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Abstract — The notion of Q-fuzzy ideal in ordered I'-semiring is introduced and studied along with
some operations. Among all other results, it is shown that the set of all Q-fuzzy ideals of a I'-semiring
forms a complete lattice. They also form a zerosumfree I'-semiring under the operations of sum and
composition of Q-fuzzy ideals.
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1 Introduction

The fundamental concept of fuzzy set, introduced by Zadeh [10], provides a natural frame-work for
generalizing several basic notions of algebra . Jun and Lee [5] applied the concept of fuzzy sets to the
theory of T-rings. The notion of I'-semiring was introduced by Rao [9] as a generalization of I'-ring as
well as of semiring [3].

Majumder [8] introduced and studied the concept of Q-fuzzifcation of ideals of I'-semigroups. Akram
et al [1], Lekkoksung [6, 7] extended this concept in case of I'-semigroup and ordered semigroups [4]
and investigated some important properties.

Main object of the present paper is to define ordered I'-semiring and study its ideals using the concept
of Q)-fuzzification.

2 Preliminary

Definition 2.1. A semiring is a system consisting of a non-empty set S on which operations addition
and multiplication (denoted in the usual manner) have been defined such that (S, +) is a semigroup,
(S,+) is a semigroup and multiplication distributes over addition from either side.

A zero element of a semiring S is an element 0 such that 0-x =2-0=0and 0 +z =2+ 0 =z for
all z € S. A semiring S is zerosumfree if and only if s + s = 0 implies that s = s* = 0.

Definition 2.2. Let S and I' be two additive commutative semigroups with zero. Then S is called
a I'-semiring if there exists a mapping S x I' x S — S ( (a,a,b) — aab) satisfying the following
conditions:

(i) (a+ b)ac = aac+ bac,
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(i)
(iil) a(a+ B)b = aab + afb,
(iv) aa(bBc) = (aad)fe,

)

(v

aa(b + ¢) = aab + aac,

Osaa =0g = aalg,
(Vi) aOpb = OS = bOpa

for all a,b,c € S and for all o, 8 €T.
For simplification we write 0 instead of Og and Or.

Example 2.3. Let S be the set of all m x n matrices over Zg (the set of all non-positive integers)
and I' be the set of all n x m matrices over Zg, then S forms a I'-semiring with usual addition and
multiplication of matrices.

Definition 2.4. A left ideal I of I'-semiring S is a nonempty subset of S satisfying the following
conditions:

(i) fa,b €I thena+bel,
(ii) Ifael, se€ S and v €T then sya € I.

A right ideal of S is defined in an analogous manner and an ideal of S is a nonempty subset which is
both a left ideal and a right ideal of S.

Definition 2.5. An ordered I'-semiring is a [-semiring S equipped with a partial order < such that
the operation is monotonic and constant 0 is the least element of S.

Definition 2.6. A left (resp. right ) ideal I of S is called a left (resp. right ) ordered ideal, if for any
ac S, bel,a<bimpliesac I (ie., (I]C I). Iis called an ordered ideal of S if it is both a left and
a right ordered ideal of S.

Now we recall the example of ordered ideal from [2].

Example 2.7. Let S = ([0,1],V,-,0) where [0,1] is the unit interval, a V b = max{a,b} and a - b =
(a4+b—1)VO0 for a,b € [0,1]. Then it is easy to verify that S equipped with the usual ordering < is

an ordered semiring and I = [0, %] is an ordered ideal of S.

Definition 2.8. A fuzzy subset f of a non-empty set S is defined as a mapping from S to [0,1].

Definition 2.9. A function g from S x @ to the real closed interval [0, 1] is called Q-fuzzy subset of
S, where @) is a non-empty set.

Definition 2.10. Let u be a @Q-fuzzy subset of a set S and ¢ €[0,1]. The set
pe={(z,q) € S x Qlu(x, q) = t}
is called the level subset of u. Clearly, us C ps, whenever t > s.

