
by
G1(AvXa, V) = g1(h1(Xa, Wb), V), (7)
here §; designates the semi-Riemannian metric on N, with the one introduced on N,. For all tangent
vector field X,, we denote

PX, = RX, + SX,, (8)

such that RX, is the tangential component of PX, and SX, is the normal one. For all normal vector
field V,

PV =1V + sV, (9)

such that rV and sV are the tangential, normal components of PV, respectively.
From the covariant derivative of the tensor fields R,S,r and s, we get

(Va,R)Yy = Vy, RY, — RV, Y,
(Va,8)Ys = Vi,V — SV, Y5,
(Va,r)V =VarV —rVy,V,
(Va,8)V =Vy,sV —sVy,V.

The mean curvature vector is indicated by
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1
H = —traceh,. (14)
n

Definition 1. We call that a submanifold N, of almost para-contact metric structure (N, P,&,n, 1) is
pointwise slant if for all time-like or space-like tangent vector field X,, the ratio §1(RXy, RX,) /g1 (PXs, PX,)
is a function. Moreover, a submanifold N, of almost para-contact metric structure N, is named point-
wise slant, if at each point p € N, the Wirtinger angle 0(X) between PX, and T,N, is dependent of
the choice of the non-zero X, € T,Ny. In this instance, the Wirtinger angle causes a real-valued func-
tion 0 : TN, — 0 — R which is named the slant function or Wirtinger function of the pointwise slant
submanifold.

We express that a pointwise slant submanifold whose ambient spaces are almost para-contact manifold
is named slant, if its Wirtinger function 6 is globally constant. We state that all slant submanifold is a
pointwise slant submanifold [9)].

If A, is a para-complex submanifold, in that case, PX, = RX, and the above ratio is equal to 1.
Moreover if A, is totaly real, then R = 0, so PX, = SX, and the above ratio equals 0. Hence, both
para-complex submanifolds and totally real are the special situations of pointwise slant submanifolds.

Definition 2. Let N, be a proper pointwise slant submanifold of almost para-contact metric structure
(N, P, E,m, G1). We call that it is of type-1 if for any spacelike(timelike) vector field X,, RX, is time-

RX, RX,
|‘7>Xa‘| > 1 and (For type-2) |‘7)Xa‘| < 1.

like(spacelike), also
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Theorem 1. Let N, be a pointwise slant submanifold in almost para-contact metric structure (N, P,€,m,G1)-
So that, for any spacelike (timelike) vector field X,, RX, is timelike (spacelike) and N is the pointwise
slant submanifold of type-1-2 necessary and sufficient condition

(a) p=R?>=cosh’0(I-—n®¢), pec(l,+o00) (Type—1), (15)

(b) p=R*=cos®0(I-n®¢), pec(0,1) (Type-—2). (16)
where 0 denotes the slant function of N,.
Proof. Firstly, if A, is a pointwise slant submanifold of type-1 for any spacelike tangent vector field X,,,
RX, is timelike. from the equation of , PX, also is. Furthermore, they supply |RX,|/|PX,| > 1. So,
there exists the slant function . Because of,
RX _ /1R, R,))
[PX| ~01(PXy, PA,)

cosh 6 =

(17)

and using and (17) , we have
G1(R?X,, X,) = cosh? 0(1 — n @ €)1 (Xa, Xa).

Thus, we get R2X, = cosh?0(X, — n(X,)€). So, = R? = cosh® (I —n @ €).

Also, for any time-like tangent vector field Z, RZ and PZ are spacelike. Therefore, in place of (17), we
get

|RZ| _ dg1(RZ,R2))

PZ| 71(PZ,PZ)

Because of R2X,, = cosh?0(X, —n(X,)¢), for any spacelike and timelike X, it further provides for lightlike

vector fields and therefore we get 1 = R? = cosh? (I — n ® £). Thus, we get (a). In a similar way, we
have (b) O

cosh @ =

Corollary 1. Let N, be a pointwise slant submanifold of almost para-contact metric structure (N, P, &, 1, §1)
with the slant function 6. Later, for any non-null vector fields Xy, Yy € TNy— < & >, If N is of type-1,
type-2, we obtain:

91(RX,, RYy) = — cosh?® (1 (Xa, Vo) — n(X)n(Y)),
91(S X, SVp) = sinh?® (51 (Xa, Vi) — n(Xa)n(V)), (18)

