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Abstract — In the present paper, we summarize the literature on the sequence spaces almost A—null
and almost A—convergent derived by using the domain of the certain A— limitation matrix. Moreover,
we introduce the spaces f(r,s,t) and fo(r, s, t) and examine some properties of this spaces.
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1 Introduction

By a sequence space, we mean any vector subspace of w, the space of all real or complex valued
sequences ¢ = (z1). The well-known sequence spaces that we shall use throughout this paper are as
following:

l~: the space of all bounded sequences,

c: the space of all convergent sequences,

co: the space of all null sequences,

bs: the space of all sequences which forms bounded series,

cs: the space of all sequences which forms convergent series,

£1: the space of all sequences which forms absolutely convergent series,

£p,: the space of all sequences which forms p-absolutely convergent series,
where 1 < p < 0.

Let A, u be two sequence spaces and A = (a,x) be an infinite matrix of real or complex numbers
Gn, where n, k € N. Then, we say that A defines a matrix mapping from A into y, and we denote it
by writing A : A — p, if for every sequence x = (z1) € A the sequence Az = {(Azx),}, the A-transform
of z, is in p; where

(A)p = anar, (n€N). (1)
k

For simplicity in notation, here and in what follows, the summation without limits runs from 0 to
00. By (A : p), we denote the class of all matrices A such that A : A\ — p. Thus, 4 € (A : p) if
and only if the series on the right side of (1) converges for each n € N and every x € A, and we have
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Az = {(Az)p}nen € p for all x € X\, A sequence z is said to be A-summable to « if Az converges to
« which is called as the A-limit of z.

If a normed sequence space A contains a sequence (b,,) with the property that for every « € X there
is a unique sequence of scalars («,,) such that

nlirrgo |z — (aobo + a1by + ... + anby)|| =0,
then (by,) is called a Schauder basis (or briefly basis) for A. The series > ayby which has the sum z is
then called the expansion of x with respect to (b,), and written as = > ayb.
The S—dual of a subset X of w is defined by

XP = {a = (ar) € w:az = (ayay) € cs for all z = (xx) € X }.

The shift operator P is defined on w by (Pz), = z,41 for all n € N. A Banach limit L is
defined on ¢, as a non-negative linear functional, such that L(Pz) = L(z) and L(e) = 1. A sequence
x = (1) € Lo is said to be almost convergent to the generalized limit « if all Banach limits of « are
a [1], and denoted by f — limzy = a. Let P’ be the composition of P with itself j times and define
tmn(2) for a sequence x = (xy) by

1 =,
tn () = e ;)(ij)n for all m,n € N.

Lorentz [1] proved that f —limx, = « if and only if lim,,— o tymn(z) = «, uniformly in n. It is well-
known that a convergent sequence is almost convergent such that its ordinary and generalized limits
are equal. By f and fy, we denote the space of all almost convergent sequences and almost convergent
to zero sequences, respectively, i.e.,

f= {:c =(zg) Ew:Ja e C> lim Z Tntk _ uniformly in n}

m—o0 m ]_
k=0 +

and

fo= {x = (71) Ew: mli_I>nOOkZ:_O ;nikl = 0 uniformly in n}

A matrix A = (an) is called a triangle if an, = 0 for k > n and ay,, # 0 for all n € N. It is trivial
that A(Bx) = (AB)x holds for triangle matrices A, B and a sequence z. Further, a triangle matrix U
uniquely has an inverse U~! = V that is also a triangle matrix. Then, x = U(Vz) = V(Ux) holds for
all z € w. We write by U and U for the sets of all sequences with non-zero terms and non-zero first
terms, respectively. For u € U, let 1/u = (1/uy).