Definition 2.11. The characteristic function xaxg of A x @, is the mapping of S x @ to [0, 1] defined
by
Xaxq(z,q) =1if (z,q) € AxQ
=0, if (x,9) € AxQ

Definition 2.12. The union and intersection of two Q-fuzzy subsets . and o of a set S, denoted by
wU o and pN o respectively, are defined as

(nUo)(z,q) = max{pu(z,q),0(x,q)} forallze S, ¢

(uno)(x,q) =min{p(z,q),0(x,q)} forallze S, g€ Q.
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3 Main Results

Throughout this paper unless otherwise mentioned S denotes the ordered I'-semiring.

Definition 3.1. Let x4 and v be two Q-fuzzy subsets of an ordered I'-semiring S and z, y, z € S,
v €T, g € Q. We define composition and sum of p and v as follows:

porv(r,q) = Suri{min{u(y, q),v(2,9))}}

=0, if z cannot be expressed as x < yyz

and

p+iv(z,q) = sur;{rfin{u(y, q),v(2,9)}}

=0, if x cannot be expressed as x < y + z.

Proposition 3.2. For any ()-fuzzy subset p of an ordered I'-semiring S, (xsxgo14)(x, q) > (xsx@o14) (¥, q)
(resp. (xsxq@ +11)(7,q) = (Xsx@ +11)(y,9)) Vo, y €5, ¢ € Q with z < y.

Proof. Let p be a Q-fuzzy subset of an ordered I'-semiring S and z, y € S with « < y. If y cannot be
expressed as y < y1yvys2 for y1, y2 € S and v € ' then the proof is trivial so we omit it.
Let y have such an expression. Then

(xsxqo1p)(y,q) = sup {min{xsxq¥1,q), 1(y2,9)}} = sup {u(y2,q)}
y<y1vy2 y<y1vy2

Since x < y < y17yy2, we have

(Xsxqo11)(,q) sup {min{xsxq(=1,q), u(x2,q)}}

z<T17T2
> sup {min{xsxq(y1,q), 1(y2,a)}}
z<y17Y2
= sup {u(y2,q)} = (xsxqo11)(y, @)
y<y1vy2
Similarly for z <y, we can prove that (xsxg +1 #)(z,q) > (xsxo +1 1) (¥, q). O

Definition 3.3. Let x be a non empty Q-fuzzy subset of an ordered I'-semiring S (i.e., p(z) # 0 for
some x € S). Then p is called a Q-fuzzy left ideal [resp. Q-fuzzy right ideal] of S if

(1) wz+y,q) > min{u(z,q), u(y,q)},
(i) w(zyy,q) = pu(y,q) [resp. p(ryy,q) > p(z,q)] and
(iii) = <y implies p(x,q) > u(y,q).

forall z,y € S,y €T and q € Q.
By a Q-fuzzy ideal we mean, it is both a Q-fuzzy left ideal as well as a Q-fuzzy right ideal.

Theorem 3.4. A Q-fuzzy subset p of S is a Q-fuzzy ordered ideal if and only if its level subset p,
t € [0,1] is an ordered ideal of S x Q.

Proof. We only prove the theorem only for left ordered ideal. For right ordered ideal it follows similarly.
Let p be a Q-fuzzy left ordered ideal of S. Suppose a € S and b € pu; with a < b. As p is a Q-fuzzy
left ordered ideal of S, pu(a,q) > u(b,q) >t so that a € p; i.e., s is a left ordered ideal of S x Q.
Conversely, if u; is a left ordered ideal of S x @, then p is a Q-fuzzy ideal of S. Now suppose
x,y € S with < y. We have to show that u(z,q) > u(y,q). Let p(z,q) < u(y,q). Then there exists
t1 € [0,1] such that p(z,q) < t1 < p(y,q). Then (y,q) € pt, but (x,q) € py, which is a contradiction
to the fact that u; is a left ordered ideal of S x Q.
O

Definition 3.5. Let p be a Q-fuzzy subset of an ordered I'-semiring S and a € S. We denote I, the
subset of S x ) defined as follows:

I, ={(b,q) € S x Q|u(b,q) > p(a,q)}.
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Proposition 3.6. Let S be an ordered I'-semiring and p be a Q-fuzzy right (resp. left) ideal of S.
Then I, is a right (resp. left) ideal of S x @ for every a € S.

