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Abstract

A novel distribution, termed the transmuted unit exponentiated half-logistic distribution, has been proposed
using the unit exponential half-logistic distribution, a member of the proportional hazard rate model family, as
the base distribution. The statistical characteristics of the proposed distribution, including moments, moment-
generating function, quantile function, and stress-strength reliability, have been thoroughly examined in this
study. The maximum likelihood estimation method has been discussed for statistical inference of the
distribution parameters. A simulation study based on the new distribution has been conducted to investigate
the behavior of maximum likelihood estimates under various conditions. In addition, a numerical example has
been presented to illustrate the performance of the distribution on a failure-time dataset.

Keywords: transmuted family, UEHL distribution, failure times, maximum likelihood estimator, data analysis

Donlistiiriilmis Birim Ustel Yari Lojistik Dagilim ve Uygulamalari
(o}
Orantili tehlike hizi model ailesinin bir Gyesi olan birim Ustel yari lojistik dagilim temel dagihm olarak
kullanilarak, donustlrilmus (transmuted) birim Ustel yar lojistik dagilim olarak adlandirilan yeni bir dagihm
dnerilmistir. Onerilen dagilimin momentler, moment ¢ikaran fonksiyon, kantil fonksiyonu ve stres-mukavemet
glvenilirligi gibi istatistiksel ozellikleri bu calismada ayrintili olarak incelenmistir. Dagilim parametrelerinin
istatistiksel ¢cikarimi igcin maksimum olabilirlik tahmin yéntemi tartisiimistir. Maksimum olabilirlik tahminlerinin
cesitli kosullar altindaki davranisini arastirmak icin yeni dagilima dayali bir similasyon c¢alismasi yapilmistir.

Ayrica, bir basarisizlik-zaman veri kiimesi zerinde dagilimin performansini gostermek igin sayisal bir 6rnek
sunulmustur.

Anahtar Kelimeler: donustiirilmis dagilim ailesi, UEHL dagilimi, basarisizlik zamanlari, maksimum olabilirlik
tahmincisi, veri analizi
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Introduction

In several practical applications, the use of proportional data is essential. Random variables,
expressed as ratios or percentages, constitute the proportional data. For instance, infection rates of
diseases, mortality percentages, response rates to clinical treatments, university admission rates, and
percentage of useful volume in the water reservoir of a hydroelectric power plant are examples of
proportional data. Random variables corresponding to proportional data can take any value within a
unit interval. Therefore, appropriate probability distributions with a well-defined support set within a
unit interval are required to model proportional data.

As a distribution with limited support, the omega distribution was proposed by Dombi et al.
(2019) and discussed in applications related to reliability theory. The omega distribution belonged to
the proportional hazard rate class. Dombi et al. (2019) demonstrated that the asymptotic omega
hazard rate function is the hazard rate function of the Weibull distribution. Additionally, Dombi and
Jénds (2020) obtained various properties of the omega distribution. Recently, Ozbilen and
Geng (2022) introduced the unit exponentiated-half logistic (UEHL) distribution inspired by the
omega distribution. This distribution corresponds, through a simple transformation, to the
exponentiated half-logistic distribution, which has broad applications in reliability theory (Gui, 2017,
Seo & Kang, 2015).

In statistics, generating more useful distributions based on transformations of baseline distributions
is common (Cordeiro & de Castro, 2011; Gupta et al., 1998; Rahman et al., 2020). In this context,
Shaw and Buckley (2007) proposed an interesting method for solving problems related to financial
mathematics and named this family the quadratic transmuted family of distributions. Representing
the probability density function (PDF) and cumulative distribution function (CDF) of the quadratic
transmuted distribution family for a baseline distribution with f(x) and F(x), respectively, we have

