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Abstract — In this paper, the Authors establish some new inequalities related to perturbed trapezoid
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1 Introduction

Definition 1.1. [11] A function f: I — R is said to be convex on I if inequality

flu+ @ —t)v) <tf(u) + (1 —1t) f(v) (1)
holds for all w,v € I and ¢ € [0, 1]. We say that f is concave if (—f) is convex.

Geometrically, this means that if P, and R are three distinct points on the graph of f with @
between P and R, then @ is on or below the chord PR.

In [14], G. Toader defined m-convexity: another intermediate between the usual convexity and
starshaped convexity.

Definition 1.2. [14] A function f : [0,b] — R is said to be m-convex, where m € [0,1], if we
have

flz+mA-t)y) <tf(z)+m—1)f(y) (2)

for all z,y € [0,b] and ¢ € [0,1] .We say that f is m-concave if —f is m-convex. Denote by K,,(b) the
class of all m-convex functions on [0, b] for which f(0) < 0.

Remark 1.3. For m = 1 in (2), we recapture the concept of convex functions defined on [0, )] and,
for m = 0, the concept of star-shaped functions defined on [0, ] is obtained.
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Definition 1.4. [1] The function f : [0,b] — R is said to be (a,m)-convex, where (a,m) € [0,1]%; if
for every u,v € [0,b] and ¢ € [0, 1], we have

fltu+ (1 =t)v) <tf (u) +m (1 —1%) f(v). (3)

Remark 1.5. Note that for (a,m) € {(0,0), («,0),(1,0),(1,m),(1,1), (e, 1)} one obtains the fol-
lowing classes of functions: increasing, a-starshaped, starshaped, m-convex, convex and a-convex.

Theorem 1.6. (The Hermite-Hadamard inequality) Let f : I C R — R be a convex function
and u,v € I with u < v. The following double inequality:

f(“*”)s ! [f(w)dxﬁw (1)

2 V—U 2

is known in the literature as Hadamard’s inequality (or Hermite-Hadamard inequality) for convex
functions. If f is a positive concave function, then the inequality is reversed.

In the literature [2]-[7] on numerical integration, the following estimation is well known as the
trapezoid inequality:

[ r@de- -0 @+ 10D < M-, 6

where f : [u,v] — R is supposed to be twice differentiable on the interval (u,v), with the second
derivative bounded on (u,v) by Ma = sup ¢y |7 (7)| < +o00.

For the perturbed trapezoid inequality, Dragomir et al. [4] obtained the following inequality by
an application of the Griiss inequality:

(6)

[ r@ e - (@ + £ )+ 5 00 () - 1 (W)
1

< 5@2—’72)(”—“)37
where f is supposed to be twice differentiable on the interval (u,v), with the second derivative bounded
on (u,v) by I's = sup,¢(y,,) [ (¥) < +00 and 72 = infye(u,0) 7 (2) > —o0.

For recent results and generalizations concerning Hadamard’s inequality, concepts of convexity,
m-, (a, m)-convexity and trapezoid inequality see [1]-[19] and the references therein.

Throughout this paper we will use the following notations and conventions. Let J = [0,00) CR =
(—00,+0), and u,v € J with 0 <u < v and f’ € L [u,v] and

A(u,v):u+v 1(1}

5 ,G(u,v)zm,l(u,v):; uu)_u (for u # v),

be the arithmetic mean, geometric mean, identric mean, for u,v > 0 respectively.

The aim of this paper is to establish some results connected with the perturbed trapezoid inequality
for m and («, m)-convex functions as well as to apply them for some elementary inequalities for real
numbers and in numerical integration.

2 The New Results for m- and («, m)-convex Func-
tions

To prove perturbed trapezoid inequalities for m-convex and («, m)-convex functions, we use following
Lemma which was used by Tung et al. (see [16])



Journal of New Theory 2 (2015) 69-79 71

Lemma 2.1. [16] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If
f"" € La,b], then the following equality holds:

("
/f Yo — 5 (b= a) (f (@) + £ () + 2 (= ) (' () ~ f (a)

_ 4a) /Ol(t+1) [f" (ta+ (1= 1)b) + 7 (tb+ (1 — t) a)] dt

Theorem 2.2. [16] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If
|f”| is convex on [a,b], then the following inequality holds:

(8)

[ 1w dw~——wﬂﬂ@+ﬂw+§@—@%f@—fw»

< -0’ (" @]+ 0.