Proof. Let p be a Q-fuzzy right ideal of S and a € S, ¢ € Q. Then I, # ¢ because (a,q) € I, for
every (a,q) € S x Q. Let (b,q), (c.q) € I, and z € 5. Since (b,q), (c,4) € L, u(b.q) > p(a ) and
u(c,q) = pla, q). Now

p(b+c,q) > min{u(b, q), p(c, q)}[ . p is a Q-fuzzy right ideal]
= p(a, q).

which implies (b+ ¢, q) € I,.
Also p(byz,q) > p(b,q) > pla,q) ie. (byz,q) € L.
Let (b,q) € I, and S 3 < b. Then pu(z,q) > u(b,q) > pla,q) = (x,q) € I,.
Thus I, is a right ideal of S x Q.
Similarly, we can prove the result for left ideal also. O

Proposition 3.7. Intersection of a non-empty collection of Q-fuzzy right (resp. left) ideals is also a
Q-fuzzy right (resp. left) ideal of S.

Proof. Let {p; : i € I'} be a non-empty family of Q-fuzzy right ideals of S and z,y € S,y €T, ¢ € Q.
Then
eilw+y.0) = inf{ui(e +y,0)} > inf{min{pi(z, ), pi(y, 0)}}
iel
= min{infpi(, q), infpui(y, )} = min{(Vui(w, ), (Yi(y, )}
il iel
Again
(Vri@r9,0) = inf{ps(@ry, @)} = inf{pus(@, @)} = (il a).
icl el
Suppose z < y. Then u;(z,q) > pi(y, q) for all ¢ € I which implies ﬂui(x, q) > ﬂui(y,q).
iel il
Hence ﬂlh‘ is a Q-fuzzy right ideal of S.
i€l
Similarly, we can prove the result for Q-fuzzy left ideal also. O

Proposition 3.8. Let {y; : ¢ € I} be a family of Q-fuzzy ideals of S such that p; C p; or p; C p, for
i,7 € I. Then 'UI,uZ- is a Q-fuzzy ideal of S.
[4S]

Proof. The proof follows by routine verification. O

Definition 3.9. Let f be a function from a set X to a set Y; u be a Q-fuzzy subset of X and o be a
Q-fuzzy subset of Y.
Then image of p under f, denoted by f(u), is a Q-fuzzy subset of Y defined by

sup p(z, q) if 7 (y) # ¢
F()(y,q) = w€f~1(y)

0 otherwise
The pre-image of o under f, symbolized by f~1(o), is a Q-fuzzy subset of X defined by

o) (,q) = o(f(x),q) Yz € X,

Proposition 3.10. Let f : R — S be a morphism of ordered I'-semirings i.e. I'-semiring homomor-
phism satisfying additional condition a < b= f(a) < f(b). Then if ¢ is a Q-fuzzy left ideal of S, then
f~1(¢) is also a Q-fuzzy left ideal of R.
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Proof. Let f: R — S be a morphism of ordered I'-semirings and ¢ is a Q-fuzzy left ideal of S and

e, yel.
Now f~(¢)(0r,q) = $(0s,9) > ¢(x, q) # 0 for some 2’ € S.
Therefore f~1(¢) is non-empty.
Now, for any r,s € R

FHUOr +5,9) = o(f(r+5),9) = o(f(r) + f(s),9)
> min{¢(f ( ), ), ¢(f(s),9)}
= min{(f~"(¢))(r,9), (f 7 (¢))(s,)}-

Again
(fFH N (rys.a) = ¢(f(rys),q) = (f(r)7f(s),a) = &(f(s),a) = (F'(¢))(5,9)-
Also if r < s, then f(r) < f(s). Then
(FH@)(r ) = o(f(r),q) = ¢(f(s),a) = (F(9))(s,9)-
Thus f~1(¢) is a Q-fuzzy left ideal of R. O

Definition 3.11. Let p and v be Q-fuzzy subsets of X. The cartesian product of p and v is defined
by (1 x v)((x,y), ) = min{u(z, @), ¥(y, q)} for all 2,y € X and q € Q.