For(x) = (1 + @)F (x) — aF (x)? (1)
and
for(x) = (1 + a)f (x) — 2af (x)F (x), (2)

where @ € [—1,1]. Recently, several new distributions have been proposed based on transmuted
distributions. Aryal and Tsokos (2009) suggested the transmuted extreme value distribution and
studied its applications. Aryal and Tsokos (2011) proposed the transmuted Weibull distribution by
applying the quadratic transmuted transformation to the Weibull distribution. Naz et al. (2013)
introduced a modified power-generated family of distributions based on transmuted distributions
and applied it to reliability analysis. Rahman et al. (2023) proposed a new modified cubic
transmuted-G family of distributions. Ahsan-ul-Haq et al. (2023) suggested a new cubic transmuted
power-function distribution and examined its properties. Adetunji (2023) introduced the transmuted
Ailamujia distribution. Kus et al. (2023) proposed the compound transmuted family of distributions,
which uses the Weibull distribution as a sub-model to model the lifetime of a system composed of
random components in series and parallel. Tushar et al. (2024) suggested a new cubic Transmuted
Inverse Weibull distribution. Tushar et al. (2024) introduced the second-order transmuted
Kumaraswamy distribution. Adetunji and Sabri (2024) proposed a two-parameter Poisson-
transmuted exponential distribution for count observations. Additionally, other distributions recently
proposed as members of the transmuted family include the transmuted logistic (Samuel, 2019),
transmuted Burr Type X (Khan et al., 2020), transmuted modified Weibull (Khan et al., 2018),
transmuted Birnbaum-Saunders (Bourguignon et al., 2017), and transmuted Ishita (Gharaibeh & Al-
Omari, 2019) distributions.

In this study, we aim to introduce the transmuted UEHL (T-UEHL) distribution, which performs well in
modeling failure time data by applying the transmuted family transformation given in Equation (1) to
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the UEHL distribution. The remaining sections of the study are organized as follows: In Section 2, we
introduce the T-UEHL distribution and examine its basic properties. In Section 3, we obtain analytical
characteristics of the T-UEHL distribution, including moments, moment-generating function, quantile
function, stress-strength reliability, and maximum likelihood estimation. In Section 4, we perform a
simulation study to investigate the performance of the proposed maximum likelihood estimators in
parameter estimation. In Section 5, we demonstrate the modeling performance of the proposed
estimator on real-life failure time data. Finally, in Section 6, we present the study’s conclusions.

T-UEHL Distribution

Recently, the UEHL distribution was proposed by Ozbilen and Geng (2022) based on the omega
distribution. The UEHL distribution corresponds to a simple transformation of the exponentiated
half-logistic distribution and has several applications in reliability theory (Kang & Seo, 2011; Rastogi &
Tripathi, 2014).

The PDF and CDF of the UEHL distribution are defined as follows, respectively:

( )"
fuen,(x) = 226x°1 0)A+1'0 <x<1 (3)
and
1—x? A
FUEHL(X)=1—<1+x9> ,0<x<1 (4)

where 8 > 0 and A > 0 are the scale and shape parameters of the distribution, respectively.

If the transformation given in Equations (1) and (2) is applied to the distribution, the PDF and CDF of
the transmuted version of the distribution are obtained as follows:

19—1(1_359)/1 ' 1—xf g
fT—UEHL(x) = 2A0x W 1—a+2a 1+ 2° ,0<x<1 (5)
and

1—x? A 1—x? A
Fr_ =11- 1 . 6
r—uenL(X) <1+x9> +C¥<1+x9> (6)

A random variable with the CDF given in Equation (6) is called the three-parameter transmuted
distribution and is denoted by T — UEHL(6, A, ).

Figure 1 displays the PDF plots of the T — UEHL(6, A, ) distribution for selected values of the
distribution parameter. From Figure 1, the T — UEHL(0,, ) distribution shows right-skewed,
decreasing, increasing U-type shapes. Therefore, the T — UEHL(6, 4, &) distribution can model quite
different phenomena depending on the values of the parameters.
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Figure 1. PDF's the T — UEHL(0, 1) Distribution for Several Values of the 8, A and £3.

Also, the survival function and the hazard rate functions of the T-UEHL(0, A, «) distribution are

provided, respectively, by
s () = 1—x9)L1 + 1—x9/1
T-UEHLX) =\ 138 T T+ %0

and

210x91
T
1—x%
_ 426 _ 1-x
1-x )<1 a+a(1+x9>>

Characteristic Properties of the T-UEHL(0,A) Distribution

hr_yenL(x) =

This section presents the moments, moment-generating function, quantile function, stress-strength
reliability, and maximum likelihood estimators that characterize the properties of the T —
UEHL(6, 4, o) distribution relative to other statistical distributions.