él (RXa; Ryb) = - Cosz 9(.&1(Xaa yb) - W(X)TI(Y))7
G1(8Xa, SYp) = —sin® 0(g1(Xa, V) — 1(Xa)n(Vs))- (19)

Corollary 2. Let N, be a pointwise slant submanifold of an almost para-contact metric structure
(./\_/w,’P,f,n,gl). Later, let N, be a pointwise slant submanifold of almost para-contact metric structure
N. Therefore N is a pointwise slant submanifold of ( type-1-2 ) necessary and sufficient condition,
*rSX, = —sinh? (X, — n(X,)€) and SRX = —sSX (For type-1)
*rSX, = sin? (X, — n(X,)¢) and SRX = —sSX (For type-2)
are satisfied for all timelike (spacelike) vector field X, .

3. POINTWISE HEMI-SLANT SUBMANIFOLDS WHOSE AMBIENT SPACES ARE PARA-COSYMPLECTIC
MANIFOLDS

Definition 3. A semi-Riemannian submanifold N, of almost para-contact manifold (N, P,€,m,G1) is
named to pointwise hemi-slant submanifold if there exist a two orthogonal distributions D , D with
Ng. Such that,

1) TN, =D} oD <€ > .

2) The distribution Di- is an totally real distribution, PDi C TLN,.

3) The distribution DS is a pointwise slant distribution.

Then, we say 0 as function.
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Definition 4. Let N be a pointwise hemi-slant submanifold of an almost para-contact metric structure
(Ne, P, E,m,G1). Let D be a pointwise slant distribution on N,. Then, we call that it is of (For type-1)

if for any spacelike(timelike) vector field X,, RX, is timelike(spacelike), also !g?g‘;} > 1 and (For type-2)
‘RXLL‘ < 1
[PXa| ’

Theorem 2. Let N, be a pointwise hemi-slant submanifold of almost para-contact metric structure
(Nz,P,E,n,G1). Ny is the pointwise slant submanifold of type-1-2 necessary and sufficient condition

(a) p=R?>=cosh®0(I —n©¢), pe(l,+00), (Type—1). (20)
(6) 5=R=cos?0(I-n©), pe(01), (Type—2). (21)

For any spacelike (timelike) vector field X,, RX, is timelike (spacelike).
Proof. The proof is proved like the proof of Theorem |

Corollary 3. Let N, be a pointwise hemi-slant submanifold of almost para-contact structure (N, P, &,m, G1)-
For non-null vector fields Xy, Vo € TNy— < & >, if D is of type-1 and type-2, then we obtain (respec-
tively)
1(RXa, RYy) = — cosh® (g1 (Xa, Vo) — n(X)n(Y)),
§1(SXa, SVy) = sinh® 0(51(Xa, Vo) — 0(Xa)n(Vs)). (22)

and

1 (RX,, RVy) = — cos? 0(§1(Xa, Vo) — n(X)n(Y)),
G1(SXa, SVp) = —sin® (g1 (X, Vo) — 0(Xa)1(Vs))- (23)
Lemma 1. Let N, be a pointwise hemi-slant type-1 and type-2 submanifold whose ambient space is

para-cosymplectic manifold N,. We get, Apz, Wy, = Apw, Z, is satisfied for any non-null vector fields
Za, W, € 'DtJ‘.

Proof. For type-1-2 and for Z,, W, € Di-, U, € T(TN,), we write U, = P1ly + Poldy + n(U,)€. Let be
TN, =Di- D® < ¢ > and THN, = PD}- @ SD2 @ A
Using ,,@ and , we obtain
Sjl(APWbZavua) = él(hl(zaaua)vab)
— g1 (= Apz,Us + Vi, PZa, W)
= n(Apz Wy, Uy,).

O

Lemma 2. Let N, be a pointwise hemi-slant type-1 and type-2 submanifold whose ambient space is para-
cosymplectic manifold (N, P,&,m,1). In this case, the totally real distribution Di- is always integrable.

