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Abstract — In this paper, we introduce several types of fuzzy pairwise compactness and fuzzy pair-
wise compactness modulo a smooth ideal in smooth bitopological spaces by using the family of r-
(73, 7j)-fuzzy semi-open sets as cover. Several characterizations and some properties of these spaces
are discussed. Preservation of fuzzy pairwise compactness modulo a smooth ideal by some types of
mappings is also investigated.
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1 Introduction

Sostak [27] introduced the fundamental concept of a ‘fuzzy topological structure’ as an extension of
both crisp topology and Chang’s fuzzy topology [4], indicating that not only the objects were fuzzified,
but also the axiomatics. Subsequently, Badard [3] introduced the concept of ‘smooth topological space’.
Chattopadhyay et al. [5] and Chattopadhyay and Samanta [6] re-introduced the same concept, calling
it ‘gradation of openess’. Ramadan [19] and his colleagues introduced a similar definition, namely a
smooth topological space for lattice L = [0, 1]. Following Ramadan, several authors have re-introduced
and further studied smooth topological space (cf. [5, 6, 9, 28]). Thus, the terms ‘fuzzy topology’, in
Sostak’s sense, ‘gradation of openness’ and ‘smooth topology’ are essentially referring to the same
concept. In our paper, we adopt the term smooth topology. Further to this, Lee et al. [16] introduced
the concept of smooth bitopological space as a generalization of smooth topological space and Kandil’s
fuzzy bitopological space [10].

The concept of fuzzy semi-open sets and fuzzy semi-continuous mapping in fuzzy topological
spaces was studied by Azad [2]. Kumar [13] generalized the concepts of fuzzy semi-open sets, fuzzy
semi-continuous mappings into fuzzy bitopological spaces. Kim et al. [12] as well as Lee and Lee
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[15], introduced the notion of fuzzy r-semi-open sets and fuzzy r-semi-continuous maps in smooth
topological space which are generalizations of fuzzy semi-open sets and fuzzy semi-continuous maps in
Chang’s fuzzy topology. Ramadan and Abbas [21] introduced the notion of r-fuzzy semi-open sets in
smooth bitopological spaces. El-sheikh [7] characterized the notion of r-fuzzy semi-open sets [21] and
generalized the notions that introduced in smooth bitopological space [13], [20], [21]. Recently [29],
we introduced the concept of r-71o-fuzzy semi-open sets in smooth supra topological space (X, 712)
which were induced from smooth bitopological space (X, 71, 72). We have also shown that the present
notion of fuzzy semi-open sets and the notion of r-(7;, 7;)-fuzzy semi-open sets that introduced in [21]
are independent.

Ideals are an important notions which was introduced into general topology by Kuratowski [14],
where a nonempty family I of P(X) is called an ideal if: (1) A € I and B C A gives B € I (heredity)
and (2) A,B € I gives AU B € I (finite additivity). Sarkar [26] introduced and studied the notion
of ideal in Chang’s sense. Ramadan et al. [22] introduced the notion of a smooth ideal in smooth
topology.

The concept of compactness modulo an ideal was first introduced by Newcomb [18] and Ranéin [23]
and was studied by Hamlett and Jankovié¢ [8]. Abd El-Monsef et al. [1] studied the relations between
ideals and some types of weak compactness. Salama [25] defined and studied some other types of fuzzy
compactness with respect to fuzzy ideals in Chang’s fuzzy topologies. Saber and Abdel-Sattar [24]
investigated some properties of smooth ideals and used these to introduce and study the concept of
r-fuzzy ideal-compact, r-fuzzy quasi H-closed, and r-fuzzy compact modulo a smooth ideal in smooth
topological spaces.

In the present paper we use the concept of r-(7;, 7;)-fuzzy semi-open sets and a smooth ideal to in-
troduce new types of compactness in smooth bitopological spaces, namely 7-(7;, 7;)-F SZ-compactness,
r-(74, 7;)-F SI-Lindel6fness and r-(7;, 7j)-FZ-S-closedness that generalize r-(7;, 7;)-F'S-compactness, -
(73, 7;)-F S-Lindel6fness and r-(7;, 7;)-F'S-closedness respectively. We give the relation between these
types of compactness and those introduced by Saber and Abdel-Sattar [24]. Also, we study some of the
properties and characterizations. Moreover, the behavior of these types of compactness under some
types of mappings is also investigated.

2 Preliminary

In this paper, X is a non-empty set, I = [0,1] and Iy = (0,1]. A fuzzy set p of X is a map-
ping with g : X — I, and IX the family of all fuzzy sets of X. For any pui,puz € I, (u1 A
p2)(x) = min{p (), po(x) : v € X}, (pn V po)(x) = max{pn (z), po(x) : € X} and (1 — p2)(2) =
min{p (x),1 — pa(z) : z € X}. For a fuzzy set A of X, supp(A\) = {z € X| M(z) > 0}. For A € I’X,
1— X denotes the complement of . For a € I, a(z) = a Vx € X. By 0 and 1, we denote constant maps
on X with values 0 and 1, respectively. For u, A € IX, u is called quasi-coincident with X, denoted
by u q A, if pu(z) + A(x) > 1 for some z € X. Otherwise we write p ¢ A\. For any A\; and Ay € IX,
A < X2 <= A1 71— \y. FP stands for fuzzy pairwise. The indices are i,j € {1,2} and i # j. All
other notations are standard notations of fuzzy set theory.

Definition 2.1. [3, 5, 19, 27] A smooth topology on X is a mapping 7 : IX — I which satisfies the
following properties:

(1) 7(0) =7(1) =1,
(2) T(pr A p2) > 7(p1) AT(p2), ¥ o, po € T,
(3) (Vg tti) = Njey T(1a), for any {p; :i € J} C IX.
The pair (X, 7) is called a smooth topological space. The value of 7(1) is interpreted as the degree
of openness of fuzzy set u. For r € Iy, u is an r-open fuzzy set of X if 7(u) > r, and p is an r-closed

fuzzy set of X if 7(1 — pu) > r. Note, Sostak [27] used the term ‘fuzzy topology’ and Chattopadhyay
[5], the term ‘gradation of openness’ for a smooth topology .