Let us give the definition of some triangle limitation matrices which are needed in the text. Let
g = (qx) be a sequence of positive reals and write

Q=g (meN).
k=0

Then the Cesaro mean of order one, Riesz mean with respect to the sequence ¢ = (i) and A”— mean
with 0 < r < 1 are respectively defined by the matrices Cy = (cni), R = (r,) and A" = (al,,); where

1 qk
e <k< —, (0<k<n),
Cnk = ’I’L+1’ (O_ _n)’ r?zk’ = Qn ( )
n 07 (k>n>7

and
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for all k,n € N. Additionally, the Euler mean of order r and the weighted mean matrix and the
double band matrix are respectively defined by the matrices E™ = (e],.), G(u, v) = (gnk) and B(r, s) =
{bnk(r, s)}; where

n
. (1—r)"krk (0<k <n) | upv, (0<E<n),
{ (k) and gpi = 0. (k> n),

and
r, (k=n),
bor(r,s) =< s, (k=n-—-1),
0, otherwise

for all k,n € N and u,v € 4 and r, s € R\{0}.
For a sequence space A, the matrixz domain A4 of an infinite matrix A is defined by

Mg ={r=(xp) Ew: Ax € A}, (2)

which is a sequence space. Although in the most cases the new sequence space Aa generated in the
limitation matrix A from a sequence space A is the expansion or the contraction of the original space A,
it may be observed in some cases that those spaces overlap. Indeed, one can deduce that the inclusions
As C A strictly holds for A € {ls, ¢, co}. As this, one can deduce that the inclusions ¢, C bv, and
A C Aar also strictly hold for A € {¢, ¢o}, where 1 < p < oo and the space (€,)aa) = buv, has been
studied by Bagar and Altay [2], (see also Colak and Et and Malkowsky [3]). However, if we define
A\ = co®z with z = ((—1)*), that is, x € X if and only if z = s+az for some s € ¢y and some a € C, and
consider the matrix A with the rows A, defined by A,, = (—1)"e(™ for all n € N, we have Ade = z € A
but Az = e ¢ X which lead us to the consequences that z € A\ A4 and e € A \ A, where e(™ denotes
the sequence whose only non-zero term is a 1 in n*" place for each n € N and e = (1,1,1,...). That
is to say that the sequence spaces A4 and A overlap but neither contains the other. The approach
constructing a new sequence space by means of the matrix domain of a particular limitation method
has been recently employed by Wang [4], Ng and Lee [5], Aydin and Bagar [6], Altay and Basar [7],
and Altay et all. [8]. They introduced the sequence spaces ({)n, and cy, in [4], (£,)c, = X} in [5],
(co)ar = aj and car = af, in [6], (co)pr = e and cgr = e, in [7], ({p)pr =€), and ({0 ) pr = €l in [8];
where 1 < p < oc.

In this study, we summarize some knowledge in the existing literature on the almost A—null and
almost A—convergent sequence spaces derived by using the domain A—limitation matrix. Additionally,
we introduce the new sequence spaces fo(r,s,t) and f(r,s,t) and examine some properties of these
sequence spaces.

2 Domain of the A—limitation matrix in the se-
quence spaces fy and f

In this section, we shortly give the knowledge on the sequence spaces derived by the A—limitation ma-
trix from well-known almost convergent and almost null sequence spaces. For the concerning literature
about the domain p4 of an infinite limitation matrix A in a sequence space p, Table 1 may be useful.

I A A refer to
fo, f | B(r,s) [ fo 9]
fo, f Ch I fo [14]
fos f R1 fra,{fo}ra [15]
fos f A" a,al [16]
fo, | Glu,v) | fo(G), f(G) [17]
fo, f E" f(E), fo(E) 18]
fo, f | B(rys,t) | f(B), fo(B) [19]
fo, f Ay Ax(fo), Ax(f) [20]