Theorem 3.12. Let p and v be fuzzy left ideals of an ordered I'-semiring S. Then p x v is a Q-fuzzy
left ideal of S x S.

Proof. Let (z1,22), (y1,y2) € S xS, v €T and g € Q. Then

(1w x v)((z1,72) + (¥1,92), 9)
= (pxv)((z1 +y1, 72 + Y2),9)
= min{u(z1 +y1,9),v(z2 + y2,9)}

> min{min{u(x1,q), u(y1, )}, min{v(zz, q), v(y2 )}}
= min{min{p(z1,q), v(z2,q)}, min{p(y1, q), v(ya, q) }
= min{(p x v)((z1,22), ), (1 X v)((y1,92), 0)}

and

(nx v)(x1,22)7(y1,92),0) = (p x v)((z17Y1, 227Y2), )
(x17y1,9), v(T27Y2, )}
> min{u(y1,q),v(y2,9)}
= (1 xv)((y1,92), 9)-

Also if (x1,22) < (y1,¥2), then

(nx v)((z1,22),q) = min{u(wl,q), V($2ﬂQ)} > min{ﬂ(y17Q)7V(y27Q)}'

Therefore p X v is a Q-fuzzy left ideal of S x S. O

Proposition 3.13. For any three Q-fuzzy subset u1, pa, pg of an ordered I'-semiring S, p101 (2 +1
p3) = (p101p2) +1 (p1o1p43)-

Proof. Let p1, pe, ps be any three fuzzy subset of an ordered I'-semiring S and x € S, y €T, g € Q.
Then
(n1o1(pz +1 p3))(@, q)

= miupz{min{m(y, Q), (p2 +1 p3)(2,9) }}

= sup (min{p(9.0)._sup {min{pa(a ). sl 0)} )

— sup fin{sup{min{e (5,0, 42 e, )1}, sup{mmingn (4, ), s (b, ) 1)
< wsgﬁiﬁgb{(uloluz)(yw +q); (1o1p3) (yvb, @) }}

< ((po1p2) +1 (p101p3)) (7, ).
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Also

((p101p2) +1 (p101123)) (2, q)
= sup{min{(p10142)(21,4), (p101113)(22,9) }}

r<z1+2

= sup{min{ sup {min{p(c1,q),p2(dr,q)}},  sup  {min{ui(cs, q), p3(d2, g)}}}}

z<zi+ze T1<c1m1dy z2<c2y2d2

< sup{min{ui(e1 + c2,q),sup{min  {u2(d1,q), p3(d2,q)}}}}
x<zi+z2<civyidi+cayada<(ci+c2)y(di+d2)

< supd{min{m(c7 q), (2 +1 p3)(d, q)}}

z<cy

= (101 (p2 +1 p13)) (2, q).
Therefore 101 (p +1 p3) = (H101p2) +1 (H101143). O

Theorem 3.14. If uy, ps be any two Q-fuzzy ideals of an ordered I'-semiring S, then p; +1 po is also
SO.

