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ABSTRACT.  In this paper, a novel subclass, denoted as PH(q, @), is unveiled within the domain of harmonic
functions in the open unit disk E. This subclass, comprised of functions f = u+ v € SH®, is characterized by a
specific inequality involving the g-derivative operator. Through meticulous analysis, it is demonstrated that func-
tions belonging to PH (g, &) exhibit remarkable close-to-convexity properties. Furthermore, diverse results such as
distortion theorem, coefficient bounds, and a sufficient coefficient condition are yielded by the exploration. Addi-
tionally, the closure properties of P (g, @) under convolution operations and convex combination are elucidated,
underscoring its structural coherence and relevance in the broader context of harmonic mappings.
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1. INTRODUCTION

In the realm of harmonic functions, each function f belonging to the class SH 9 can be represented in the form
f = u+ v, where

uz) =z+ Z u 2, 0(z) = Z V2. (1.1)
s=2 5=2

Here, both 1 and v are analytic functions within the open unit disk E = {z€ C: |zl < 1}. When the condition
[ (2)| > |v’ ()| holds throughout the disk E, it follows that the function { is sense-preserving and locally univalent in
this domain. Additionally, it is crucial to highlight that if v(z) is identically zero, the class SH 0 simplifies to the class
S, where S denotes the class of analytic, univalent, and normalized functions in the unit disk E.

The subclasses K and S* of S are characterized by their mappings of the unit disk E onto close-to-convex and
starlike domains, respectively. In a similar vein, the subclasses of SH O that map the unit disk E onto corresponding
domains are denoted by SH %+ and KH°. For a more comprehensive understanding, one can refer to the detailed
discussions in [7,11].

Jackson’s g-derivative for a function u € S, where 0 < g < 1, is defined as follows [10]:

u(z)—u(gz) .
, ifz#0,

un(z) = ,(l—q)z .
w(2), ifz=0.
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It is important to note that if the function u is differentiable at z in the classical sense, then the limit as g approaches
1 from the left satisfies lim,_,- D,u(z) = v'(z). In the context of equation (1.1), this g-derivative can be expressed as:

D) = 1+ ) [slya,s™,
s=2
where the g-number [s], is given by [s], = 11%"; for any positive integer s. As ¢ tends to 1 from the left, it is evident
that [s], — .
Furthermore, Jackson defined the g-integral as follows [10]:

fo W dyl = 2(1-9) ) q'uizg"),
s=0

provided that the series on the right-hand side converges. This definition plays a significant role in the study of
g-calculus, particularly in examining the properties of functions within the class S under g-differentiation and g¢-
integration.

A function u € § is termed g-starlike in the open unit disk E, and this is denoted by u € S*(g), if it satisfies the
condition:

Re {quu(z)
u(z)

where D, represents the Jackson g-derivative. Similarly, a function u € S is called g-convex in E, denoted by u € C(g),
if it fulfills the condition:

}>a O<a<l),

D,(zDju
Re { 1(zDg1(2))
D,u(z)
Moreover, if there exists a g-convex function ¢ in E, and if u € K(g), where K(q) represents a class of g-close-to-
convex functions, such that

}>a/ O<a<l).

Re{lD)Z:;Z;} >a 0<a<),

then, in the particular case where ¢(z) = z, it implies that

Re{Dju(z)} >a O<a<]).
This definition extends the classical notions of convex and starlike functions to the setting of g-calculus, providing
a framework for analyzing these properties in the context of Jackson’s g-derivative.
In 2019, Ahuja and Cetinkaya [1] introduced the class of g-harmonic, univalent, and sense-preserving functions

f = u+ D, denoted by SH, 2. A necessary and sufficient condition for a function f to belong to the class SH 2 is that

|wq(z)| = ‘g'z(é)) < 1. Additionally, as ¢ — 17, the class SH" is recovered. For further details, see [2,3,17].

Let us now introduce a novel class of functions utilizing the Jackson g-derivative.