Table 1: The domains of the certain A—limitation matrix in the sequence spaces fy and f
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The matrix domain of a certain limitation method on the sequence spaces fy and f firstly were
studied by Basar and Kirisci [9].
Bagar and Kirig¢i introduced the sequence spaces fy and f in [9] as follows:

m
~ . STp—1+4j + r'Th+j . .
fo {;l: (zx) Ew im ]E:O 1 uniformly in },

STp—14j + I'Tpyj
m+1

f: = {m(zk)Ew:HQGCB lim Z =« uniformly in kz}
§=0

It is trivial that the sequence spaces fo and f are the domain of the matrix B(r,s) in the spaces fq
and f, respectively. Thus, with the notation of (2) we can redefine the spaces fy and f by

.]?0 = {fO}B(T,S) and f/\:: {f}B(ns)-

Define the sequence y = (yx) by the B(r, s)—transform of a sequence z = (zy), i.e.,

Yk = SxTp_1 +rxp, forall ke N. (3)

Since the matrix B(r,s) is triangle, one can easily observe that z = () € X if and only if y =
(yx) € X, where the sequences ¢ = (zj) and y = (yx) are connected with the relation (3), and X
denotes any of the sequence spaces fo and f. Therefore, one can easily see that the linear operator
T:X — X, Tx =y = B(r,s)z which maps every sequence z in X to the associated sequence y in X,
is bijective and norm preserving, where ||z|yp = [|B(r, s)z||x. This gives the fact that X and X are
norm isomorphic.

Bagar and Kirisgi [9] proved that the sequence space f is a BK—space with the norm |||l and
non-separable closed subspace of .. So, the sequence space f has no Schauder basis. Jarrah and
Malkowsky [12] showed that the matrix domain A4 of a normed sequence space A has a basis whenever
A = (ang) is triangle. Then; our corollary concerning the space fo and fis about their Schauder basis:

Corollary 2.1. [9, Corollary 4.2] The space fhas no Schauder basis.

The gamma- and beta-duals of the spaces ﬁ) and fare determined. Also, some matrix transfor-
mations on these sequence spaces are characterized.
Quite recently, E. E. Kara and K. Elmaagag [21] introduced the sequence space ¢* as follows:

m

. . Ukt jTh4j + Uk—1+jThk—1+5 . .

¢ = {x =(zg) Ew:JaeC> lim Z At bl ar ] it et . RN uniformly in k;}

m—oo iz m+1

It is trivial that the sequence space ¢* is the domain of the matrix A* = (a¥,) in the space f,

where the matrix A" = (a¥,) is defined by
gt — (-1)" *up, n—1<k<n,
nk 0, 0<k<mn-—1lork>n,

for all k,n € N. Also, they show that ¢* is linearly isomorphic to the space ¢é. Further, they compute
the S—dual of the space ¢* and characterize the classes of infinite matrices related to sequence space

AU

Cc

3 Spaces of A(r, s,t)—almost null and A(r, s, t)—almost
convergent sequences

In this section, we study some properties of the spaces of the A(r, s,t)—almost null and A(r, s, t)—almost
convergent sequences.
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For any sequences s,t € w, the convolution s * ¢ is a sequence defined by
n
(sxt)y, = Z Sn—klr; (n€N).
k=0

Throughout this section, let r,¢ € U and s € Uy. For any sequence x = (z,) € w, we define the
sequence T = (Z,,) of generalized means of x by

1 n
Ty = — E Sn—klETE; (TL S N), (4)
Tn
k=0

that is T, = (s * tx),/r, for all n € N. Further, we define the infinite matrix A(r, s,t) of generalized
means by

{A(’/‘, S’t)}‘nk = Tn (5)

it
_ w7 0<k<n,
0, k>n

for all n, k € N. Then, it follows by (4) that z is the A(r, s,t)—transform of z, that is # = (A(r, s,t)x)
for all z € w.

It is obvious by (5) that A(r,s,t) is a triangle. Moreover, it can easily be seen that A(r,s,t) is
regular if and only if s,,_; = o(r,) for each i € N, 7' [sp—iti| = O(|ry|) and (sxt),, /rn, — 1 (n — o0).