Definition 2.2. [16] A triple (X, 71, 72) consisting of the set X endowed with smooth topologies 71
and 7 on X is called a smooth bitopological space (smooth bts). For A € I*X and r € Iy, r-7;-open
(resp. closed) fuzzy set denotes the r-open (resp. closed) fuzzy set in (X, 7;), for i = 1,2.
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Theorem 2.3. [6, 11] Let (X, 71, 72) be a smooth bts. For A € I* and r € Iy, a 7;-fuzzy closure of
is a mapping C,, : I x Iy — IX defined as

CroAr) = Npel™ p=\ n(1—p)>r}
And, a 7;-fuzzy interior of X is a mapping I, : IX x Iy — IX defined as

L,(\r)= \/{,u el p<\ m(p) >rh

Then:
(1) C;, (resp. I,) is a fuzzy closure (resp. interior) operator.
(2) TC,, =TI, = Ti

(3) IL,(1—\7)=1-Cr (\7),Vrely\elX.

2

Definition 2.4. [24] A mapping Z : [X — I is called a smooth ideal on X if it satisfies the following
conditions:

(S1) Z(1) =0, Z(0) = 1,

(S2) Z(A\V p) > T(A) AZ (), for A\, € IX,

(S3) If A < p, then Z(u) < Z(N), for A\, € IX.

If Z and J are smooth ideals on X, we say 7 is finer than 7 (or J is coarser than Z), denoted by
J < Z,if and only if J(\) < Z()) for all A € TX.

For each smooth ideal Z on X and « € Iy, Z,, = {v € I | Z(v) > a} is a fuzzy ideal on X in
the sense of Sarkar [26]. By a fuzzy ideal we mean a non-empty collection of fuzzy sets J of a set X
satisfying the following conditions:

(i) If w € Jand v < p, then v € J [heredity],

(i4) If w € J and v € T, then p Vv € J [finite additivity].

The simplest smooth ideal on X is Z° : IX — I defined by Z°(\) = 1, if A = 0 and 0 otherwise.

We denote the smooth bts (X, 7y, 72) with a smooth ideal Z by the quadruple (X, 7y, 72,Z) and
call it a smooth ideal bitopological space (smooth ideal bts).

Definition 2.5. [21] Let (X, 71,72) be a smooth bts for A € I and r € I. Then:

(1) Xis an r-(;, 7;)-fuzzy semi-open set ( r-(7;, 7;)-fso), if there exists p € I with 7;(i) > r such
that u < X < Cr (p, 7).

(2) Xis an r-(7;, 7j)-fuzzy semi-closed set (r-(7i,7;)-fsc), if there exists p € I* with 7;(1 — u) > r
such that I (p,7) <X < p.

(3) The 7(i, j)-fuzzy semi-interior of X is denoted by ST;;(\, ) and defined as
SLij(A\r) = \/{V € I\ v < \visr-(1i,7;)-fs0}.
(4) The 7(t, j)-fuzzy semi-closure of X is denoted by SC;;(\,r) and defined as

SCii(\ 1) = Nv e IX|v = N vis r-(ri, 75)-f sc}.

(5) Ais an r-(7y, 7j)-fuzzy preopen set ( r-(7;, 7;)-fpo) if X < I, (Cr, (A7), 7).
(6) Ais an r-(7y, 7;)-fuzzy preclosed set ( r-(7;, 7;)-fpc) if Cr, (I, (A, 7),7) < A
Theorem 2.6. [7] Let (X, 71, 72) be a smooth bts for A € IX and r € Iy. Then:
1) Xis an r-(7,7;)-fso iff X = SI;; (A, r).
2) Xis an r-(1;, 7;)-fsc iff X = SCy;(A, 7).
-(74,7j)-fso iff 1 — X is an r-(7;, 7;)-fsc.
4) Ais an r-(7;, 7j)-fso iff X < Cr (I, (A, 7), 7).

(

(2)

(3) Misanr
(4)
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(6) i — SOij()\, T’) = SIZj(i — )\, T’).

Definition 2.7. [7] Let (X, 71, 72) and (Y, 7, 75) be smooth bts’s. Let f : X — Y be a mapping.
Then f is called:

(1) FP-irresolute (resp. F P-semi-continuous [21]) iff f~!(u) is an r-(7;, 7;)-fso set in X for each
r-(17, 77 )-fso set pin Y (resp. p € IV, 75 (p) > 7).

(2) FP-irresolute open iff f(u) is an 7-(7;°, 7;)-fso set in Y for each r-(7;, 7;)-fso set p in X.

Theorem 2.8. [7] Let (X, 7, 7) and (Y, 7y, 75) be smooth bts’s. Let f : X — Y be a mapping.
Then the following statements are equivalent:

(1) fis a FP-irresolute.
(2) For each r-(r;7,75)-fsc set p € I, f~*(u) is an r-(7;, 7;)-fsc set in X.
(3) SCi;(f~H(p),r) < fH(SCij(p,7)), pe I™.

Lemma 2.9. [17] Let f : X — Y be a mapping and let A and p be fuzzy sets in X and Y, respectively.
Then the following properties hold:

(1) X< f71(f(N\) and equality holds if f is injective.

2) f(f~'(u)) < p and equality holds if f is surjective.

(2)
(3) For any fuzzy point x; in X, f(x¢) is a fuzzy point in Y and f(z;) = (f(2)):.
(4) If f(A\) < p, then A < f=1(u).

Definition 2.10. [24] Let (X, 7,7) be a smooth ideal topological space and r € Iy. Then X is called:

(1) An r-FZ-compact (resp. r-fuzzy ideal quasi H-closed (r-FZQHC)) iff for every family {\; €
IX| 7(\;) > 7,3 € J} such that when \/ \; = 1, there exists a finite set Jy C J, such that
i€t
I(1— \V N)>r (vesp. Z(1— V Cr(N\i,7)) > 7).
i€Jo ieJo
(2) An r-fuzzy compact modulo fuzzy ideal space (r-fuzzy C(I)-compact) if for every 3 € I,
7(1 — B) > r and each family {\; € I’X| 7(\;) > 7,4 € J} such that 8 < \/ \;, there exists a

ieJ
finite set Jo C J, such that Z(BA[1 — \/ Cr(A\i,7)]) > .
i€Jo

3 FPSI-compact and I'PSI-Lindelof Spaces

In this section we introduce the notion of FPS-compact (resp. Lindelof) space in smooth bts
(X, 71, 72) by using the family of r-(7;, 7;)-fso sets as cover. Then, we generalize the same notions via
smooth ideal Z on X to obtain FPSZ-compact (resp. Lindelof) space. We also give the relations
between them and study some of their basic properties.