Proof. Assume that py, po are any two fuzzy ideals of an ordered I'-semiring S and z, y € S, v € T,
q € Q. Then

(1 +1p2)(x+y,q) = sup {min{pi(c,q), p2(d, q)}}
z+y<c+d

> sup{min{p (a1 + az,q), u2(b1 + b2,q)} }
z+y<(a1+b1)+(az+bz)=(a1+az2)+(b1+b2)

> sup{min{p (a1, q), p1(az,q), p2(b1,q), p2(b2,q)}}

= min{sup{min{:u‘l (alv Q)a M2 (bla q)}}a sup{min{ul (G’Q’ q)? MQ(b27 Q)}}}
z<a1+by y<az+b2

= min{ (1 +1 p2)(2,q), (11 +1 p2)(y, )}

Now assume pq, po are as Q-fuzzy right ideals and we have

(1 41 p2)(xvy,q) = sup  {min{pi(c,q), p2(d, q)}}
zyy<c+d
> sup{min {p1(z17y,q), po(z2vy,q)}}
zyy<(z1+w2)YY
> sup {min{u(21,q), pa(w2,q)}}
<z +T2

= (p1 +1 p2)(z, q).

Similarly assuming 1, pe are as fuzzy left ideal, we can show that

(11 +1 p2) 27y, @) = (11 +1 p2) (Y, 9)-
Now suppose < y. Then pq(z) > pi(y) and po(x) > ua(y).

(t1 +1 p2)(z,q) = sup {min{p(w1,q), p2(z2,q)}}

z<x1+22

> sup{min {1 (y1,9), p2(y2,9)}}
r<y<yi+y2

= sup {min{p1(y1,q), p2(y2,9)}}

y<yi1t+y2

= (p1 +1 p2)(y, Q)-
Hence p1 +1 po is a Q-fuzzy ideal of S. O

Theorem 3.15. If 111, pe be any two Q-fuzzy ideals an ordered I'-semiring S, then w01 ps is also so.

Proof. Let pu1, pz be any two Q-fuzzy ideals of an ordered I'-semiring S and x, y € S, vy € I, ¢ € Q.
Then

(mo1p2)(r +y,q) = S d{min{ul(aq)vuz(d&)}}

> sup{min{u1(c1 + ¢2,q), po(di +da, q)}}
r4y<cividi+caveda<(ci4c2)y(di+d2)

> sup{min{u1(c1,q), p1(ce, q), u2(di, q), p2(d2, q) } }

Z min{sup{min{ﬂl (Ch Q)» H2 (d17 q)}}7 Sup{min{,ul (027 q)7 M2 (d2u q)}}}
z<c1v1d1 y<cav2d2

= min{(p101p2)(2), (m101112) () }-
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Now assume p1, po are as @Q-fuzzy right ideals and we have

(mo1p2)(zyy) = sup {min{:(c, q), u2(d, q) }}
zyy<cyd
> sup{min  {ui(z1,q), pa(x2v2y,9)}}
zyy<(z17172)72Y
> sup {min{:ul(xlv )MQ(:L.2’ )}}
r<T171T2

= (p1o1p2) (7, q).-

Similarly assuming p;, pe are as @Q-fuzzy left ideal, we can show that (ujorpe)(zvyy,q) >

(m101p2) (Y q)-
Now suppose z < y. Then p(z) > p1(y) and ps(z) > pa(y).

(moip2)(x,q) = sup {min{ui(z1,q), p2(z2,9)}}

T<T1YT2
> sup{min {x1(y1,9), p2(y2,9)}}
z<y<y17y2

= sup {min{p1(y1,9), p2(y2,9)}}
y<y17y2

= (u10112)(y, q)-
Hence py01p2 is a Q-fuzzy ideal of S. O

Theorem 3.16. The set of all Q-fuzzy left ideals of S form a complete lattice.

Proof. Suppose the set of all Q-fuzzy left ideals of S is denoted by FLI(S).

Now, for uy,pus € FLI(S), define a relation < such that p; < ps if and only if py(x,q) < pa(z, q) for
all z € S, ¢ € Q. Then FLI(S) is a poset with respect to the relation <.

Now, for every pair of elements say pi,pus of FLI(S), we see that uy + po is the least upper bound
and p1 N po is the greatest lower bound of p; and pe. Thus FLI(S) is a lattice.