The above definition of the matrix A(r, s, t) of generalized means given by (5) includes the following
special cases:

(1) If r,, = (sxt), # 0 for all n, then A(r, s,t) reduces to the matrix (I, s,t) of generalized Nérlund
means [22, 23]. In particular, if ¢ = e then A(r, s, t) reduces to the familiar matrix of Nérlund means
(30, 4].

2)fa>0r = %, Sk = l;c(,??rak)) and t;, = 1 for all k, then A(r, s,t) reduces to the matrix

(C, ) of Cesaro means of order « [24, 25]. In particular, if o = 1 then A(r, s,t) reduces to the famous
matrix (C, 1) of arithmetic means [5, 26].

B)HO0<a<l,r=q 80 = (1;7,&)k and t, = % for all k, then A(r,s,t) reduces to the matrix
(E, a) of Euler means of order « [7, 10, 8].

(4) If t, > 0 and r,, = Y p_ tx for all n, then A(r,s,t) reduces to the matrix (N,t) of weighted
means [12, 27].

BG)If0<a<1,r,=k+1,s,=1andt; =1+ aF for all k, then A(r, s,t) reduces to the matrix
A® studied by Aydin and Basar [6, 28].

(6) If s = e(®) and t = e, then A(r, s, t) reduces to the diagonal matrix D, /, studied by de Malafosse
[29].

Now, since A(r, s,t) is a triangle, it has a unique inverse which is also a triangle. More precisely,

by making a slight generalization of a work done in [30], we put D((JS) =1/sg and

S1 S0 0 0 s 0
S92 S1 S0 0 s 0
D) — L %3 52 51 %0 0 (n=1,2,.)
n = n+l ) — Ly 4y
8o
Sp—1 Sn—2 Sn-3 Sn—4 - S0
Sn Sp—1 Sp—2 Sp-3 S1

Then the inverse of A(r,s,t) is the triangle B = (l_’nk)ff:k:o defined by

= _ykp® L <k<
bnk = ( 1) Dn—krk? tn’ (0 = k = n)7
Oa (]f > 'fl),

for all n, k € N. For an arbitrary subset X of w, the set X (r,s,?) has recently been introduced in [31]
as the matrix domain of the triangle A(r, s,t) in X.

~ We introduce the sequence spaces f(r,s,t) and fo(r,s,t) as the sets of all sequences whose
A(r, s, t)—transforms are in the spaces fy and f, that is
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m n+j
folr,s,t) = {x = (zg) €Ew: lim b ZZ Bnty—keTh _ = 0 uniformly in n}
m—oo m, + 1 20 k=0 Tn
_ 1 m Sn+j—ktkTE
f(rys,t) = {x =(zp) €w:NeC> W}EHOO TZZ Jri = [ uniformly in n}
7=0 k=0

With the notation of (2), we can redefine the spaces f(r,s,t) and fo(r, s,t) as follows:

f_(r, S, t) = {f}A(r,s,t) and f_()(T', S, t) = {fO}A(ns,t)'

It is worth mentioning that the general forms of the well-known matrices of Norlund, Cesaro, Euler
and weighted means can be obtained as special cases of the matrix A(r,s,t) of generalized means.
Therefore, all of the sequence spaces in Tablo 1 can be obtained by special choice from the sequence
spaces f(r,s,t) and fo(r,s,t) which are defined by using matrix domain of the matrix A(r, s,t).

Theorem 3.1. The sequence spaces f(r, s,t) and fo(r, s,t) are BK —spaces with the same norm given

by
1] 7,0y = I1A(r 5, 8)|| 5 = SHIEDNHmn( A(r, s, t)z)], (6)
where
(A, 5,007) = —L S (A5, ))ss
mn r,s,t)r — m+1 = Ty 8,0)T )n+j
o ktkfl?k
_ ontj—klklk
= m+1ZZ
=0 k=0

for all m,n € N.