Definition 3.1. Let (X, 71, 72,7) be a smooth ideal bts and r € Iy. A fuzzy set p € I is called:

(1) An r-(7;,7j)-FS-compact if for every family {uo € IX| pq is r-(1i,7;)-fso set,a € J}, such
that p < \/ o, there exists a finite set Jy C J, such that p < \/ p,. The space (X, 11, 72) is
acJ a€cJy
an r-(1;, 7j)-F'S-compact if X is an r-(7;, 7;)-FS-compact as a fuzzy subset.

(2) An r-(1;,7;)-FSZ-compact if for every family {po € I| piq is r-(7i,7j)-fs0 set,a € J}, such

that p < V pq, there exists a finite set Jy C J, such that Z(p A [1 — \ pa]) > r. The space
acJ aeJo

(X,71,72,Z) is an r-(7;, 7;)-FSZ-compact if X is an r-(7;, 7;)-FSZ-compact as a fuzzy subset.

(3) An r-(1;, 7;)-FS-Lindeldf if for every family {uo € IX| po is r-(, 7;)-fs0 set,a € J}, such that
p < V la, there exists a countable set Jy C J, such that p < \/ ps. The space (X, 71,72) is
aed aedy
an r-(1;, 7j)-F'S-Lindeldf if X is an r-(7;, 7;)-F S-Lindel6f as a fuzzy subset.
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(4) An r-(1;, 7;)-FSZ-Lindelof if for every family {uo € IX| po is 7-(7i,7j)-fso set,a € J}, such
that p < \/ i, there exists a countable set Jy C J, such that Z(p A [1 — \/ pa)) > 7. The
acJ acdy
space (X,7i,72,7) is an r-(1;, 7;)-F SZ-Lindelof if X is an r-(7;, 7;)-FSZ-Lindelof as a fuzzy
subset.

Definition 3.2. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then X is called:

(1) FPS-compact (resp. F'PSZ-compact) if X is an r-(7;, 7;)-FS-compact (resp. r-(7;, 7;)-FSZ-
compact) for each r € Ij.

(2) FPS-Lindelof (resp. F'PSZ-Lindeldf) if X is an r-(7;, 7;)-FS-Lindeldf (resp. r-(7;, 7;)-FSZ-
Lindeldf) for each r € Ij.

From Definition 3.1 we have the following remark.

Remark 3.3. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements are
true:

(1) If X is an r-(7;, 7;)-F SZ-compact, then X is an r-7;- FZ-compact.

(2) If X is an r-(7;, 7j)-FS-compact (resp. Lindeldf), then X is an r-(7;, 7;)-F SZ-compact (resp.
Lindelt).

(3) If X is an r-(7, 7j)-FS-compact (resp. r-(7;,7;)-FSZ-compact), then X is an r-(r;, 7;)-FS-
Lindelof (resp. r-(7;, 7;)-F SZ-Lindel6f).

(4) IfZ =1°, then r-(r;, 7;)-F S-compact (resp. r-(7;, 7;)-FS-Lindelof) and r-(7;, 7;)-F SZT-compact
(vesp. (7, 7j)-FSZ-Lindelof) are equivalent.

It follows from the Definition 3.1, Remark 3.3 and the fact that every r-7;-open fuzzy set in X is
an r-(7;, 7j)-fso set that

’/‘—(Ti, Tj )_FS_compact e T‘(Ti7 Tj )—FSZ—CO?’anLCt — T—Ti—FI—COmpCLCt

I ¢
r-(1;,7;)-FS-Lindelo f r-(7,7;)-FSI-Lindelo f

Example 3.4. Let X = N, where N is the set of natural numbers. Define fuzzy set \,, € IX as follows:
An = X{n}, Where Xy is the characteristic function of {n},n € N.

Define smooth topologies 71 : IX — I and 7 : IX — I as follows:

1 ifx=0,1,
7'1()\):’7'2(>\): % ’Lf)\:An, ’I’LEN,
% otherwise.
Define smooth ideal Z : IX — T as follows:
1 if A=0,
ZA) =40 if =1,
% otherwise.

Then clearly (X, 71,72,Z) is a smooth ideal bts. Note that X is not a %—(ﬁ,Tg)—FS—compact since
there exists a family

1 _
eI\, = X{n} 8 5—(7’1,T2)—f80 set, n € N} With\/ A =1
neN

such that there in no finite set Jy C N with \/ A\, = 1.
neJo

But X is a $-(71, 72)-F.SZ-compact, since for any finite set Jo C N, Z(I— \/ A,) =2 >
neJo

Y
N
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The following example shows that the finite spaces need not to be a r-(7;, 7;)-F'S-compact.
Example 3.5. Let X = {a,b,c} and A1, A3, A3 and A4 be fuzzy sets of X defined as
A =asVbysVecs, \g=ag3VbsV Cs, S E [097 ].),

A3 =arVbysVecr, \a=ag3VbVeg, k€ (0,0.1].

Define smooth topologies 71 : IX — I and 7 : IX — I by

1 if A=0,1, 1 if A=0,1,

L oif A=, T oif A=,

Lodfa=2) Logfa=2)
() =43 i 2 and () ={?2 if »

3 if A= X1 A g, 5 if A= A3 A Ay,

% if A=AV Ay, % if A= A3V Ay,

0 otherwise, 0 otherwise.

Then clearly (X, 71, 72) is a smooth bts. Note that X is finite set but it is not a -(71, 72)-FS-compact
since there exists a family

1 _
{as Vbs Ve € IX| as V bg Ve is g—(Tl,TQ)—fSO sets, s € [0.9,1)} with \/ as VbsVes =1.
5€[0.9,1)

But there is no finite subset Jy C [0.9,1) such that \/ asVbsVecs = 1.
s€Jo

The following example corresponds to the concept of the ideal of finite (resp. countable) subsets
of X in the ordinary sense.

Example 3.6. Define 7¢,7. : I*X — I be two smooth ideals on X as follows:

o) = 1 if supp (u) = finite subset of X
= 0 otherwise;

and
1 if supp (p) = countable subset of X,
Ze(p) = .
0 otherwise.

That is mean:

(1) Z; is a smooth ideal on X such that for every r € Iy, (Zy), = {u € IX| Z;(n) > r and supp(p)
is a finite subset of X} is a fuzzy ideal in Sarkar’s sense.