Suppose 1 is a fuzzy subset of S such that ¥(x,q) =1 for all z € S, ¢ € Q. Then ¢ € FLI(S) and
for all u € FLI(S), p(x,q) < 9(x,q) for all z € S, ¢ € Q. So, v is the greatest element of FLI(S).
Let {p; : i € I} be a non-empty family of Q-fuzzy left ideals of S. Then Z_Ql,ui € FLI(S). Also it is

the greatest lower bound of {u; : i € I}.
Hence FLI(S) is a complete lattice. O

Definition 3.17. Let pu be a Q-fuzzy subset of X and « € [0,1- sup{u(z,q) : x € X, ¢ € Q}], B € [0,1].
The mappings pL : X — [0,1], uf\f : X —[0,1] and ug[g : X — [0, 1] are called a Q-fuzzy translation,
Q-fuzzy multiplication and Q-fuzzy magnified translation of u respectively if ul (z,q) = u(z,q) + a,
uh (z,q) = Bz, q) and 'l (z,q) = B.u(z,q) + o forallz € X, g € Q.

Theorem 3.18. Let u be a Q-fuzzy subset of S and « € [0,1- sup{p(z) : z € X}], 5 € (0,1]. Then
is a @Q-fuzzy left ideal of S if and only if ,ug{g, the Q-fuzzy magnified translation of p, is also a Q-fuzzy
left ideal of S.

Proof. Suppose p is a Q-fuzzy left ideal of S. Let z,y € S, vy €T, ¢ € Q. Then

pya (@ +y,q) =Bz +y,q +a

> B.min{u(z,q), 1u(y, q)} +

= min{B.u(z,q), B.p(y,q)} + @

= min{f.u(z,q) + o, B.u(y, q) + o}

= min{pf (2, q), uila (v, )}
and

i (@yy) = B.u(@vy, ) + a > B.u(y, q) + o = p'a (v, q).

Therefore uM T"is a Q-fuzzy left ideal of S.
Conversely, suppose ug/lg is a Q-fuzzy left ideal of S. Then for x,y € S, v €T, g € Q,

pi' (x4 y, q) > min{pdT (x, q), py'L (y,9)}

= B.u(r +y, Q)+a>mm{ﬁu(ﬂcﬂ)+a7ﬁu(y7 q) +a}
= B.u(z +y,q) +a > min{B.u(z,q), ﬁu(y Q)}+a

= B.u(z +y,q) > B.-min{u(z, q), pu(y
= u( +y,q) > min{u(z,q), u(y ,q)}
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and
u T (xvy, ) > pi (v, )
= B.u(evy.q) +a > 8. Wy, q) +a
= @y, q) > uy, q)-
Hence p is a Q-fuzzy left ideal of S. O

Corollary 3.19. Let p be a Q-fuzzy subset of S and « € [0,1- sup{p(z) : z € X, ¢ € Q}], 8 € (0,1].
Then the following are equivalent

(i) pis a Q-fuzzy left ideal of S
(i) ul, the Q-fuzzy translation of y, is a Q-fuzzy left ideal of S
(iii) ,uﬁ , the Q-fuzzy multiplication of u, is a Q-fuzzy left ideal of S.

Definition 3.20. A Q-fuzzy left ideal p of an ordered I'-semiring S, is said to be normal Q-fuzzy left
ideal if there exists ¢ € S, ¢ € @,such that u(z,q) = 1.

Proposition 3.21. Given a @Q-fuzzy left ideal p of an ordered I'-semiring S, let uy be a Q-fuzzy set
in S obtained by p4(z,q) = p(x,q) + 1 — u(0,q) for all z € S, ¢ € Q. Then u, is a normal Q-fuzzy
left ideal of S, which contains .