Proof. fo and f endowed with the norm ||.||s are BK —spaces [24, Example 7.3.2 (b)] and A(r, s,t) is
a triangle matrix, Theorem 4.3.2 of Wilansky [32, p.61] gives the fact that f(r,s,t) and fy(r,s,t) are
BEK —spaces with the norm ||.|| 7, s +)- O

Remark 3.2. It can easily be seen that the absolute property does not hold on the spaces f(r,s,t)
and fo(r, s, t), that is 12\l 75,6y Z M2l 7, 1) for at least one sequence x in each of these spaces, where

|z| = (Jzg|). Thus, the spaces f(r s,t) and fo(r,s,t) are BK —spaces of non-absolute type.

Theorem 3.3. The sequence spaces f(r,s,t) and fo(r, s,t) are norm isomorphic to the spaces f and
fo, respectively.

Proof. Since the fact fo(r,s,t) = fo can be similarly proved, we consider only the case f(r,s,t) = f.
To prove this, we should show the existence of a linear bijection between the spaces f(r,s,t) and f
which preserves the norm. Consider the transformation 7' defined, with the notation of (4), from
f(r,s,t) to f by x + & = Tx = A(r,s,t)r. The linearity of T is clear. Further, it is trivial that z = 6
whenever Tz = 6 and hence T is injective.

Let us take any Z = (Zy) € f and define the sequence x = (z,,) by

n

1
Ty = — Z( )" kD( )krkxk, for all n € N. (7)
bn k=0
Then, it is immediate that
s S R A fary S tr 1 b (s)
n+7—klk n+j—k k
I D YD SRR
k=0 k=0 i=0

= Tnyy
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which gives by a short calculation that

m n+j m

m+1zzsnﬂ Ll = ma1 Zf +j-

=0 k=0 =0

Therefore, we have

m

1
Z (r,s,t)x}pg; = lim —— an+J =1 uniformly in n.

m—>oo m—00 m
j =0
This means that = € f(r,s,t) and hence T is surjective. Thus, one can easily see from (6) that T is a
norm preserving transformation. This completes the proof. O

Remark 3.4. It is known from Corollary of Bagar and Kiriggi [9] that the Banach space f has no
Schauder basis. It is also known from Theorem 2.3 of Jarrah and Malkowsky [12] that the domain A4
of a matrix A in a normed sequence space \ has a basis if and only if A has a basis whenever A = (a,,;)
is a triangle. Combining these two facts one can immediately conclude that both the space f(r,s,t)
and the space fo(r, s,t) have no Schauder basis.

Now, we give the beta- and gamma-duals of the sequence spaces f(r,s,t) and fo(r,s,t). For this,
we need the following lemmas:

Lemma 3.5. [11] A = (ank) € (f : {x) if and only if

bupz lank| < oc. (8)

neN

Lemma 3.6. [11] A = (ank) € (f : ¢) if and only if (8) holds, and there are oy, € C such that

lim a,; = oy, for each k € N, (9)
nh_{r;o;a"k =aq, (10)
lim Y |A(ank — ax)| = 0. (11)

Theorem 3.7. Define the sets Fy(r, s,t), Fa(r,s,t), F3(r, s,t), Fy(r, s,t), F5(r, s,t) as follows:

Fi(r,s,t) = {a = (ag) Ew 1)7- kD( )krka] < oo},
nGN —k j
1
Fy(r,s,t) = {a = (ay) Ew: nler;OZt (—1)7~ kD( )krkaj exists},
j=k I
n n 1
Fs(r,s,t) = {a = (ay) Ew: nh_)rr;oz [ t—( 1)~ kD( )krkaj} — exists}7
k=0 - j=k
1
Fy(r,s,t) = {a = (ay) Ew: nILH;oZ ;( 1)7- kD( )kaaJ 0},

oo
Z Aajk — Oék

Jj=n+1

F5(r,s,t) = {a:(ak)Ew:nhjgo Z

k=n+1

Then, the 3—dual of the sequence space f(r, s,t) is
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Proof. Let a = (aj) € w and consider the equality

n

n k
1
San = 3| £ 0D e
k=0 k=0 L% 50
n n 1 B
= Z[Zt )=k D' )krka] = {F(r,s,t)Z}y, (12)
k=0 - j=k

where F(r,s,t) = {fax(r, s,t)} is defined by

‘(_1)jikD§s_)k7"kaj (0<k<n),

INgE
uﬁ""—‘

for(r,s,t) = (13)