(2) Z.is a smooth ideal on X such that for every r € Iy, (Z.), = {p € I’X| Z.(p) > r and supp(p)
is a countable subset of X'} is a fuzzy ideal in Sarkar’s sense.

Theorem 3.7. A smooth ideal bts (X, 71, 72,Zy) is an r-(7;, 7;j)-FSZ¢-compact iff (X, 71, 7) is an
r-(7i, 7;)-F'S-compact.

Proof. Let (X, 71,72,Z¢) be an r-(1;,7;)-FSZ-compact and let {po € IX| po is r-(74,7j)-fso set,
a € J} be any family such that \/ p, = 1. Suppose that for any finite set Jo C J we have \/ pq # 1.

acJ aeJo
This implies 1 — \/ pq # 0. Therefore, Z;(1 — \/ po) # 1. Thus, from definition of Zy, we have
acJo aeJo
Z;(1— V pa) =0 meaning that for any finite set Jo C J, Zp(1 — \/ pq) < r which contradicts the
acJo aeJo

hypothesis. Hence, (X, 7, 72) is an r-(7;, 7;)-F S-compact.

Conversely, let {{1o € IX| o is r-(1i,7;)-fso set,a € J} be any family such that \/ u, = 1.

acJ

According to r-(7;, 7j)-FS-compactness of X, there exists a finite set Jy C J such that \/ po = 1.
aedy

Since 1— '\ 1o = 0 and supp(0) = 0, there is a finite subset of X. Then, Zp(1— \/ po) > r. Hence,

acedy aedy
(X, 11, 72,Zy) is an (7, 7j)-F ST -compact. 0
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Theorem 3.8. A smooth ideal bts (X, 7, 7,Z.) is an (7, 7;)-F SZ.-compact iff (X,71,7) is an
r-(7;, 7;)-F S-Lindelof.

Proof. Let (X, 71,72,Z.) be an r-(r;, 7;)-FST.-compact and let {1o € IX| po is 7-(7i,7;)-fso0 set,
a € J} be any family such that \/ po = 1. By r-(7;, 7j)-F SZ.-compactness of X, there exists a finite

aed
set Jo C J such that Z,(1— \/ pa) > 7, meaning that 1— \/ p, has a countable support. Therefore,
aedy _ aedy _
there exists a countable set J. C J, such that 1 — \/ po < V po. Thus, 1 = V puaV V pa =

a€cJy a€cd. a€cJy acJ.
V  pa. Since Jo U J. is countable subset of J, then (X, 7, 72) is an r-(7;, 7;)-F'S-Lindel6f.
aeJoUJd.
Conversely, Theorem 3.7 is a similar proof. O

Corollary 3.9. If (X, 1, 72, Z,.) is an r-(7;, 75 )-F'SZ.-compact, then (X, 71, 72, Z.) is an r-(7;, 7;)-F SZ-
Lindelof.

Corollary 3.10. If (X, 7, 7,Z.) is an r-(7;, 7j)-F SZ.-compact, then (X, i, 7) is an r-7;- F-Lindel6f.

Theorem 3.11. Let (X,71,72,Z) be a smooth ideal bts. If A\;,\s € IX are r-(r;, 7;)-F SZ-compact
fuzzy subsets, then A1 V Ag is an r-(7;, 7;)-F SZ-compact.

Proof. Let {po € IX| pio is 7-(7i,7j)-fso set,a € J} be a family such that A\; V A2 < \/ go. Then,
acJ

M <V po and Ay <V pg. Since Ay and g are (7, 7;)-F SZ-compact, there exists a finite set
acJ acJ
Ji € Jand Jy C J such that ZAi A (1 — V pa)) > 7 and ZA2 A (1 — V o)) > 7. Therefore
acJy a€Ja
IZMVAA(L=  V  pa)) =7 Thus, A V Ag is an r-(7y, 7j)-F SZ-compact. O
acJiUJs

Theorem 3.12. Let (X, 71, 72,Z) be a smooth ideal bts and r € I. If for each family {p € IX| pig is

r-(7,7j)-fsc set, o € J} with Z( A\ pa) > r there exists a finite set Jy C J such that Z( A pao) > 7,
aeJ aedy

then X is an r-(7;, 7;)-F SZ-compact.

Proof. Let {pio € IX| po is r-(1;,7;)-fs0 set,a € J} with \/ po = 1 implies that Z( A 1 — po) > 7.
acJ acJ
The hypothesis suggests that there exists a finite set Jy C J such that Z( A 1 — u,) > 7. Thus,
a€cJo

Z(1— V pa)>r. Hence, X is an r-(7;, 7j)-F SZ-compact. O
a€Jo

Theorem 3.13. Let (X, 71, 72,7) be an r-(7;, 7;)-F SZ-compact and r € I. If 7 is a smooth ideal on
X such that Z < J, then X is an r-(7;, 7;)-FSJ-compact.

Proof. Let {ptoa € I*| po is r-(1i,7;)-fso set,a € J} with \ p, = 1. Since X is an r-(7;,7;)-
aeJ
FSZ-compact, there exists a finite set Jy C J such that Z(1 — \/ pa) > r. Since Z < J, then
acJdy

J(1 = V po)>r. Thus, X is an r-(7y, 75)-F .S J-compact. O

acJy

Theorem 3.14. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements
are equivalent:

(1) (X,71,72,Z) is an r-(7;, 7;)-F SZ-compact.

(2) For any collection {yn € IX| pqo is r-(1;,7;)-fsc set,a € J} with A pa = 0, there exists a
acJ
finite set Jo C J with Z( A\ pa) > 7.
aedy
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Proof. (1) = (2) Let {po € IX| pio is v-(7i,7j)-fsc set,a € J} with A pro = 0. This implies,
aelJ

V (I = pa) = 1. Since {1 — pio,a € J} is a family of r-(r;,7;)-fso sets and by r-(7;,7;)-FSZ-

acJ

compactness of X, there exists a finite set Jo C J such that Z(1 — \/ (1 — u,)) > r implies that

a€cJy
ZCA pa) Z .
aedy _
(2) = (1) Let {ua € I*| po is r-(i,7;)-fso0 set,a € J} be a family with \/ po = 1. Then,
acJ
A (1= pa) =0. By (2), there exists a finite set Jo C J such that Z( A (1 — ug)) > r. This implies
acJ acJo
that Z(1 — \ pa) > r. Therefore, (X, 71,72,Z) is an r-(7;, 7j)-F SZ-compact. O
acdy

Definition 3.15. [24] A family {u, € I*X| a € J} has the finite intersection property (Z-FIP) iff

Z( A\ pa) > r for any no finite subfamily Jy C J.
acJdy

Theorem 3.16. A smooth ideal bts (X, 7,72,Z) is an r-(7;, 7;)-F'SZ-compact iff every collection
{ta € IX| po is v-(7i,7j)-f sc set,a € J} having the Z-FIP has a non-empty intersection.