Theorem 2.3. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b and
m € [0,1]. If |f”| is m-convex on I, then the following inequality holds:

dr =5 (b= a) (f (@) + £ () + 2 (0= )* (' ()  f' (a)

@) )] }

(9)

4

w—a>{wuwm|+uwwn
12 12

Proof. Using Lemma 2.1 and Definition 1.2, it follows that

/“f dr =5 (b= a)(f (@) + 1 (0) + 2 (0 )* (' () ~ I (@)

(b—a)’ [
)
(b—a)® [
.
+t[f7 ()]
(b—a)’

|

a)’

t+1

IN

t+1)
t+1)

IN

t+1

(1" (-t (1= 0B+ 1 B+ (1~ 1) o)
e @iema-olr (L)
()}

—t
<a>|+—|f”<bn]j/ t(t%—l)zdt>

|
A .
{

U@l Ol 1 G M+W%m}.
12

m (1

(17

IN

b—
4
+m
(b—
4

IN

O

Theorem 2.4. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b and
(a,m) € [0,1]%. If | "] is (v, m)-convex on I, then the following inequality holds:

D) de = £ (b= a) (/@) + £ D) + 2 (b= ) (' () = ' @) (10)

17 (@) + 17 (B)]]

"Gl G

a® +6a24+11la+6

7 402 + 16a + 14
+l5— = m
3 o3+6a2+1la+6

_ ( a)3{ 402 + 160 + 14
= 4
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Proof. Using Lemma 2.1 and Definition 1.4, it follows that

v d — 3 (b a) (F (@) + £ () + 2 (b= )* (7 () — ' (@)

oo [ 12057 Gae b 5157 00+ -y
3 01

it Pnrferensmo-nlr ()

L) 4 m (-1 [ (L) ar)

{(If” |+|f”()|]/01to‘(t+1)2dt)
{f”(m)M ”()H 01(t+1)2(1—ta)dt}

b—ag 402 + 16a + 14
ad+6a24+11la+6

+ 7 402 + 16a+ 14
m| - —
3 a’+6a24+11la+6

IN

IN

IN

IN

[/ (@)l 117 (®)]]
@l @)

Remark 2.5. i) In inequality (10), if we choose o = 1, inequality (10) reduces to inequality (9).
ii) In inequality (10), if we take o = 1, m = 1, inequality (10) reduces to inequality (8).

Theorem 2.6. [16] Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and let
p > 1 with 1/p+ 1/q = 1. If the mapping |f”|? is convex on [a, b] then the following inequality holds:

£)de =5 (b=a) (7 (@) + £ () + 5 (b= )* (f' () — ' (a) ay

(b—a)’ (22”1 - 1)5’ (If” @7 + | (b)lqy_

- 2 2p+1 2

Theorem 2.7. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b and
m € [0,1], and let p > 1 with 1/p+1/q = 1. If the mapping |f”|? is m-convex on I, then the following
inequality holds:

Db —a)(f (b) — f (a))

1 (12)

v)de — 2 (b= a) (f (@) + f () +

o b—a) (2o v
- 4 2p+1

. { el

2 2

|f~<b>|q+m\f~<,z>rqr}.
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Proof. Using Lemma 2.1, Definition 1.2 and Holder’s integral inequality, we get

[ F@de= 3 0= (F@)+ £ 6)+5 b0 (7 1) - I @)

(b—a)®
4

IN

[/1|t+1|2|f”(ta+(1—t)b)|dt
0

1
+/ lt+ 1) £ (th+ (1 —t)a)|dt]
0

(/Olhsﬂ%s)'l’</01|f"<w+<1t>b>|th)é
+ 1|t+1|2pdt% 1\f”(tb+(1_t)“)‘th%
0 0
o (2 [ (o
D 0
([ rorma-alr(@))a)
(b-a (20 -1\
4 ( 2p+1 )

. { [If” (a>q+m|f~(;;)|q]q N lf” B +m 7 (2) H

(b—a)®
4

IN

IN

) dt);

0

IN

2 2

O
Theorem 2.8. Let f : I C R — R be a differentiable mapping on I°, a,b € I with a < b,

(a,m) € [0,1)%, and let p > 1 with 1/p + 1/¢ = 1. If the mapping |f”|? is (o, m)-convex on I, then
the following inequality holds:

b
[ @5 0-a) G @+ 76+ 00 (7 6 - £ (@) (13)

o b-a)® 2t v
- 4 2p+1

{ @l ma!f"(&)lq]q N

a+1 a+1

), malf” (&)VF}.

a+1 a+1
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Proof. Using Lemma 2.1, Definition 1.4 and Holder’s integral inequality, we get