Moments

In statistics, moments are useful in understanding the characteristic properties of statistical
distributions. The moments of the T — UEHL(6, A, ) distribution can be expressed in terms of
simple functions. This is shown in Proposition 1.
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Proposition 1: Let the random variable X have the T — UEHL(0, A, &) distribution with the PDF given
in Equation (5). Then for r € {1,2,3, ...}, r-th moment of the random variable X is given by:

E(XT) = /12 [(—1)1' (”9 J;.j - 1) (1= a@)BA +j,1+7/6) +2aB2A+j,1 +7/0)}].
j=0

Proof: Let X ~ T — UEHL(8, A, @), then forr € {1,2,3, ...} the r-th raw moment of X is

1 R -1 .0 A
EX") = 2/19fxr+9‘1&[1 —a+2a C ad ) ]dx. (7)
0

(1 + x0)A+1 + xf

2 2
Applying the transformation u = (1 —xe) /(1 +x9) to Equation (7), the expected value in
Equation (7) is found to be

1
E(X") = f(l - ul/)‘)r/e(l + ul/’l)_r/e(l —a+ 2au) du
0

1
=(1-a) J(l - ul/"l)r/t9 (1+ ul/l)_rﬂ9 du (8)
0
1

+2a f u(1- ul/’l)r/t9 (1+ ul/’l)_r/e du.
0

—r/0 . . .
Applying the binomial series expansion (1 + u'/*) e Yio(=1) (r/@-;] 1) u//? to Equation (8),
we obtain

EX) =11-a) ) (=1) BO(L +j/2),1+7/6)
S (517

r/6+j—1
J
(9)

O (r/6 4 —1 .
+2da Y ()i (77T BAQ +j/A),1+71/8),
jZo ( ] )

where B(a,b) = folva_l(l —v)P"1dv is the beta function. Thus, by making the necessary
simplifications in Equation (9), the r-th moment of the random variable X is found to be

E(X™) = Az [(—1)1' (r/6‘ J;.j - 1) (1= @BA+j,1+7/0) +2aB2A+j,1+7/0)}|.
=0

Moment Generating Function

The moment generating function serves as the foundation for a different approach to analytical
results compared to working directly with probability density functions. The moments of a random
variable X with the T — UEHL(6, A, @) distribution were obtained in Equation (9). Utilizing the series
expansion of the moment generating function and Equation (9), the moment generating function of
the T — UEHL(8, 4, a) distribution is expressed as the following formula:
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My(t) = E(e™) = Z%E(Xi)

i=0

2 ¢t r .

=A§E§Sf{oqy(”921 1)&1—aﬂ%&+ﬂ1+iﬂD+2aBQA+L1+L@H}
Quantile Function

The quantile function of the T — UEHL(6, 4, @) distribution is given by

1/6

1-1-v)¥2
Qr—venr (W 0,2) = Frlypy, (v(w); 6,4, ) = <#—31M> , (10)

where the function v(-) is defined as v(u) = (1 +a-— \/az + 2(a —2u) + 1)/2a. Thus, based on

Equation (10), the steps of the random number generation algorithm for the T — UEHL(8, 4, @)
distribution can be given as follows:

Generate u ~ U(0,1).

Compute v = (1 +a—+a?+2(a—2u)+ 1)/2a.

1—(1-1;)1/1)1/ 0

Compute x = (m

The random variable U in Step Al follows the standard uniform distribution. In the case A3, it
becomes X ~T — UEHL(6, A, ).

Furthermore, utilizing Equation (10), the median of the random variable X with the T —
UEHL(6, A, a) distribution depending on the 8, A ve a parameters can be expressed as

1/2\ 1/

1—(1—(1+a—Ja2+2(a—2u)+1)/2a)

Qr-ypuL(v(0.5); 6,4, a) =

1/2
1+(1—(1+a—\/0{2+2(a—2u)+1)/2a)
Stress-Strength Reliability

Given stress and strength random variables Y and X, we aim to calculate the R = P(Y < X) stress-
strength reliability for the T — UEHL(6, A, @) distribution.