Rl

(k>mn)

for all n,k € N. Thus, we deduce from Lemma 3.6 with (12) that ax = (arzi) € cs whenever
x = (z) € f(r,s,t) if and only if F(r,s,t)T € c whenever T = (73) € f, where F(r,s,t) = {fux(r,s,1)}
is defined by (13). Therefore, we derive from (8), (9), (10) and (11) that

bupz Z J kD; )krkaj <OO7

neN j=k J
lim Z ¥= kD( )krkaj = qy, for each fixed k € N,
'r7,~>OO‘7 L J

n

1 k
nanéoZZ e )" D( )krkaj =

nhféoZ‘ {Z t1] ytDp )krkaﬂ}

=0

which shows that

{f(r,s, 1)}’ = ﬂ Fi(r,s,t).

Theorem 3.8. The y—dual of the sequence spaces f(r,s,t) and fo(r,s,t) is the set Fi(r,s,t).

Proof. This is similar to the proof of Theorem 3.7 with Lemma 3.5 instead of Lemma 3.6. So, we omit
the detail. 0

4 Matrix Transformations Related to The Sequence
Space f(r,s,t)

In the present section, we characterize the matrix transformations from f (r, s, t) into any given sequence
space f. -
Since f(r,s,t) = f, it is trivial that the equivalence "x € f(r,s,t) if and only if Z € f” holds.

Theorem 4.1. Suppose that the entries of the infinite matrices A = (anr) and E = (eny) are connected
with the relation

00 1 .
= 5(_1)J—kp§i>krkanj (14)
j=k

for all n,k € N and p is any given sequence space. Then A € (f(r,s,t) : ) if and only if {ani }ren €
{f(r,s,t)}’ foralln € Nand E € (f : p).
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Proof. Let p1 be any given sequence space. Suppose that (14) holds between A = (anx) and E = (enk),
and take into account that the spaces f(r,s,t) and f are linearly isomorphic.

Let A € (f(r,s,t) : u) and take any Z = (Zx) € f. Then EA(r,s,t) exists and {ank}ren €
N2_, F;(r, s,t) which yields that {en;}ren € ¢1 for each n € N. Hence, ET exists and thus

E €nk3?°k=E kT
k k

for all n € N. We have that EZ = Az which leads us to the consequence E € (f : u).
Conversely, let {ani}tren € {f(r,s,t)}’ for each n € N and E € (f : p) hold, and take any
x = () € f(r,s,t). Then, Az exists. Therefore, we obtain from the equality

m m m 1 . s -
> anpze = {Z (=1 kD§')krkanj:|xk:
k=0 k=0 Lj=k 7

for all n € N, as m — oo that EZ = Ax and this shows that A € (f(r,s,t) : u). This step completes
the proof. 0

By changing the roles of the spaces f(r,s,t) and p in Theorem (4.1), we have:

Theorem 4.2. Suppose that the elements of the infinite matrices A = (ang) and C = (cpk) are
connected with the relation

1 n
Crke = H an,jtjajk for all n, k € N.
Jj=0
Let 4 be any given sequence space. Then, A = (a,;) € (u: f(r,s,t)) if and only if C € (i : f).