Definition 1.1. The class PH(q, @) is defined as the set of functions f = u + v € SH 2 that satisfy the inequality:
Re {Dyu(z) - a} > [Dyo(2)| (1.2)
forO0<a<1landzekE.

If g, 1 is approximated from the left in inequality (1.2), the P%(a) class studied by Li and Ponnusamy [13, 14] is
obtained. Also, for @ = 0, the P?{ class studied by Ponnussamy et al. [12] is obtained. For more detailed information
on classes of close-to-convex harmonic functions, see references [4-6] .

Definition 1.2. The class P(q, @) consists of functions u € S that satisfy the inequality:
Re {un(z)} >

forO<a<landze€E.
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2. GeoMETRIC PROPERTIES OF THE CrAss PH (g, ).

In this section, we investigate the geometric properties of the class PH (g, @). We establish key results including
coefficient bounds, g-close-to-convexity, and distortion theorem for functions in this class. Specifically, we prove the g-
close-to-convexity of harmonic mappings, derive coefficient bounds, and provide sufficient conditions for membership
in PH(q, ).

A mapping f : E — Cis termed close-to-convex if it is univalent within the unit disk E and its image f(E) constitutes
a close-to-convex domain. In particular, a function f is referred to as a g-close-to-convex harmonic function if it is
close-to-convex and also g-harmonic. One approach to establishing the close-to-convexity of harmonic mappings
involves examining their relationship with analytic functions. In this context, Clunie and Sheil-Small provided a useful
criterion in their work [7].

Lemma 2.1 ( [7]). Let u and v be analytic functions in B, and suppose that |0’ (0)| < [ (0)|. If, for each & with |e| = 1,
the function F, = 1+ &V is close-to-convex, then f = u+ 1 is also close-to-convex in E.

The next result gives a relation between analytic functions of class (g, @) and functions of class PH(q, ).

Theorem 2.2. The harmonic mapping T = u+ 0 belongs to the class PH(q, @) if and only if for each € with |g| = 1, the
function §. = u+ ev is in the class P(q, @).

Proof. Suppose f = u + v is a member of the class PH (g, ). For any complex number & with |g] = 1, let us define
&e = u + ev. Then we have:

Re {Dy:(2)} = Re {Dy(u(2) + &0(2))]
Dyu(z) + £Dyo(2)}
Dyu(2)} + Re {eDn(2))
un(z)} — eDyo(2)|

un(z)} - |an(z)|

(¢
—_—— o —— —— ——

R
R
> Re
=R
a
Therefore, §. is in the class P(q, @). Conversely, assume F. is in the class P(q, @). Then,

Re {Dyu(z)} > Re{-eDy0(2)} + @ for z€E.
By choosing ¢ appropriately such that || = 1, we get,
Re{Dyuz) - a} > [Dyo(z)|  for z€E.

Hence, f = u + 0 is in the class PH(q, ). O

Theorem 2.3. Any function in the class PH(q, @) is g-close-to-convex in the domain E.

Proof. Letf = u+ D be a function belonging to the class PH(g, @). By definition, f = u + 1 is g-harmonic, univalent,
and sense-preserving. Since f € PH(qg, o), Theorem 2.2 ensures that §. = 1 + & belongs to P(g, @). This membership
implies that . = u + &v is g-close-to-convex. As g approaches 1 from the left, §. becomes close-to-convex in the
classical sense. Therefore, by Lemma 2.1, we conclude that f = u + v is close-to-convex. Thus, it follows that f is
indeed g-close-to-convex in E. O

Theorem 2.4. Let f = u + v belong to the class PH(q, @). For s > 2, the following inequality holds:

-

[sly

[vsl <

This bound is sharp, and equality is achieved for the function f(z) = z + %;—]"Z“‘.
q
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Proof. Assuming f = u+ 1 € PH(q, @), with the function v(re'?) represented as a series, where 0 < p < 1 and 6 € R,
we have the following inequalities:

1 21 )
7 s]y vl < — > f |D,v(pe)| do

2
< — f Re{D,u(pe”) — a}df
27T 0

1 2 R , -
2— Re [1 —-a+ Z[s]qusp“_le'(‘_l)g do=1-a.
d s=2

As the parameter p approaches 1 from the left side, we achieve the desired bound. O

Theorem 2.5. Let f = u+1v € PH(q, ). Then, for s > 2, the following inequalities hold:
. 2(1-
i gl + vyl < F2

.. 2(1—

ii. Mgl = vl < 22,

2(1-a)

iii. Jug| < o,

2l-a) s

Equality is achieved by the function §(z) = 7 + § o,

Proof. (i) Let f = u + 1 belong to the class PH(q, &). From Theorem 2.2, it follows that F, = u + & belongs to the
class P(g, a) for every € where |g] = 1. Consequently, we obtain

Re{D,(u(z) + £0(2))} > @

for all z € E. Thus, there exists an analytic function ® with a positive real part in the unit disk E, which can be expressed
in the form ®(z) = 1 + X3, ¢,z°. This implies that

D,(u(z) + e0(z)) = a + (1 — a)P(2).
By comparing the coeflicients of both sides, we derive
[slg(us +&vg) = (1 —a)ps—y  fors>2.

Given that the real part of ®(z) is positive, we have |¢,| < 2 for s > 1. Furthermore, considering that & with |g| = 1
is arbitrary, we can rigorously establish that inequality (i) holds true. The proofs for statements (if) and (iii) can be
derived following similar lines of reasoning and logic. The function f(z) = z + X5, 2(13] ) 5 serves as an example to
demonstrate that all the stated inequalities are indeed sharp.

For s > 1, we obtain |¢s| < 2 since the real component of @(z) is positive. In addition, we can firmly prove that
inequality (i) holds since € with |¢| = 1 is arbitrary. Similar lines of reasoning and logic can be used to derive the
proofs for propositions (if) and (iii). To show that all of the given inequalities are, in fact, sharp, consider the function

o 21
i) = 2+ X2, Hge o

We now give a sufficient condition for a function to belong to the class PH(q, @).

Theorem 2.6. Suppose f = u+ 0 belongs to the class SH 2, where

D Isly (sl + i < 1 - @.1)
s=2

In that case, T belongs to the class PH(q, @).

Proof. Considering that f = u + v is a member of the class S?{S . We may write the following set of inequalities using
the provided condition (2.1):

= |Dyo2)].

Re{Dju(z) -} =Re|l —a + Z[s]quszs_l >1l-a- Z[s]q |ug| > Z[s]q [vs| >
s=2 s=2 s=2

)
Z [s]quZS_l
§s=2

Consequently, it may be concluded that f belongs to the class PH (g, @). O
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Theorem 2.7. Let f = u+1v € PH(q, ). Then,

lsl N © s
IZI+22( E] Il <|T(z)|£|z|+2z[|§|]-
q §=2 q

Equality is achieved by the function {(z) = z + ), %zs.
s=2 1

Proof. Letf = u+0 € PH(q,a). Using Theorem 2.2, we have §, = u+ & v € P(q,a) for each ¢ (le] = 1). By
employing a similar method as in [9], we obtain

1+(1-2
< |DyFe(2)] < Ehl Gk L (Izl < D). (2.2)
1-1z

1-(1-2a)l
1+]z

The expression on the right side of inequality (2.2) can be derived using the Taylor series expansion, denoted as
|DyF(2)| = |Dyu(z) + eDyo(2)|

s1+2(1—a)2|z|°'.