Proposition 2. Let Y ~T — UEHL(6,1,,a;) and X ~T — UEHL(6, A,,a,) be independent stress
and strength random variables following T — UEHL distribution with given parameters. Then, the
stress-strength reliability is as follows:

22,0,
A+ 22,

A2

R=1+
A+ 2,

Ayaq
(a1(1—ax) +a,(1—a;)—1) A-a) 55— A —ay). (11)

2, + A,

Proof: By definition, the stress-strength reliability can be written as:
NG

1 _
1—x0\M 1—x0\M o (1—x‘9)/12 ! 1—x0\*
R=2/120f 1-— 110 1+ a, 20 x01——=— |1 —-qa, + 2a, dx. (12)
0

(1 + x0)r2tt 1+ x?
Substituting the transformation u = (1+i9) into Equation (12), we obtain
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1
R = f(l - ull/"lz)(l + alull/ﬂz)(l —a, + 2a,u) du. (13)
0
Performing algebraic manipulations and integration in Equation (13) completes the proof.
Maximum Likelihood Estimation

Let X;,X5, ..., X, be an identically independent distributed sample from T — UEHL(6, A, a), then,
the likelihood and log-likelihood functions are written, respectively, as

n

L(6,4 ) 1_[ TN = Gk N ) 1—a+2 (1_’6"9)1 (14)
1] Ia = x —a Al ——

and

(0,1, a) =nlog2 +nlogld+nlogb + (6 — 1)2 log(x;)

i=1
l o1\ (15)

+(A_1)Zlog(1—x9)—(/1+1)210g(1+x9)+210g 1—a+2a<1;i'>

By taking the derivatives of the log-likelihood function with respect to the distribution parameters,
the log-likelihood equations are obtained as

6#(910:) n o~ x; log x;
== Zogxl—(l—l)z S a+ 1)Z1+x

6
0 1_xi
n x; logx; 9 (16)
1+ x;
—4la ~=0,
i=1 ].—JC!9
la-x2)1-a+2a 5
1+ x;

1—x? A 1—x?
n n L lOg L
1—xf 1+ x? 1+ x?

ZIOg — +2az =0 (17)

0¢(6,14,a) n N
o A L P\14a0 £ 1-x0\*
=1 =l —a+2a L
1+ x!
and
2
n 2 ﬂ -1
00(0,,a) _ Z 1+xf — o (18)
Oa _- 1—x? A
‘=11—a+2a< ‘9>
1+ x;
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Since Equations (16), (17), and (18) do not have a closed-form solution, a solution must be obtained
based on an iterative method. In this study, the optim function in the stats package in the R program
was used to solve the system of equations.

Simulation Study

Simulation studies are commonly conducted to evaluate the performance of the properties of MLE.
Therefore, in this section, the MLEs of the parameters of the T — UEHL(6, A, «) distribution, which
were discussed in Section 3, are examined using a simulation study. In this context, random samples
of size N =20, 50, 100, 300, 500 were generated from the T — UEHL(0, A, a) distribution for fixed
a values and true 6 and A values. The simulations were repeated 2000 times to ensure the reliability
of the estimation. Additionally, the parameter a was considered a hyperparameter in the simulation
studies, and the MLEs of the parameters 8 and A were obtained accordingly.

Table 1. Bias And Mses of MLE Estimators for Selected Parameter Values

Bias MSE
0 A a n 0 A 0 A
0.5 0.9 0.5 20 0.00972 0.43485 0.01450 0.48166
50 -0.01714 0.30067 0.00528 0.15694
100 -0.02643 0.25980 0.00302 0.09551
300 -0.03256 0.23894 0.00178 0.06542
500 -0.03294 0.23809 0.00152 0.06184
1.5 0.7 0.7 20 0.04505 0.50477 0.14332 0.48358
50 -0.03952 0.38661 0.05062 0.20376
100 -0.06895 0.35003 0.02755 0.14558
300 -0.08842 0.33129 0.01482 0.11663
500 -0.08968 0.33047 0.01228 0.11348
3 2 0.3 20 0.07919 0.74248 0.42467 2.50725
50 -0.06772 0.36977 0.14719 0.48225
100 -0.11683 0.26725 0.08060 0.20845
300 -0.14900 0.21356 0.04291 0.08492
500 -0.15116 0.21035 0.03535 0.06840
0.5 2.5 0.5 20 0.00600 1.45497 0.01070 7.93182
50 -0.01834 0.79329 0.00392 1.49445
100 -0.02633 0.62237 0.00237 0.71464
300 -0.03154 0.53211 0.00151 0.37473
500 -0.03192 0.52573 0.00133 0.33229

Table 1 shows the MLEs of the parameters of the T — UEHL(6, A, @) distribution. The table indicates
that a negative bias emerges for the parameter 8 as the sample size increases. It is also observed
that the bias of 8 decreases as the sample size increases, as expected. This interpretation also holds
for the MSE results of the parameters.