Proof. Suppose X is an 7-(7;, 7j)-FSZ-compact and let {uo € IX| po is r-(1i,7;)-fsc set,a € J}
having the Z-FIP. Suppose A po = 0. Then \/ (I — po) = 1. Since 1 — p, is an (7, 75)-fso
acJ acJ

set for each a € J. By r-(7;, 7j)-F SZ-compactness of X, there exists a finite set Jy C J such that
Z(1— V (1 —pa)) > r, implies that Z( A pa) > r which is a contradiction. Hence, A o # 0.

Coafvﬁrsely, let {po € I pio is r—(g,e;;)—fso set,a € J} be a family with \/ ,u:e:JI. Suppose
for every finite set Jo C J we have Z(1 — \/ po) < 7. That is mean Z( A\ (1— zi)]) > r for every no
finite Jo C J, from hypothesis of Z-FIP ?zveeJilave, N (1= pg) #0. Th?segfoields V pa # 1 which is a
contradiction. Hence, (X, 71,72,7) is an r-(7;, Tj)—lggJI—compact. "< O

Definition 3.17. Let (X, 71, 72) be a smooth bts and r € Iy. A fuzzy set A of X is called:

(1) an r-(7;, 7;)-fuzzy regular(semi)open (r-(7;, 7;)-fro (resp. r-(7;, 7;)-frso )) if A = I, (Cr, (X, 7),7)
(resp. A = SI;;(Cr; (N, 7),7)).

(2) an 7r-(7y, 75)-fuzzy regular(semi)closed (r(i,j)-frc (resp. r-(7;,7;)-frsc )) if A = Cr, (I, (\,7),7)
(resp. A = SCi; (I, (A, 7),7)).

Theorem 3.18. If (X, 71,72,Z) is an r-(7;, 7j)-F SZ-compact, then for every family {uo € I o
is r-(1;,7;)-frc set,a € J} such that \/ po = 1, there exists a finite set Jy C J such that Z(1 —

acJ
V pa) 2.
aedy
Proof. The proof derives from the fact that every r-(7;, 7;)-frc set is an r-(7;, 7;)-fso set. O

Theorem 3.19. If (X, 71,72,7) is an r-(7;, 7j)-F SZ-compact, then for every family {uq € I*| g is
r-(7;,7;)-frso set,a € J} such that \/ po = 1, there exists a finite set Jy C J such that Z(1 —

acJ
\/ Ma) >
a€cJy

Proof. Let {pa € IX| j1q is an r-(7i,7)-frso set,a € J} such that \/ po = 1. Then, from Definition

acJ
3.17(1), we have \/ SLj (Cr,(pa:7),7) = 1. As {SL;(Cy, (pta,7),7) € I*,a € J} is a family of
aclJ '
r-(74,7;)-fso sets, and by r-(7;, 7;)-F SZ-compactness of X there exists a finite set Jy C J, such that
I(1- \ SLj;(Cr(pta,r),7)) =7, then this Z(1 — \/ pq) > 7. O

a€cJy a€cJy
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Theorem 3.20. If (X, 71,72,Z) is an 7-(7;, 7j)-F SZ-compact, then for every family {un € IX]| piq
is r-(7i,7j)-fpo set,a € J} such that \/ po = 1, there exists a finite set Jy C J such that Z(1 —

acJ
V o (1a,m)) = 7.
acdy

Proof. Let {fto € IX| po is r-(7i,7j)-fpo set,a € J} be any family such that \/ pe = 1. Since po <

acJ
Cr, (pa,7) < Cr, (I1,(Cr, (e, 7),7), 1), then 1= \/ Cr, (ka,7) such that {Cr, (pa,7) € I*, 0 € J} is a
acJ
family of r-(7;, 7j)-fso set of X. By r-(7;, 7;)-F SZ-compactness of X, there exists a finite Jy C J such
that Z(1 — \/ Cr, (pa:7)) > 7. O

aedy

Corollary 3.21. If (X,71,7,Z) is an r-(7;, 7j)-FSZ-compact, then for every family {u, € IX]| 4
is r-(7;,7;)-fpc set,a € J} such that A po = 0, there exists a finite set Jo C J such that

acJ
IO Ly (asr) = 7

acdy

4 FPSC(Z)-compact and F PI-S-closed Spaces

In this section we introduce the notions of F'PSC-compact, FPSC(Z)-compact, F'P-S-closed and
FPZ-S-closed in a smooth bts (X, 71,72) and study some of their basic properties. We give the
relations between them. Furthermore, we show that F PSC/(Z)-compactness is not a generalization of
FPSC-compactness.

Definition 4.1. Let (X, 71, 72,Z) be a smooth ideal bts and r € Iy. Then, X is called:
(1) An r-(r;,7j)-FSC-compact, if for every r-(r;, 7;)-fsc set p of X and every family {u, € IX
| o is v-(73,7j)-fs0 set,a € J} with p < \/ pq, there exists a finite set Jy C J such that
acJ
p< V SCi;(pasr).

acJdy

(2) An r-(7,7j)-FSC(Z)-compact, if for every r-(r;,7;)-fsc set p of X and every family {p, €
IX| po is r-(75,7;)-fs0 set,a € J} with p < \/ pa, there exists a finite set Jy C J such that
acJ

Z(pn[1 = V SCij(pa,r)]) 2 7.

aedy

(3) An r-(r;, 7;)-FS-closed, if for every family {u, € I po is (7, 7j)-fso set,a € J} such that

V ta =1, there exists a finite set Jy C J such that \/ SCjj(ga,r) = 1.
acJ a€Jo

(4) An r-(7;,7j)-FZ-S-closed, if for every family {uo € IX| pio is 7-(7i,7j)-fso set,a € J} such

that \/ po = 1, there exists a finite set Jy C J such that Z(1 — \/ SCi;(fta,7)) > 1.
acJ acdy

Definition 4.2. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then X is called:

(1) FPSC-compact (resp. F'PSC(Z)-compact), if X is an r-(r;, 7;)-F SC-compact (resp. r-(7;,7;)-
FSC(Z)-compact) for each r € Ij.