[ F@de =3 0-a) (@) + £ )+ 5 b0 (7 0) - £ @)

< (b;a)g Uol|t+1|2|f”(ta+(1—t)b)|dt
+/01|t+1|2|f”(tb+(1—t)a)|dt}

< (b;a)g (/01|t+1|2pdt>;(/01|f”(ta+(1t)b)|th);
+</01|t+1|2pdt);(/01|f”(tb+(1—t)a)|th);]

< ) [ (o emo-ee ()] o)
- ( / 1 (17 @1+ ma = | ()] dtﬂ

_ - (22P+1—1>§

= Ty 2+ 1

1
q

+

@It malf” Gl

a+1 a+1 a+1 a+1

oI mals” (&)VF}

4

Remark 2.9. i) In (13), if we choose a = 1, we have the inequality in (12).
ii) In Theorem 2.8, if we choose « = m = 1, we obtain the inequality in (11).

Corollary 2.10. i) Under the assumptions of Theorem 2.7, if we choose p = m = 1, we obtain the
inequality;

b
[ F@de =5 0-a) @)+ 5 0)+7 b0 (1) - I @)

_ - [If”(a)lq+|f”(b)qr.
- 6 2

ii) Under the assumptions of Theorem 2.8, if we choose p = m = 1, we obtain the inequality;

b
[ F@de=30-a) @)+ £0)+5 b0 (7 0) - F @)

T(b—a)® [TI/" @7  alf” O [l O alf @]
- 6 {{a—i—le 04—1—1}+[0z—1—1+ a—l—l]}'

Theorem 2.11. [16] Let f: I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and
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let p > 1with 1/p+1/q = 1. If the mapping |f”|" convex on [a, b], then the following inequality holds:
(14)

b
[t 50-a) @+ F6)+ 5 00 (7 6 - £ (@)

< O —4@)3 (;)1_3’ {(17|f” (a)lplzlllf” (b)l”>

+ (17|f” (B)[F + 11 [f" (a)|p>}.

S

3=

12

Theorem 2.12. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and
m € [0,1], and let p > 1 with 1/p+1/q = 1. If the mapping |f|? is m-convex on I, then the following
inequality holds:

b
[t 50-a) @@+ F0)+ 5 00 (7 6 - £ (@)

_ - (7)1‘5 {(17|f” (@ +mi1]f" (i)\p>‘l’
- 4 3 12

. (17|f” (B +m11 s (SL)V’);} |

(15)

12
Proof. Using Lemma 2.1, Definition 1.2 and power mean integral inequality, we establish

b
[ F@de=30-a) @)+ £ 6)+5 b0 (7 1) - I @)

(b—a)®
4

IN

1
/ lt+ 112 |f" (ta+ (1 —t)b) + f" (tb+ (1 —t) a)| dt
0

1—

(b _4“)3 (/01 t—|—12dt)
{(/01 (t+1)° (tf”(a)lp+m(1—t)
+</01(t+1)2 (t\f”(b)|p+m(1—t)

b ()

. { (Frer @zﬂp); NGl (;;)'p);} |

=

IN

(e
rGINa) )

IN

12 12

O

Theorem 2.13. Let f : I C R — R be a differentiable mapping on I°, a,b € I° with a < b, and
(a,m) € [0, 1]2, and let p > 1 with 1/p+ 1/q = 1. If the mapping |f”|? is (o, m)-convex on I then the
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following inequality holds:

b
[ @5 0-a) @+ FB)+ 5 0-ap (f’(b)f’(a))|

< ()

X{ 402 + 160+ 14

ad +6a2+1la+6
Proof. Using Lemma 2.1, Definition 1.4 and power mean integral inequality, we obtain

1

mao (7042 + 30a + 29)
3(a+1)(a+2)(a+3)

1" (@) +

0

40% 4+ 160 + 14
ad +6a24+11la+6

mao (7oz2 + 30 + 29)

Ot 3 D e T2 @t 3)

b
[ @)= 50-a) @+ FB)+ 5 0-ap (f’(b)f’(a))|

IN

3 1
(b_4)/0 £ 117 " (ta+ (1= ) b) + f (8 + (1 — t) a) | dt

1—

(b—4a)3 (/01|t+1|2dt>
{(/ol(t+1)2 (taf”(a)|p+m(1_ta) 1% (i)
([ e @ orsma-mle (S dt);}
b—a)?® (7\'"7

= (3)

X{ 402 + 16+ 14

8=

IN

IN

mao (7042 + 30a + 29)
3(a+1)(a+2)(a+3)

7@ + ()

o3 +6a2+11a+6

402 + 16a + 14
ad +6a24+11la+6

mao (7042 + 30a + 29)

O e D e @13

Remark 2.14. i) In (16), if we choose a = 1, we have the inequality in (15).
ii) In (16), if we choose o = m = 1, we obtain the inequality in (14).