Proof. Let z = (zx) € p and consider the following equality

m 1 n m
chkzk = E Z sn_jt](Z ajkzk) for all m,n € N,
k=0 j=0 k=0

which yields as m — oo that (Cz), = {A(r,s,t)(Az)}, for all n € N. Therefore, one can observe from
here that Az € f(r,s,t) whenever z € pu if and only if Cz € f whenever z € pu. This completes the
proof. O

Of course, Theorems 4.1 and 4.2 have several consequences depending on the choice of the sequence
space p. Define a(n, k), a(n,k,m) and Aayy for all k,m,n € N as follows;

m

E Ontjk and Aap = Gpk — G k1

k)= ; k = —
a(n, k) Zajk, a(n, k,m) .l
7=0 7=0

Prior to giving some results as an application of this idea, we give the following basic lemma, which
is the collection of the characterizations of matrix transformations related to almost convergence:

Lemma 4.3. Let A = (ayx) be an infinite matrix. Then, the following statements hold:
(i) [33, J. P. Duran]A = (ank) € ({eo : f) if and only if (8) holds and

Jdar € C> f—liman, = ap forall k € N, (15)

dop, € C> lim Z la(n,k,m) — ag| =0 uniformly in n (16)
k

also hold .
(ii) [33, J. P. Duran]A = (ank) € (f : f) if and only if (8) and (15) hold, and

Hae(Caf—limZank:a, (17)
k
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Jap € C> lim Z a(n,k,m) — ak] =0 uniformly in n (18)
m—00
also hold .
(iii) [34, J. P. King]A = (ank) € (f : f) if and only if (8), (15) and (17) hold .
(iv) [35, Bagar and Colak]A = (ank) € (cs: f) if and only if (15) holds, and

sup Adnk| < 00 19
sup Z | Ay (19)
also holds .
(v) [36, Basar and Solak]A = (ank) € (bs: f) if and only if (15) and (19) hold, and
klirn anky, =0 forallneN, (20)
1 q
dap € C> hm Z i1 ZA[a(n +i,k) —ag]| =0 uniformly in n (21)
also hold .
(vi) [37, Bagar]A = (ank) € (f : ¢s) if and only if the following conditions hold:
sup a(n, k)| < oo, 22
o 3 ) )
Jag €C3 ) any=a; forallk €N, (23)
n
EIae(CaZZank:a, (24)
n k
k) — ]| = 0. (25)

Now, we can give the following two corollaries as a direct consequence of Theorems 4.1 and 4.2
and Lemma 4.3:

Corollary 4.4. The following statements hold:

(i) A = (ank) € (f(r,s,t) : L) if and only if {anktren € {f(r,5,t)}P and (8) holds with e,
instead of a,.

(ii) A = (ank) € (f(r,s,t) : ¢) if and only if {ank}tren € {f(r,s,t)}? and (8), (9), (10) and (11)
hold with e, instead of a,.

(iil) A = (anx) € (f(r,s,t) : bs) if and only if {ank }ren € {f(r,s,t)}? and (22) holds with e,
instead of a,.

(iv) A = (ank) € (f(r,s,t) : es) if and only if {anx tren € {f(r,s,1)}P and (22), (23), (24) and (25)
hold with e, instead of a,.

(v) A = (ang) € (F(r.5,) : £ if and only if {ans}xen € (7(rs,6)}% and (8), (15), (17) and (18)
hold with e, instead of a,.

Corollary 4.5. The following statements hold:
(1) A= (ank) € (foo : f(r,5,1)) if and only if (8), (15) and (17) hold with e, instead of a.
(i) A = (anr) € (f : f(r,s,t)) if and only if (8), (15), (17) and (18) hold with e, instead of a,.
(iil) A = (anr) € (c: f(r,s,t)) if and only if (8), (15) and (17) hold with e, instead of ayy.
(iv) A = (ank) € (bs : f(r,s,t)) if and only if (15), (19), (20) and (21) hold with e, instead of

(v) A= (ank) € (cs: f(r,s,t)) if and only if (15) and (19) hold with e, instead of ayy.
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