Proof. For type-1, type-2 and since N\, is a para-cosymplectic manifold, using equations ,,,,@,
and from definition of projections for non-null vector fields X,,Y, € D and U, € TN,, we write

G ([Xa, Vo], PUs) = =1 (P[Xa, Vo, Ua)
= —01(VxaPIp,Ua) + §1(Vy, PXo, Us).
The right hand side of the last equation should be zero. Thus, we derive

91([Xa, W], PU,) = 0,
G1([Xa, Vo), RUa) + G1([Xa, Vo), SU.) = 0,
G1([Xa, Vo], RP2U,)) = 0.
From above equation, we have [X,, )] = 0. So, Dj- is integrable. |

Lemma 3. Let N, be a pointwise hemi-slant type-1 and type-2 submanifold whose ambient space is
para-cosymplectic manifold (N, P,€,m,§1). For D@ < € > to be integrable, necessary and sufficient
condition

1) §1(VyyXa, 2) = sech?0(g1 (1 (Xa, Z2), SRYV,) — G1(hi(Xa, RV,), PZ)) (Tip-1)
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2) 51(VyyXa, Z) = 5ec?0(§1(h1(Xa, Z), SRVy) — g1 (h1(Xa, RVs), PZ))(Tip — 2)
for non-null vector fields X,, Yy € DO® < & > and Z € Di-.

Proof. We demonstrate 1) and 2) in a similar method. We will give its proof when D¢ is type-1. N is
a para-cosymplectic manifold, using ,,,,,@,, and Corollary [2, we write
H([X W), 2) = §1(Vaade — VX, 2)

= —01(VaaPVs, PZ) = (Vaado)1(Z) — §1(VyyXa, Z)

= ~91(VaaRYs, PZ) = 1(VaaSW, PZ) — §1(VyXa, 2)

= —91(h(Xe, RW), PZ) + §1(VaaPSVs, Z2) — §1(Vy, Xa, 2)

= —G1(h1(Xa, RV), PZ) + §1(VxaSVe, Z) + §1(V 055V, Z)

= 01(Vy X, 2)

= —g1(h(Xa, RW), PZ) — sinh®031(V x4 Vo, Z)

+  G1(hi (X, 2),SRV) — §1(VyyXa, Z)
making add subtract sinh20g;(Vy,X,, Z) above equation, we have

cosh®051 (([Xa, Vo), Z2)) = g1(h1(Xa, 2),SRY,) — §1(h1(Xa, RY,), PZ)
— cosh®0§1(VyyXa, 2)

sech®0(g1(h1(Xa, Z), SRYp) = i1 (h1(Xa, RV), PZ))
91 (Vyyda, Z)
The right hand side of the last equation should be zero, proof is complete. O

91(([Xa, Vo], 2))

Theorem 3. Let N be a pointwise hemi-slant typel-2 submanifold whose ambient space is para-cosymplectic
manifold (N, P,€,m,§1). In that case, totally real distribution Di- describes a totally geodesic foliation,
necessary and sufficient condition

J1(Apw,RXa — Aspx, Wh, Z,) =0 (24)
is satisfied for non-null vector fields Z,, Wy € Di-, Xy € DOD < € >.
Proof. For type-1, we obtain
N (VzaWh, Xo) = §1(VzaWe, Xa) — G1(h1(Z4, W), Xa).-

Using and , we get
0(Vz W Xa) = —G1(PV 2 We, PXL) +1(V 2. We)1(Xa)
= —§1(PVz Wy, PX,).
Using @, , also from PW and SX, are orthogonally. We obtain
H(VzaWh, Xa) = —G1(VzaPWe, RX,) — G1(V 2, PW,, SX,)
= 51(Apw, Za, RX.) = 51(VZ, PWe, RX0) + 1(V 20 S X0, PW).
Using , and @ We obtain
(VzaW, Xa) = G1(Apw, Zas RX) + §1(V 205X, PW)
= G1(h1(Za, RXa), PW) = 1(V 2, PSXa, Wy).
Using (9) and (Corollary [2] for type-1), we obtain
G (Vz W X)) = §1(h1 (24, RX,), PWy) — §1(V 2o SX, Wy)
91(V 2485X,, Wp)
= §1(h1(Za, RX,), PWy) + sinh?051(V z 4 Xa, We)
+ 51(?ZQSRXG,W;,).
Using , @, @ and because of W, and X, are orthogonally, we obtain
31 (VzaWh, Xa) = §1(h1(Za, RXL), PW,) — sinh®051(V 2, W, Xs)
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— g1(h(Za, W), SRX,,)
cosh?051(VzaWh, Xa) = G1(hi(RXa, 24), PWy) — G1(hi(Ws, Z4), SRX,)
cosh*091(VzWe, Xa) = §1(Apw, RXa, Za) — §1(Asrx, Wh, Za).