I
e )

eI}

76

(16)

Corollary 2.15. i) Under the assumptions of Theorem 2.12, if we choose p = m = 1, we obtain the

inequality;

b
[ F@de =3 0-a) @)+ 5 6)+7 b0 (1) - I @)
(- (171" @]+ 11187 1)
= 2 ( 12 )
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ii) Under the assumptions of Theorem 2.13, if we choose p = m = 1, we obtain the inequality;

v~ 3 (b= a) (F (a) + £ () + 2 (b~ )* (7 () £ (a)

b—a) 703 + 3402 + 450 + 14

- 4 3(a?+6a?+1la+6) 17 (@l + 177 ®)1

3 Applications to Special Means

Now we shall use the results of Section 2 to prove the following new inequalities connecting the above
means for arbitrary real numbers.

Proposition 3.1. Let a,b € (0,2) and = > 0, m € [0,1] with a < b. Then, the following inequality
holds:

In 1 (a,b)+ A(na,l b)+5(b*a)2
—InI(a na,ln ———
’ ’ 4 G? (a,b)
_ (b—a)’ 17+ 11m%) A (a®,}?)
- 2 12 G* (a,b)
Proof. The proof is immediate from Theorem 2.3 applied for f(z) = —Inz, € R. O

Proposition 3.2. Let (0,2), a,b € (0,2) and z > 0, (o, m) € [0, 1]2 with a < b. Then, the following
inequality holds:

5(b—a)’
G? (a,b)
(b—a)? [ 40%+16a + 14 (1= md) m3\ A (ab?)
- 2 a3+ 6a2+11la+6 3 G*(a,b)

’ Inf(a,b)+A(lna,Ind) + 102 (ab)

Proof. The proof is immediate from Theorem 2.4 applied for f(z) = —Inz, € R. O

Proposition 3.3. Let (0,z), a,b € (0,z) and > 0, m € [0,1], p > 1 with a < b. Then, the following
inequality holds:

2
—In7(a,b)+ A(Ina,lnbd) + ig;—( a))

2 2p+1 _ 1\ /P
Sl (B0} (o i s )
q a,

Proof. The proof is immediate from Theorem 2.7 applied for f(z) = —Inz, € R. O

Proposition 3.4. Let (0,z), a,b € (0,z) and 2 > 0, (o, m) € [0,1)%,p > 1 with a < b. Then, the
following inequality holds:
5(b—a)’

‘lnI(a b) + A(lna,lnb) + 167 (ah)

2 1/p
- (b—a) <22p+1 _ 1> 1 1 {[bzq " azqm1+qa]%
~ 4G%*(a,b) \ 2p+1 (a+1)7

4 [a2q 4 b2qm1+qa] %} .

Proof. The proof is immediate from Theorem 2.8 applied for f(z) = —Inx, z € R.. O
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Proposition 3.5. Let (0,z), a,b € (0,z) and x > 0, m € [0,1], p > 1 with a < b. Then, the following
inequality holds:

5(b—a)’

‘—hl[(a,b)—FA(lna,lnb) + Zm

7(b—a) (3
= 12G*(a,b) <84

+ (17a% 4 1+ 12) 7

1
> ' {(17b2p + 11mp+1a2p) 1/r

Proof. The proof is immediate from Theorem 2.12 applied for f(z) = —Inz, z € R. O

Proposition 3.6. Let (0,z), a,b € (0,2) and z > 0, (a,m) € [0, 1]2 ,p > 1 with a < b. Then, the
following inequality holds:

5(b—a)’

‘—]n[(a,b)—FA(lna,lnb) + zm

(b—a)’ 7 e
< ~~ 7
~  4G* (a,b)

( (402 +16a + 14) 022 mPt1a? (703 + 3002 + 290) ) v

(a® + 602 + 11l + 6) 3 (a3 +6a? + 1la + 6)

1
(402 + 160r + 14) a®? N mPIP (7a® + 3002 + 29a) | ”
(a3 +6a2+11la+6) 3 (a3 4+ 6a2 4+ 11a + 6)

Proof. The proof is immediate from Theorem 2.13 applied for f(z) = —Inz, z € R. O
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