Real Data Analysis: Failure Times

In this section, we examine the performance of the T — UEHL(0,A,a) distribution on real data
obtained from a lifetime test of light-emitting diodes (LEDs). Specifically, we focus on the failure
times of these LEDs. The dataset we consider has also been analyzed by many authors (Birbiger and
Geng, 2023; Cheng and Wang, 2012; Dey, Wang and Nassar, 2022). The dataset, which has been
divided by 10, is as follows: {0.018, 0.019, 0.019, 0.034, 0.036, 0.040, 0.044, 0.044, 0.045, 0.046,
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0.047, 0.053, 0.057, 0.057, 0.063, 0.065, 0.070, 0.071, 0.071, 0.075, 0.076, 0.076, 0.079, 0.080, 0.085,
0.098, 0.101, 0.107,0.112,0.114, 0.115, 0.117, 0.120, 0.123, 0.124, 0.125, 0.126, 0.132, 0.133, 0.133,
0.139, 0.142, 0.150, 0.155, 0.158, 0.159, 0.162, 0.168, 0.170, 0.179, 0.200, 0.201, 0.204, 0.254, 0.361,
0.376, 0.465, 0.897}. The dataset exhibits highly positive skewness and high kurtosis. We compare
the performance of the T — UEHL(6, A, «) distribution with that of the Beta, Kumaraswamy
(Kumaraswamy, 1980), UEHL (Ozbilen and Geng, 2022), DUS-Kumaraswamy (Karakaya et al., 2021),
and DUS-UEHL (Geng and Ozbilen, 2023) distributions on this dataset. The distribution parameters
are estimated using the maximum likelihood method. We assess the goodness of fit of the models
using the Anderson-Darling test (AD stat) and the corresponding p-value (AD p-value). To compare
the models’ performance, we compute the Akaike information criterion (AIC) and Bayesian
information criterion (BIC) as

AIC = 2k — 2¢(-) and BIC = klogn — 22(-).

Here, k represents the number of parameters, n denotes the number of observations, and £(-)
represents the likelihood function. The analysis results are presented in Table 4.

Table 2. Fitted Models and Comparison Criteria for LED Failure Times

0 A a AIC BIC AD (stat) AD (p-value)
Beta 1.2351 7.1830 - -107.1718 -103.0509 2.5721 0.0456
Kumaraswamy 1.0485 6.3951 - -105.8472 -101.7263 2.7912 0.0352
UEHL 1.1806 4.6215 - -113.1899 -109.0691 2.1490 0.0764
DUS-Kumaraswamy 0.8966 6.4437 - -104.4895 -100.3686 2.6978 0.0393
DUS-UEHL 1.0346 4.7631 - -112.0986 -107.9777 2.0765 0.0836
T-UEHL 1.3153 3.5409 0.8561 -118.5605 -112.3792 1.4384 0.1919

According to the Anderson-Darling test in Table 2, it can be concluded that the selected distributions
are suitable for modeling the dataset. Considering the AIC and BIC values, the best fit among the
compared models is achieved with the T — UEHL(0, A, «) distribution. Therefore, in modeling LED
failure times, the T — UEHL(0, A, a) distribution stands out in terms of performance compared to
other distributions.

Conclusion

In this study, a three-parameter T — UEHL(6, A, @) distribution is proposed for modeling failure
time data based on a transmuted family type transformation on the CDF of the unit exponential half-
logistic distribution. The proposed distribution’s moments, moment-generating function, quantile
function, and stress-strength reliability have been obtained analytically. A simulation study
demonstrating the performance of maximum likelihood estimates for the T — UEHL(0,2,a)
distribution has been conducted. Real data analysis on time-to-failure data reveals that the
T — UEHL(6, A, ®) model outperforms other well-known models in terms of the criteria AIC and BIC.
Specifically, the T — UEHL(6, A, @) distribution is compared with the beta, Kumaraswamy, UEHL,
DUS-Kumaraswamy and DUS-UEHL distributions with bounded supports in the literature and it is
shown that the proposed distribution has better performance on the real dataset.

The findings of this article can be extended by applying the transmuted family type transformation to
the omega distribution. In this context, investigating the impact of other support parameters
contained within the transmuted family type transformation and the omega distribution could be a
new research topic.
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