(2) FP-S-closed (resp. F'PZ-S-closed), if X is an r-(7;, 7;)-F'S-closed (resp. r-(7;, 7j)-FZ-S-closed)
for each r € Ij.

From Definition 4.1 we have the following remark.

Remark 4.3. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements are
true:

(1) If X is an r-(7, 75)-F SC(Z)-compact, then X is an r-7;-FC(Z)-compact.
(2) If X is an (7, 7j)-FZ-S-closed, then X is an r-7,-FIQHC.
(3) If X is an (7, 7j)-F'S-closed, then X is an r-(r;, 7;)-FZ-S-closed.
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(4) If X is an r-(7;, 7;)-F'SC-compact (resp. 7-(7;,7;)-FSC(Z)-compact), then X is an r-(7;, 7;)-
FS-closed (resp. r-(1;, 7j)-FZI-S-closed).

(5) If Z =10, then r-(7;, 7j)-FS-closed and r-(7;, 7;)-FZ-S-closed are equivalent.

It follows from the Definition 4.1, Remark 4.3 and the fact that every r-7;-closed fuzzy set in X is
an r-(1;, 7j)-fsc set that.

r-(7;, 7;)-F SC-compact r-(7;, 7;)-FSC(Z)-compact = r-1,-FC(I)-compact

4 I 4
r-(7;,7;)-FS-closed = r-(1;,7;)-FZ-S-closed = r1,-FIQHC

Remark 4.4. The notion of r-(r;, 7;)-FSC(Z)-compactness of X is not a generalization of r-(7;, 7;)-
FSC-compactness. We show this in the next example.

Example 4.5. Let X = {a,b,c}. Define fuzzy sets A1, Ay and A3 € IX as follows:
At =agps5Vbo1Vcos, A2=agsVbogVcos, Az3=ageVboo.

Define smooth topologies 71 : X — I and 7 : IX — I as follows:

1 ifA=0,1,
1 if A=0,1, 3 if A=A, Ao, s,
AN =92 if A=A, Ao, and T(A) =43 Qif A=A VA3, A AN,
0 otherwise; % if A= X2V Az, Aa A Ag,
0 otherwise.
Define smooth ideal Z : IX — I by
1 ifA=0,
IAN) =<0 ifAx=1,
% otherwise.

Then (X, 71,72,7) is a smooth ideal bts. For r = %, {0,1, A1, A2} is the family of all 3-(71, 72)-fso sets
in X, and for any 1-(1, 72)-fsc set in X it easy to verify that (X, 71,72) is a 3-(71, 72)-F SC-compact
space. But (X,71,72,7) is not a %—(71,7'2)—FSC(I)-Compact space, as p = ag5 V bp.1 V co5 IS a %—
(1, T2)-fsc set in X. However, for any J is %—(7’1, T9)-fso set which cover p and for any finite subset Jy

of J we have,

I(pAT— \/ SCr2(as 2))) = Z(p) =

2
acJy

Theorem 4.6. Let (X, 7,72,Z) be a smooth ideal bts and r € Iy. Then the following statements are
equivalent:

(1) (X,7,72,Z) is an r-(1;, 7j)-FSC(T)-compact.

2) For any collection {uq € IX| po is r-(7i,7;)-fsc set,o € J} and every r-(7;, 7;)-fsc set p in X
H H j j p

with p ¢ A La, there exists a finite set Jo C J such that Z(p A A ST;;(tta, 7)) > 1.
acJ acdy

(3) p ¢ A o holds for every collection {yo € I*X| po is 7-(7i,7j)-fsc set,a € J} and every
acJ
r-(1;,7;)-fsc set p in X with {p A SI;;(tta,7), € J} has the Z-FIP.
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Proof. (1) = (2) Let p be an r-(;, 7j)-fsc set in X and {po € I| p1q is r-(7i,7j)-fs¢ set, o € J} be

any family with p ¢ /\ o Then p < \/ 1—p,. Foreach a € J, 1—p, is an r-(7;, 7;)-fso set. Since X is
acJ
anr-(r;, 7;)-FSC(Z ) Compact, there exists a finite set Jy C J such that Z(pA[I— \/ SCi;(1—pa,r)]) >
acdy
r. Since

Al — \/ SCii(1 = pa,m)] =pA /\ ST;;(fta, ). Thus, Z(p A /\ ST;;(fasT)) > T

acJy acdy acJy

(2) = (3) This is trivial.
(3) => (1) Let p be an r-(7;, 7j)-fsc set in X and {po € I*| po is r-(74,7;)-fs0 set,a € J} where

p < \ ta. Suppose there is no finite subfamily Jy C J, then Z(p A [1 — \/ SCij(pta,7)]) > 7. Since
acJ acJo

pA [i_ \/ Scij(ﬂaar)] =pA /\ 1 _SCw Mo, T /\ {p/\SI’L] — fha,T)}

a€cJy acJy a€cJy

the family {p A ST;;(1 — pa,7), € J} has Z-FIP. By (3), pq A (1 — p1o) implies that \/ uq < p.
acJ acJ
This is a contradiction. O

Theorem 4.7. If (X, 7, 72,Zy) is an r-(1;, 7;)-FSZy-compact, then (X, 7, 72) is an r-(7;, 7;)-FS-
closed.

Proof. Let {pio € IX| pq is v-(7i,7j)-fso set,a € J} be any family such that \/ u, = 1. Since X is
_ aeJ

an r-(7;, 7;)-F ST ;-compact, there exists a finite set Jy C J such that Z;(1 — \/ po) > 7. This means

B aEJoi

1— V pq has a finite support, implying there exists a finite set J, C J such that 1— \/ po < V pa-

acJo _ B acJo acJy
Therefore, 1 = \/ . Since for any o € J, po < SCij(fa,7). Then, 1 = \  SCij(tta, 7).
acJoUJy a€eJoUJg

Hence, X is an r-(7;, 7;)-F'S-closed. O

Definition 4.8. A smooth topological space (X,7) is called an r-FQHC if for every family {u, €

IX| 7(pe) > r,a € J} with \/ pe = 1, there exists a finite set Jy C J such that \/ Cr(ua,r) = 1.
acJ acdy

Theorem 4.9. If (X, 7, m,Zf) is an r-(7;, 7;)-F SZs-compact, then (X, 7, ) is an r-r,-FQHC.
Proof. The proof is similar to the proof of Theorem 4.7. O

Theorem 4.10. Let (X, 71,72,Z) be a smooth ideal bts and r € Iy. Then the following statements
are equivalent:

(1) (X,m,72,7) is an r-(7;, 7j)-FZ-S-closed.
(2) For any collection {ua € I| po is r-(7i,7j)-fsc set,a € Jo} with A po = 0, there exists a
acJ
finite set Jy C J such that Z( A SI;;(pa,7)) > 7.

acJy

(3) A ta # 0, holds for any collection {uo € IX| po is r-(1;,7;)-fsc set,a € Jo} such that
acJ
{S[ij(,ua,r),oz € J} has Z-FIP.