Thus, the proof is complete. In the same way, we get for type-2 O

Theorem 4. Let N, be a pointwise hemi-slant typel-2 submanifold whose ambient space is para-cosymplectic

manifold (N, P,&,m,G1). In that case, pointwise slant distribution DD < & > describes a totally geodesic
foliation, necessary and sufficient condition

G1(Asrx, W — Apw, RXa, ) = 0 (25)
is satisfied for non-null vector fields Wy, € D+ and X,,Vy € DO® < € >.

Proof. For type-1, using and , we get
3 (VypXaWe) = 31(Vy,Xa, Wa)
= —§1(Vy,PXy, PWp).

Using , ,@, and Corollary |2| we obtain
G (VypXa Ws) = —G1(Vy,RXe, PWy) — G1(h1 (Y, RXL), PWp)
+  G1(PVy, SX,, W)
= —g1(hi(Vp, RXL), PW,) + G1(VyyrSXa, Wo)
+ gl(?beSXa, Wh)
—  §1(Vy, SRX,, W),
(14 5inh?0)§1 (VyXa, Ws) = —g1(h1(Vp, RXa), PWs) — §1(Vy, SRXa, W).
(cosh®0) i1 (Vy,Xa, Ws) = —G1(Apyw, RXa, Vo) — 91(—Asra, Vo, We)
— 31(V3, SRX,, W)
= G1(Asrx,Ws — Apw, RXo, Vp).
So, the proof is completed. In the same way, we have for type-2 too. O
Corollary 4. Let N, be a pointwise hemi-slant submanifold type-1,2 submanifold whose ambient space is

para-cosymplectic manifold N,. Therefore N, is a locally semi-Riemannian product structure, necessary
and sufficient condition

Apy, RXo = Asrx, Wb
is satisfied for X, € Dy® < § > and V) € Di-, that Ni- is a anti-invariant submanifold and N is a
pointwise slant submanifold of Ny.

4. POINTWISE HEMI-SLANT NON-TRIVIAL WARPED PRODUCT SUBMANIFOLDS OF
PARA-COSYMPLECTIC MANIFOLDS

Warped product manifolds were introduced by Bishop and O’Neill [3]. Projections of A, x N} are
By : Na X Ny = N, and By : Ny X Ny = Np. Such that warped product manifold N, = N, Xx Ny is the
Riemannian manifold N, X Ny = (N, x N, §) with the Riemannian structure. Therefore

E(Xaayb) = gl(ﬁl*xavﬁl*yb) =+ (k © 61)2§1(62*Xa752*3}b)

for every vector fields X,, ), € T'(TN,), that * indicates the tangent map. The function k is named the
warping function of the warped product manifold. Especially, if the warping function is non-constant,
the manifold NV, is named to be non-trivial. N, is totally geodesic and N is totally umbilical in A.

Lemma 4. Let N, = N, xi N} be a warped product manifold with warping function k, therefore

1) Va, Yy € T(TN,) is the lift of V.,V on Ny;

2) VXQZ = VgX = (Xalnk)z 5

3) VW = VoW — (§(Z2,W) = k) gradk ;

are satisfied for non-null vector fields X,,Yp € TNy and Z,W € TNy, where gradk is the gradient of k
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introduced as §q(gradk, X,) = Xk also V v’ define the Levi-Civita connections on N and Ny [5].

As a result, we get
S

lgradk||* = (e, (k) (26)

v=1
is satisfied for an orthonormal frame (e;,...,es) on N.

Theorem 5. There does not exist a pointwise hemi-slant non-trivial warped product submanifolds N, =
J\/bL X N whose ambient space is para-cosymplectic manifold N, and £ € TNbL. Such that J\/’bL 1s totally
real and N? is pointwise slant submanifold of N.

Proof. The non-existence of warped products pointwise semi-slant submanifolds whose ambient spaces
are cosymplectic manifolds had proved by K.S. Park [7]. Similarly, we can demonstrate the non-existence
of warped products pointwise hemi-slant submanifolds whose ambient spaces are para-cosymplectic man-
ifolds. O

Let’s consider para-cosymplectic structure on R :

0 0 0 0] 0] 0
= - = —_— = 0 = —_— = d .
P() = 5o Plao) = 5o PG =0, €= 5 n=d:
Here, n is 1-form, ¢ is vector field and ¢ = (4,—,+,—,+,—,+). ¢1 is pseudo-Riemannian metric.

Also, (x1,y1,%2, Y2, X3, y3,2) denotes the cartesian coordinates over R}. Then (R, P,&,n,d1) is a para-
cosymplectic manifold. - -
Let A, be a semi-Riemannian submanifold of R} described by ¢ : N, — RE.