Proof. For all z,y € Sy €T, g€ Q, we have 14 (0,q) = 1(0,9) + 1 — p(0,9) = 1. Now,
(0

pr(r+y,q) =plz+y,q)+1—p(0,q)
> min{yu(x, q), u(y,q)} +1 — p(0,q)
= min{{u(z, q)+1— 1(0,9)}, {p (y q) +1—p(0,9)}}
= min{p4 (v), p+(y)}

and
pa(yy, @) = pleyy, q) + 1 — p(0,q) > p(y,q) +1 = p(0,9) = py(y,q).
Suppose z < y. Then

w(x, q) = p(y,q) = p(w,q) +1 = w(0,9) = ply,q) + 1 = p(0,q) = pi(x) 2 pi(y).
Therefore, py is a normal Q-fuzzy left ideal of S and from definition of p4, p C py. O

Let NQ(S) denote the set of all normal Q-fuzzy left ideals of S. Then NQ(S) is a poset under
inclusion.

Theorem 3.22. Let u € NQ(S) be non-constant such that it is a maximal element of (N Q(S), C).
Then p takes only two values 0 and 1.

Proof. Since p is normal, we have p(0,q9) = 1. Let zo(# 0) € S with p(zo,q) ;é 1. We claim that
(o, q) = 0. If not, then 0 < pu(wo) < 1. Define on S a Q-fuzzy set v by v(z,q) = 3[u(z, q) + p(zo, q)]
for all x € S,q € Q. Then v is well-defined and for all z,y € S, v € " and ¢ € @ we have

= %[ w(x +y,q) + p(zo, q)]

> 5[minfu(z, q), pu(y, q)] + p(xo, q)]

= min[3 [u(z, q)+u(wo, ), 51y, @) + w(zo, 9)]]
= min[v(z, q), v(y, q)]

v(z+y,q)

and

S (E79,0) + (0, 0)) 2 S l,0) + (w0,0)] = v(y,0).

Hence v is a Q-fuzzy left ideal of S. Hence by Proposition 3.21, v is a normal Q-fuzzy left ideal of
S. Now,

vi(w,q) = v(z,q) +1-v(0,9) = §u(z,q) + p(zo, 9)] + 1 = 5[0, 9) + p(xo,q)] = Flp(z) + 1]......(1)

In particular, v4(0,¢) = 3[u(0,¢) +1] = 1 and vy (z0,9) = 3[u(x0, q) + 1]--....(2).
From (1) we see that v is non-constant as u is non-constant. From (2) we see that u(xo, ¢) < vy (o, q).
This violates the maximality of u and so we get a contradiction. This completes the proof. O

v(zvy,q) =
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Theorem 3.23. Let S be an ordered I'-semiring. Then set of all Q-fuzzy ideals of S (in short F1(S))
is zerosumfree I'-semiring with infinite element 1 under the operations of sum and composition of
Q-fuzzy ideals of S.

Proof. Clearly ¢ € FI(S). Suppose 1, pi2, i3 to be three Q-fuzzy ideals of S. Then

(i) p1 41 p2 € FI(S),

(il) pror1pg € FI(S),

(i) p1 41 p2 = po +1 1,

(iv) ¢ 41 p1 = pa,

(V) w1 +1 (p2 +1 p3) = (1 +1 p2) +1 ps,

(vi) pro1(pgo1p3) = (p101p2)01 13,

(vil) pro1(pe +1 p3) = (pro1p2) +1 (H101p3),

(viii) (p2 +1 ps)orpn = (p201p1) +1 (H301401)-

Also ¢ +1 1 = p1 +1 ¢ = .
Thus FI(S) is a I'-semiring under the operations of sum and composition of Q-fuzzy ideals of S.
Now 1 C 1+ py for uy € FI(S). Also

(141 p)(z,q) = sup {min{l(y,q),u(z,q)}:y,2€ S8, g€ Q} <1=1(z,q) forallz € S5, g € Q.
r<y+z

Therefore 1 4+7 g1 € 1 and hence 1 +7 p1 = 1 for all p; € FI(S).
Thus 1 is an infinite element of FI(S5).
Next let H1 +1 o = ¢ for M1, to € FI(S)
Then g1 C pg 41 po = ¢ C 1 and so pp = ¢.
Similarly, it can be shown that pus = ¢.
Hence the I'-semiring FI(S) is zerosumfree. O
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