Proof. (1) <= (2) Similar to the proof of Theorem 3.14.
(1) = (3) Let {ua € IX| piq is r-(1i,7j)-f sc set, o € Jo} be any family such that {ST;; (g, 1), o €
J} has the Z-FIP. If A pio =0, then \/ 1— p, = 1. Since (X, 71,72,Z) is an r-(7;, 7;)-FZ-S-closed,
acJ acJ
there exists a finite set Jy C J such that

Z(1- \/ SCi;(1 = pa,7)) = 7.

acdy
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Since
1- \/ SCii (1= pa,r) = /\ SI;;(fta, 7). Then, Z( /\ SIij(fa, 1)) > 1

a€gJy a€Jy a€Jy

This is a contradiction.
(3) = (1) Let {ua € I*| pio is r-(7i,75)-fs0 set,a € Jo} be any family such that \/ po = 1.

acJ
Suppose there is no finite set Jo C J satisfying Z(1— \/ SCyj(pa,r)) > r. Since 1— \/ SCyj(pa,r) =
acJo acJo
A SIi;(1— i, 7), then the family {ST;;(1— o, ), € J} has I-FIP. By (3), we have A 1—pq # 0.
acdy acJ
Then \/ pq # 1. This is a contradiction.
acJ

O

Definition 4.11. A smooth bts (X, 7, 7) is called an r-(7;, 7;)-fuzzy semiregular space iff for each
r-(7i,7;)-fso set A in X and r € Iy, A = \/{v € IX| vis r-(7;,7j)-fs0 set, SC;;(v,r) = A}.

Theorem 4.12. If (X, 7, 7, 7) is an r-(7;, 7;)-F'Z-S-closed and r-(7;, 7;)-fuzzy semiregular space, then
(X,71,72,Z) is an r-(7;, 75 )-F SZ-compact.

Proof. Let {pio € IX| po is r-(7;,7;)-fs0 set,a € J} be any family with \/ pq = 1. By r-(7;, 7;)-fuzzy
semiregular of X, for each a € J, o = \ {Aai| Aoy i T-(Ti,Tj)-ng,es{Cij(Aak,T) = lq}- Hence,
Viae=V(V X)) =1 Since X isgenK;—(Ti,Tj)—FI—S—closed, there exist finite sets Jy C J and
Ky C K smch thit

71— \/ ( \/ SCii(Aay,7))) =1 for each « € Jy.

acJy akeKJO

Since,

\ SCij(Aays7) < pa-

Oé;cGKJO
This implies that,

\/ ( \/ SCij(Aays1)) < \/ o which also implies 1 — \/ po <1 — \/ ( \/ SCii(Aag,7))-

acdo ar€Ky, acdo a€do agJo ar€K g

Therefore,

I(i— \/M(X)Zz(i— \/( \/ SOZ](/\awr)))

a€cJy a€dy ar€Ky,

Thus, (X, 71,72,7) is an r-(7;, 7j)-F SZ-compact. O

5 FPS-compactness Modulo a Smooth Ideal and
Mappings

In this section we show the types of F'PS-compactness via a smooth ideal that is introduced in
Section 3 and 4 which are preserved under some types of mappings. Throughout this section let
(X,71,72,Z) and (Y, 7], 75, J) be two smooth ideal bts’s.

Theorem 5.1. Let f : (X,7,72,Z) — (Y,77,75,J) be a surjective, F P-irresolute mapping. If
(X, 71,72,T) is FPSZ-compact and Z(p) < J(f(p)) for each p € I’X, then (Y, 7, 75,J) is FPSJ-
compact.
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Proof. Let {jio € IY| po is (77, 77)-fs0 set,a € J} be any family such that \/ po, = 1. Then
acJ

V f~'(ua) = 1. Since f is FP-irresolute, then for each o € J, f~'(uq) is an r-(7;, 7;)-fso set.

acJ

By FPSZI-compactness of X, there exists a finite set Jo C J with Z(1 — \/ f~1(pa)) > 7. Since

acedy
Z(p) < J(f(p)), then for each a € Jy we have J(f(1 — \/ f~'(1a))) = 7. From the surjective of
acdy
f,wehave f(1— \ f'(ua)) =1— V pa. Thus J(1 — \ po) > r. Hence, (Y, 75,75, 7J) is an
a€Jo acJy a€Jo
FPSJ-compact. O

Theorem 5.2. Let [ : (X,71,72,Z) — (Y,7{,75,J) be a surjective, F P-irresolute mapping. If
(X,71,72,Z) is FPSC(Z)-compact and Z(p) < J(f(p)) for each p € IX, then (Y,7,75,J) is
FPSC(J)-compact.

Proof. Let p be an r- ( 7,7 )-fsc set in Y, and let {po € IY| pqo is r-(7;,77)-fso set,a € J} with
p < V fa- Then, f71(p) < V f (pa). Since f is FP-irresolute, for each o € J, f~!(ua) is an
acJ acJ
r-(7:,7j)-fso set of X and f~'(p) is an r-(7;, 7;)-fso set in X. By FPSC(ZI)-compactness in X, there
exists a finite set Jo C J, such that Z(f~1(p)A[1— \/ SCi;(f~*(pta),7)]) > r. Since f is F P-irresolute
a€cJy
mapping, then from Theorem 2.8(3), we have SCy;(f~1(\),r) < f~1(SCi;(A, 7)) for every X € IV.
Hence

ANI=\ SCi(fHpa) )] = f A=\ FHSCy(pas )]
a€edy acJo

Thus, Z(f~Y(p) A1 = V f7HSCij(ptas7))]) > r. Since Z(p) < J(f(p)). Then, for each o € Jp,

a€eJo
T )AL=V F7HSCij(pas1))])) > r. From the surjective of f,

acdy
f( ]-_ \/ f SC’Lj Mo, T ))]) = f(f_l(p/\(i_ \/ SC’ij(NouT)))) = p/\(i_ \/ SCij(/J“DuT))'
acJy acJy a€cJy

Thus, J(pA(1—  SCij(pa,r))) > r. Hence Y is an FPSC(J)-compact. O

acJdy

Theorem 5.3. Let [ : (X,71,7,Z) — (Y,7{,75,J) be a surjective, F P-irresolute mapping. If
(X, 71,72,T) is FPI-S-closed and Z(p) < J(f(p)) for each p € IX, then (Y,7},75,J) is FPJ-S-
closed.