Example 1. Form+n >0 and m + n € R with

Y(m,n, c,t) = (coshm, cosh n,sinh n, sinh m, ¢, a, t),

Yy = sinhmai + coshmi, 1, = sinh nai + coshn—

T Yo Y1 Oy’
0 0
= 2_- = — =
'(/)c - +3C 3%3’ wt aZ g
Then, we get
0 0 0 0 0
Py, = sinhm—— 4+ coshm——, P, =sinhn— + coshn—, P, = 3c*—
v oy 0z v Oxq Yo v 9y

describes a pointwise hemi-slant submanifold N2 with type-1 whose ambient space is para-cosymplectic
manifold (R, P, €,m, §1) with p = R? = cosh®(m+n)(I —n®E). Actually DY = span{iby, 1, } is pointwise
slant distribution with hemi-slant function and Di- = span{,} is anti-invariant distribution.

It is easy to notice that D&, Di- are integrable. The induced metric tensor gy, on Ny = N? xj Ni- is
given by gnr, = —dp? +dy,? + (904)d52 +d,2.

Thus, N is a pointwise hemi-slant non-trivial warped product type-1 submanifold whose ambient space
is para-cosymplectic manifold RY with warping function k = 3c2.

Example 2. Form—n € (0,5) with

Y(m,n, ¢, t) = (cos m, cos n,sin m, sin n, sin ¢, m, t),

P, = —sinm—— +cosm—, ——sinni—i—cosn—
m o0x1 8%‘2, no 8y1 3y2’
0 0
wC_CObcal'37 ¢t_$_€7

Then, we get

0 0 0 0 0
Py, = —sinm— +cosm—, PiY,=—sinn— +cosn—, Py, =cosc—
v oy Y2 v Oy Oz v dys

describes a pointwise hemi-slant submanifold with type-2 in (R5, P, &,n, §1), with p = R? = cos?(m—n)(I—
n®E). D = span{ip,, b, } is pointwise slant distribution with hemi-slant function and D = span{i,}
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is anti-invariant distribution and P, L TN, = span{,, ¥, ¥, }.

It is easy to notice that DS, Dit are integrable. The induced metric tensor gn, on Ny = N xi Nit
is given by gy, = dm? — dn? + (cos? c)dc2 +di2. Thus, N2 is a pointwise hemi-slant non-trivial warped
product type-2 submanifold whose ambient space is para-cosymplectic manifold R with warping function
k = cosc.

Lemma 5. Let N, = /\/'g ><;€/\/'bl be a pointwise hemz’-islant non-trivial warped product typel-2 submanifold
whose ambient space is para-cosymplectic manifold N. Such that £ € TNbJ‘, then
1) &(Ink) = 0.
2) For any Xa, Yo € TNY and Z € TN},
91(h1(Xa, ), PZ) = g1(h1(Xa, Z), 5D). (27)

Proof. 1) For any X, € TN! and £ € TN;-, we obtain Vx, & = 0. Also Using ,@ and from Lemma
- (2), we obtain &(Ink)X, = 0 which means that &(Ink) = 0, for any non-zero vector field X, € TN?
that proves 1).

2)Using (5] . @®). (), (@), we derive
G1(h (X, 2),PZ) = §1(Va, Yo — Va, Vs, PZ)
= —51(Vx, P, 2)
= ~01(Va,SW, 2)
= —Gi(—Asy,Xo + Vi, SV, 2)
= g1(h(Xa, 2),SVp)
If we relocate X, with RX, and )} with R} in , then we get belove results

G1(h1(RXa, W), PZ) = g1(h1 (RXy, Z),SV), (28)
91(71(Xa, RYy), PZ) = §1(h1(Xa, Z), SRI), (29)
91(h(RXe, RY,), PZ) = g1(h1(RXo, Z), SRY). (30)
]

Lemma 6. Let N, = Ng Xk./\/'bJ‘ be a pointwise hemi-slant non-trivial warped product typel-2 submanifold
whose ambient space is para-cosymplectic manifold N,.. Such that & € TN?, then

1) G1(h1(Za,Ws), SXa) = g1(h1(Xa, Za), P, W) + (RXGInk)G1 (24, W),

2) a) For type-1;

G1(h1(Za, W), SRX,) = §1(h1(RX4, Z4), PWy) + (XuInk)cosh?0g, (Za, W),

b) For type-2 ;

G1(h1(Za, W), SRX,) = §1(h1(RXa, Z4), PWy) — (Xalnk)cos?0G1(Z4, Ws),

for any Z,, Wy € TN+ and X, € TN?.