s=1

Similarly, the expression on the left side of inequality (2.2) can be obtained through the Taylor series expansion,
denoted as

|DyF(2)| = |Dyu(z) + eDyo(2)|

<1+2(1-a) ) (-1l
s=1
Specifically, we obtain the following inequalities:
D@ + Do) < 1+20 =) )" I,
s=1

and
D) = [Dp@)] < 1+20 - a) Y =1yl
s=1
Denote the radial segment from O to z by I'. We get,

i)l < f (1@ + [Dgr()]) dyt]
r
Izl

f[1+2<1—a>2|p|J p

0
|s+1

|z|+2(1—a)z[ =l
q

oo

=l +2(1-a Z <&

s=2 q
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and

i(2)] < f (|Du(@)] - [Dgo(2)]) [dgs]

r
Il
f (1+2<1—a>2( Dol | dgp
0
1 s+1
= Izl +2(1 - )Z( ) Izl

s+ 1],

131 s
=z +2(1 - )Z( [)s] 4"
q

3. ExpLORING CLOSURE ProPERTIES OF THE CLASS PH (g, @)
In this section, we investigate whether the class PH(g, @) is closed under convex combinations and convolutions.
Theorem 3.1. The class PH(q, @) is closed under convex combinations.

Proof. Let us consider that f; = u; + b belongs to the class PH(g, @) for each k = 1,2, ..., n, and suppose further that

n
the sum ), ¢; = 1 with each coefficient 0 < ¢ < 1. The convex combination of the functions f; for k = 1,2, ...,n can
k=1
be expressed as:

@) = ) @ifi() = u(@) + (),
k=1

where
n n

@) = ) @ (2) and v(@) = ) Qe (2).

k=1 k=1
Both u and v are analytic functions within the open unit disk E, satisfying the initial conditions 1(0) = v(0) = D,u(0) -
1 = D,o(0) = 0. Now, we consider the real part of the g-derivative of u:

> D) - a}

k=1

Re{D,u(z) — a} = Re

n
> Z @1 [Dyor(2)|
k=1
> [D ()
showing that f belongs to the class PH(q, ). O

If a sequence {a,}?,, of non-negative real numbers satisfies the following criteria, it is termed a “convex null se-
quence”: as s — oo, a; approaches 0, and the inequality

ag—az2a—a=a—az>...2dg1—dg>...20
holds.

Lemma 3.2 ([8]). When {as}, is a convex null sequence, then the function

a0 N
Az) = > +;asz

is analytic, and the real part of A(z) is positive within the open unit disk E.
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The Hadamard product (or convolution) of two harmonic functions is defined similarly to that of analytic functions,
with the product applied separately to both the analytic and co-analytic parts of the functions. Let f(z) = 11;(z) + 11(z)
and (z) = uz(z)+F(z) be two harmonic functions, where 11(z) = X o #,2° and 115(z) = X5, c,z° are analytic functions,
and v1(z) = X5 vs2® and v2(z) = X2, dsz’ are co-analytic functions. Then, the Hadamard product of { and f, denoted
by (f * ¥)(2), is defined as

(f+ D) = ( *u2)(2) + (01 * 02)(2),

where
(1 #10)@) = Y e’ and (01 % 0)(Q) = ) vidZ',
s=0 s=0

Thus, the Hadamard product is obtained by multiplying the coefficients of the analytic and co-analytic parts of the
harmonic functions separately.

Lemma 3.3 ( [16]). Suppose the function ©(z) is analytic within the domain E, satisfying ®(0) = 1 and Re{®(2)} > 1/2
throughout B. For any analytic function F defined in E, the function ® = F maps to values within the convex hull of the
image of E under F.

F 1
Lemma 3.4. Let F € P(q, @), then Re [ﬁ] > 5
z

Proof. Consider F belonging to the class P(q, @), defined as F(z) = z + )., U,z*. Then, the inequality

00

1+ Y [sl,U,2!

s=2

Re >a (ze€B),

can be equivalently expressed as Re{®(z)} > % within the open unit disk E, where

_ 1 X s—1
®@) =1+ 57— ;[S]qsz .