Proof. Similar to proof of Theorem 5.2. O

In order to complete our study of the properties of F'PS-compactness via a smooth ideal under
mappings, we need now to introduce the notion of F'P-weakly semi-continuous mapping.

Definition 5.4. Let f : (X,71,72) — (Y, 7,75) be a mapping. Then f is called a FP-weakly
semi-continuous iff f=1(u) < SLi;(f~1(SCij(uy7)),7), p € IY.

Theorem 5.5. Let f : (X, 7,7,Z) — (Y, 71,75, J) be a surjective, F'P-weakly semi-continuous
mapping. If (X, 71, 7,Z) is FPSZ-compact and Z(p) < J(f(p)) for each p € IX, then (Y, 7}, 75,T)
is F'PJ-S-closed.

Proof. Let {pa € IV| po is r-(17, 75)-fso set,a € J} be any family such that \/ p, = 1. Then
acJ

V [ (pa) = 1. Since f is a FP-weakly semi-continuous, then for each a € J, f~1 (o) < SLi;(f~!

acJ

(5Ci;(pa, 7)), 7). Hence, \/Sfu( H(SCij (o 7)), m) = 1. Since {SI;; (1 (SCij(na, 7)), 7) € I, 0 €

J} is a family of r-(7;, TJ) fso sets and by F'PSZ-compactness of X, there exists a finite set Jy C J such
that Z(1— \/ ST,/ (SCys (o). 7)) > 7. Since Z(p) < T(f(p)), J(F (1~ V STy (7~ (SCys(pa. 7))

a€cJy a€Jy
,7))) > r for each a € Jy. From the surjective of f,
FA—\ SLi(f 1 (SCi(a, ™), ) = FA— \/ F7HSCy(pa7))) = \/ Cij(Ha,T

aedy a€Jy acd
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Thus, J(1— \ SCij(tta,r)) > r. Hence, Y is FPJ-S-closed. O

aedy
Theorem 5.6. The image of F'PSZ-compact set under surjective, F'P-weakly semi-continuous map-
ping such that Z(p) < J(f(p)) for each p € I, is FPJ-S-closed.

Proof. Similar to proof of Theorem 5.5. O

The following theorem shows that the image of a smooth ideal is a smooth ideal.

Theorem 5.7. Let f: (X,7) — (Y,0) be a mapping from a smooth topological space (X, 7) into a
smooth topological space (Y, ). If Z is a smooth ideal on X, then f(Z) is a smooth ideal on Y defined
as follows:

_ Vi IO) if f ) #0
v = Iz U
F@) () {0 08 G
Proof. Direct. -

Lemma 5.8. Let f: (X,7) — (¥,d) be a mapping from a smooth topological space (X, ) into a
smooth topological space (Y,d) and Z be a smooth ideal on X. If Z(v) > r, then f(Z)(f(v)) > r,
veIX.

Proof. Obvious. O

Theorem 5.9. Let f : (X, 71,72,Z) — (Y, 7], 75, f(Z)) be a surjective, F' P-irresolute mapping. If
(X,71,72,Z) is FPSZ-compact, then (Y, 75,75, f(Z)) is FPS f(Z)-compact.

Proof. Let {pio € IY| pq is r-(7;,75)-fs0 set,a € J} be any family such that \/ u, = 1. Since f is

F P-irresolute, then {f~(ua) € IX| £~ (a) is m-(7i,7j)-fs0 set,a € J} Withae\; fYua) = 1. By
hypothesis, there exists a finite set Jo C J, such that Z(1— \/ f~1(ua)) > 7. Byaiizmma 5.8 we have,
f@O)(fA -V fHua))) > r. From the surjective of f, O}E(‘%Oi V f Y pa) =1— V pa. Then,
f(oa - \/QG,LLIZ) > r. Hence, (Y, 77,75, f(Z)) is an FPSf(I)—Cori;;izt. e O

acJdy
The following theorem shows that the inverse image of a smooth ideal is a smooth ideal.

Theorem 5.10. Let f : (X,7) — (Y, 4) be a mapping from a smooth topological space (X, ) into
a smooth topological space (Y,§). If J is a smooth ideal on Y, then f~1(J) is a smooth ideal on X
defined as follows:
0 ifA=1
-1
A =
SIS {j(f()\)) for all A € IX
Proof. Direct. O

Lemma 5.11. Let f : (X,7) — (Y,4) be a surjective mapping from a smooth topological space
(X, 7) into a smooth topological space (Y,0) and let J be a smooth ideal on Y. If J(v) > r, then
FTHDS W) =7

Proof. Obvious. O

Theorem 5.12. Let f: (X, 7,72) — (Y, 71,75, J) be a bijective, F P-irresolute open mapping. If
(Y, 75, 75,J) is FPSJ-compact, then (X, 71,72, f~1(J)) is FPSf~1(J)-compact.

Proof. Let {ptoa € IX| pio is r-(7;,7;)-fso set,a € J} be any family with \/ go = 1. From the
acJ
surjective and F P-irresolute open of f we have \/ f(u) = 1, such that for each o € J, f(ia) is
acJ
an r-(7;,77)-fso set in Y. By F'PSJ-compactness of Y, there exists the finite set Jo C J such that

J1 =V f(pa)) > r. From Lemma 5.11, f~5T)(f~1(1 — V f(pa))) > 7. Since f is an injective,

a€Jy a€Jo
we have:
FHOGEA= N fa)) = TG A=V Fea)) =T0 =V (1) = T(FA =\ pa))-
acdy acJy acdy acdy
Then f~H(J)(1 - \ wa)) > r. Hence, (X, 71,72, f~1(J)) is FPSf~1(J)-compact. O

acJy
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