Proof. Using , and Lemma (2), we derive

G1(h1 (2o, W), SXa) = g1(h1(Xa, Z4), (PXe — RX,))
H(VzWe, PX,) — 1 (V2 Wy, PX,)
G (Vz,PWy, X)) — 1(Vz, W, RX,).

By using and from W, and RX, are orthogonality. Also later using @, and from Lemma (2),
we obtain

71(h1(Za W), 5X,) = —g1(Vz,PWe, Xa) + 51 (W, V2, RX,)

= —G1(—Apw, 2o, Xa) + §1(VE, PWy, Xy)

+  (RXulnk)gi(Za, W)

= §1((h(Xa, Za), PWe) + (RXolnk) g1 (Za, Wh).

Therefore, Proof 1 is complete. Now, we will demonstrate proof 2(a) for type-1.
If we replace X, and RX, in the last equation and using , we derive
G1(h(Za, W), 5X,) = Gi((h(Xa, Za), PWe) + (RXalnk)G1(Za, Ws)
= G1((h(RXa, Z2), PWy) + R*(Xulnk)§i(Za, W)
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);
G1(h1(Z24, W), SRX,) = §1((h1(RXy, Z4), PWy) + cosh?0(X,Ink)§1(Za, Ws).
For type-2, (b);

G1(h1(Za, W), SRX,) = §1((hi(RXy, Z4), PWy) + c0520(Xalnk)gi(Z., W).

For type-1, (a

O

Theorem 6. Let N, = N ><;CJ\/’bL be a pointwise hemi-slant non-trivial warped product typel-2 subman-
ifold whose ambient space is para-cosymplectic manifold N. Then N is locally a mized geodesic warped
product pointwise submanifold N? x Ng- necessary and sufficient condition
Apz, X, =0, Asx,Zq=RXy(9)Za, Aspa, Za = cosh®>0X,(p)Z, (Typel), (31
Apz, X, =0, Agsx,Zq = RX,(9)ZaAsrx, Zq = c0s*0X,(0) 2, (Tip —2) (32
are satisfied for any X, € DY® < ¢ > and Z, € Di-, that ¢ is a function on N, and Wy(¢) = 0 is
satisfied for any W, € Di-.
Proof. Using advantage of Lemmas [ and 5] we demonstrate that N, is a mixed geodesic warped product
pointwise submanifold. Let A, be a hemi-slant submanifold with the slant distribution D¥® < £ > and
the anti-invariant distribution Dj- with the cases shown in and . Also using these conditions
and Theorem [4] the distribution D@ < & > describes a totally geodesic foliation and utilizing Lemma
Di- is integrable, imagine h' be the second fundamental form of the leaf Vi of Di in A, Also for
any X, € DY@ < & > and W, Z, € D}
Utilizing (5), (1), (3), {@) and (8], we have
G (2o W), Xa) = G1(Vz W, Xa)
= —01((Vz,PWe, PXa) +1n(Vz, PWs)n(PXa)
= —n1((Vz,PWy, RX,) — 1(Vz,PW,y, SX,).
Utilizing @ and therefore PW, and SX, are orthogonality, we obtain

gl(hJ—(Zme)aXa) = 7&1((APWbZaaRXa) +§1(PWbavZaSXa)~
Utilizing ,, and @, we get
G(hH(Za W), Xa) = —G1((Apw, RXa, Za) — G1(We, Vz,7SX,)

- 51(Wh,Vz,88X,).
Utilizing first condition of and Corollary 2, we derive
G ZaW), X)) = 51(Wh, Vz, 5inh?0X,) + §1 (W, V=, SRX,).
Therefore, orthogonality of W, with &, using ,@ and , we derive
G (W (2o, W), Xa) = —sinh?03:(Vz, We, X,)
+ 1 (We, (—Asrx, 2o + Vz, SRX,))
= —sinh®0g1 (" (2o, W), Xa) — G1(Askx, Zas Wh),
—cosh?0G1 (W (2o, W), Xa) = G1(Asra, Za, Wo)
= cosh*0X,(¢)G1(Za, Wp).
From the describtion of gradient, we obtain
(W (Za, W), Xa) = —51(Za, Wh) i1 (gradp, Xy).
So that, h™t(Z,,Wp) = —§1(Z2a, W) g1gradep for vectors Z,, W, € Di-. H = —grady and Nj- is totally
umbilical in N,
Now, we explain gradyp is parallel suitable to the normal connection Dj- of ij_ in N. For X, € D& <
¢ > and W), € Dji-, we derive
91 (Dw,grade, Xe) = G1(Vw,gradp, X,)
= Wigi(gradp, X,) — gi(grade, Vi, Xa)
= Wi(Xa(p)) — gi(grade, Wy, Xa]) — g1(grade, Va, W)
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= X.Wep) + 51(Vx,grade, Wy) = 0.