Let {a,}, be a sequence defined by
2(1 —a)
[sly

It is clear that the sequence {a,};, constitutes a convex null sequence. Utilizing Lemma 3.2, we deduce that the
function

ap=1and a,_| = for s > 2.

A =g+ Y 2

§s=2 [S]q

is analytic, with Re{A(z)} > 0 within E. Expressing

@ = D(z) *
Z

(o]

21 -a)
1+Z—[s]q b4 ]

5=2

F 1
and using Lemma 3.3, we arrive at the conclusion that Re {ﬁ} > 3 for z € E. O
z

Lemma 3.5. Let u,, € P(q,a) form = 1,2. Then, u; = 1y € P(q, a).

Proof. Letu (z) =z + X0, Wz’ and up(z) = z + Yoo, Bz', and
U@ = (n +10)@) =2+ ) UB'.
s=2

Considering
DUGR)-a  Dy(z) -« . u2(2)
l-a B 1-a z

3.1
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(2)
z
Re [DqU (z)] > 0 in E results from applying Lemma 3.4 to (3.1). Thus, U = u; = u; € (g, @). |

D, 111(1) a]

1
Since u; € P(gq,a), we get Re[ > 0 (z € E). Moreover, using Lemma 3.4, Re[ } > 3 in E. Now,

Using Lemma 3.5, we now show that the class PH(q) is closed under convolutions of its members.
Theorem 3.6. Form = 1,2, let §,, € PH(q, @). Then, the convolution | * §, also belongs to the class PH(q, @).

Proof. Assume that {,, = u,, + 1,, € PH(q, @) for m = 1, 2. The convolution f; * f, = 11; * uy + vy * v, is defined as the
convolution of the individual components of f; and f,. To demonstrate that f; * f, belongs to the class PH(q, @), we
need to show that the function F, = uy = 1, + &(v; * vy) belongs to P(q, @) for every € with |g| = 1.

According to Lemma 3.5, the class P(q, @) is closed under convolutions. For each & with |g| = 1, since u,, + v, €
P(q, @) for m = 1,2, we can assert that P(g, @) includes both U, and U,, where

U= —0)*(p—evy) and U, = (1 +0y) * (U + &0y).
Given that P(q, @) is closed under convex combinations, we can form the function

1
U, = E(Ul + U) = uy * Uy + &(vy * 0y).

This function U, also belongs to the class P(g, @). Therefore, we can conclude that the class PH(q, @) is closed
under convolution operations, meaning that the convolution of any two functions within PH (g, &) also remains within

PH(q, ). O
4. ExampLEs oF Functions IN THE CLAss PH (g, @)

Example 4.1. Letfi(z) =z + %z3 + 13—323. According to Theorem 2.5, the function f;(z) belongs to the class 7"H(3, 3)
This function maps the unit disk to a starlike region, thereby making it close-to-convex. Figure 1 illustrates the image
of concentric circles inside the unit disk E under the transformation defined by f,(z) = z + 3z + 13Z

FiGure 1. Under the map f;(z) = z + %f + %23, the image of concentric circles inside the unit disk.
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Example 4.2. Letf,(z) = z+ %zz - 13—323. According to Theorem 2.5, the function f,(z) belongs to the class P?-((%, %).
This function maps the unit disk to a close-to-convex region. Figure 2 illustrates the image of concentric circles inside
the unit disk E under the transformation defined by f,(z) = z + 11—222 - %23.

Ficure 2. Under the map f,(z) = z + 1—12z2 - %23, the image of concentric circles inside the unit disk.

Example 4.3. Let {3(z) = fi1(z) * fa(z) = z — %23, where f; and f, are the functions given in Example 4.1 and
Example 4.2. According to Theorem 2.5, the function 3(z) belongs to the class PH (%, %). This function maps the unit
disk to a close-to-convex region. Figure 3 illustrates the image of concentric circles inside the unit disk E under the
transformation defined by f3(z) = z — 12—923.

Ficure 3. Under the map f3(z) = z — %23, the image of concentric circles inside the unit disk.
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