So, Wy = 0 is satisfied for every W, € Dj- also Vx, gradyp € DD < € > therefore DY@ < € > is totally
geodesic. We understand that mean curvature of Aj- is parallel. So that, the leaves of Di are totally
umbilical with parallel mean curvature H = —grady. So, ./\/’bL is called the extrinsic sphere in N,. By
considering Hiepko ( [6]), we attain that A, is a warped product pointwise submanifold and the proof is
completed for type-1.

In a similarly way, for type-2 is also proved. O

5. AN OPTIMAL INEQUALITY

Let NV, = N x4, Nt be a s-dimensional pointwise hemi-slant non-trivial warped product submanifold
whose ambient space is (2m+1)-dimensional para-cosymplectic manifold A,. Such that, A bL is dimension
dy and N? is dimension dy = 2p + 1 so & is tangent to NV. We take tangent spaces of ./\/bL and NV? by
D} and D@ < € >. We create orthonormal frames according to type-1 and type-2. Firstly for type-1,
the orthonormal frames of DtL and Do® < £ >, respectively;

{E1,E2,..,Eq, } and {Eq,+1 =E},...,Eq,+p = E},Ea, 4p+1 = Ep; = sechORE], ...

sEd, +2p = E5, = sechORE;, Eq, y2p11 = E3, . = &} that 0 is nonconstant.

At the moment, we will give orthonormal frames of the normal subbundles of PD;-, SD and A. This
frames respectively are

{Es41 = E4 = PE1,Egq2 = Ey = PEs, s Egya, = Ey, = PEq, }, )

{Es+d1+l = Ed1+1 = CSChﬂSET, Es+d1+2 = Ed1+2 = CSCh@SE;, ceey Es+d1+p = Ed1+p = CSCh@SE;;, Es+d1+p+l =
Eg, ypr1 = csch@sechSREY, ..., Esid, +ptp = Edy4ptp = cschfsechdSRE;} and

{E2s = Es, ..., E2mg1 = Eg(m—s41) - Where 6 is the slant function.

Lets assume that

* on Dj- : orthonormal basis {Ev}v=1,....a;, where d; = dim(D;); also, supposed that g (E,,E,) = 1.

* on DY : orthonormal basis {E} } =1, 2p+1, Where 2p + 1 = dim(D) also g1 (Ef,E}) = F1.

* on PD;t : orthonormal basis {E, },—; .4, where d; = dimP(Dj") also g (PE,, PE,) = —1.

* on SDY : orthonormal basis {E} }w=1,... 2p+1, Where 2p + 1 = dimS(Dg) also g1 (E},,E¥) = F1.

.....

Theorem 7. Let N, = N? ><kJ\/'bl be a s-dimensional mized geodesic warped product pointwise hemi-slant
of type-1 submanifold whose ambient space is (2m + 1)- dimensional para-cosymplectic manifold N,. So
that N is a proper pointwise slant submanifold of dimension 2p+1 and j\/bL is a totally real submanifold
of dimension dy of N,. So that ij‘ is spacelike. Then

1) The squared norm of the second fundamental form of N, supplies

[|h1]? < dycoth®8||gradink]||?, (33)
where grad(lnk) is the gradient of Ink.

2) If the equality sign of holds the same way, then N is totally geodesic and ./\/'bJ‘ is totally umbilical
in N.

Proof. From description [|h1|[? = [|h1(Dim, Dm)||? + 2||h1 (Do, DH)|2 + [|h1 (D, DH)||? , that D, =
D@ < £ >. Because of N is mixed geodesic, the middle term of the right-hand side should be zero. In
that case, we obtain

2m+1 2p+1 2m+1 dy
IllP= > > a(h(ELED.E) + > > Gi(u(Ef Ef),E,)?
r=s+1 v,w=1 r=s+11[b=1

This equation can be seperated for the PD;-, SD% and A components as follows

d; 2p+1

a2 =" > Gi(l(E],E}),E,)°

r=1v,w=1

2p+dy  2p+1

+ 2 Y Blm(ELE).E)?

r=di+1v,w=1
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2(m—s+1) 2p+1

+ > Y ai(m(EE;),E)

r=s v,w=1
di  dy
+ Z Z g1(ha(Er,Ep), Ey)?
r=11,b=1
2p+1 dy
+ 3N 1(ha (BB, E)?
r=di+11,b=1
2(m—s+1) d;
0SS (B B (34)
r=s 1,b=1

Utilizing( and (, the first term of right-hand side in the last equation vanishes same way and we
should leave all the terms except the fifth term in the last equation, then we have

[1ha]1? < 2250 S G1(n (E1, By), )
Using the frame of SD we get,

P di
mll* < > > G1(h(Er,Ep), cschSE;,)?
w=11,b=1
P di
+ Z G1(hi1 (Er, Ey), cschfsechOSRE?))?

-~

b
Utilizing Lemma [ and Lemma we obtain

p di

csch®0 Y > (RE;,Ink)* g1 (Ei,Ep)?

w=11,b=1

1712

IN

p di
+ coth®0 " > (E;Ink)* g1 (B, Ep)?

w=11[,b=1

p
= (csch®0 Z (RE;,Ink)? + coth®0 y _ (E;,Ink)?

w=1

P
= dy(csch?0 Z (REX Ink)? + coth®0 Z (EX Ink)?)

w=1 w=1

= di(csch® Z v RInk) —l—cothQHZ (EX Ink)?)

w=1 w=1

By using ( , the above equation will be simlified as

p
l|h]> < dilesch®0(]|Rgradink|)* — Z 91(E} ., Rgradink)?)

w=1

P
+ coth®0y Z (Ep,Ink)? g (E5, Ink)?]

w=11,b=1
,  (for Rgradlnk € D,, and R{=0 )

P
= dy[esch®0(||Rgradink||* — cosh?6 Z g1 (EX, gradink)?)

w=1

+  coth® Z (EX Ink)?]
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= dy[coth®d||Rgradink||* — coth?d Z (X Ink)? + coth?0 Z (EX,Ink)?]
w=1
Last equation specifies in ( and from the leaving terms in (34), we have the following connections

from the second and the third leaving terms of (34).
G1(h1 (D, D )SDE) =0, G1(h1 (D, Din), A) = 0 that intend

hi(Dp, D) LSDY,  hi(Dpy, D) LA = hi(Dpn, Dy € PD;- (35)

Because of a mixed geodesic warped product pointwise submanifold and from Theorem [5| , we derive
G1(h1(Dim, Din), PD) = 0. Such that

hl(Dma ’Dm)J-,P,D#_ (36)

When we take into account (35) and (36), understand that hj(D,,, Dy,) = 0 using this connection with
the fact that VY is totaly geodesic in NV, ( [3]).

From the leaving fourth and the sixth terms of (34) on the right side, we determine that g1 (h1(Dj-, Di), PDi) =
0, g1(h1(Di-, D), A) = 0, we get

hi(Di-, DF)LPD},  hi(Di-, Di) LA = hi (D}, D}) € SD}- (37)
For a mixed geodesic, from Lemma 1), we derive
G1(h1(Za, Wh), SX,) = (RX,Ink)§1(Z4, Ws) (38)

for any X, € TNY and Z,,W, € TN; .
Therefore, by the connections (37), (38) and substantially NG- is totally umbilical in A, [3], we obtain
that N is totally umbilical in N,. O

Remark 1. If Nj- manifold of Theorem @ is totally umbilical and timelike, equation (33) should be
modified by

[|h1|? > dicoth®0||gradink||?, (39)
where grad(lnk) is the gradient of Ink.

Theorem 8. Let N, = N? ><k/\fbl be a s-dimensional mized geodesic warped product pointwise hemi-slant
submanifold whose ambient space is (2m+ 1)- dimensional para-cosymplectic manifold N,. So that ./\/'f 18
a pointwise slant submanifold and Ni- is a totally real submanifold of dimension dy of Ny. Hence, N+
is spacelike and timelike. Then, (for type-2)

[|h1]]? < dycot®d]|gradink||® (respectively, ||hi||? > dicot®0||gradink||?), (40)
where grad(lnk) is the gradient of Ink.
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