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Abstract — In this paper, we define a supra topology obtained as an associated structure on a supra
topological space (X, 7) induced by an ideal on X. Such a supra topology is studied in certain detail
as to some of it is basic properties.

Keywords — Ideals, Local function, Supra topology, Supra topological space.

1 Introduction

The concept of ideal in topological space was first introduced by Kuratowski [4] and Vaidyanat-
hswamy[9]. They also have defined local function in ideal topological space. Further Hamlett and
Jankovic [2] studied the properties of ideal topological spaces and they have introduced another op-
erator called U- operator. They have also obtained a new topology from original ideal topological
space. Using the local function, they defined a Kuratowski Closure operator in new topological space.
Further, they showed that interior operator of the new topological space can be obtained by ¥ - oper-
ator. In [7], the authors introduced two operators ()** and 1, in supra topological space. Mashhour
et al[6] introduced the notion of supra topological space. El-Sheikh [1] studied the properties of supra
topological space and he introduced the notion of supra closure operator which is generated a supra
topological space. In this paper, we introduced a new supra topology from old via ideal. Further we
have discussed the properties of this supra topology.

2 Preliminary

Definition 2.1. [6] Let X be a nonempty set. A class T of subsets of X is said to be a supra topology
on X if it satisfies the following axioms:-
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1. X,0er.

2. The arbitrary union of members of T is in T.

The members of 7 are then called supra-open sets(s-open, for short). The pair (X,7) is called
a supra topological space. A subset A of a topological space (X, 7) is called a supra-closed set(s-
closed, for short) if its complement A€ is an s-open set. The family of all s-closed sets is denoted by
T¢={F:F°er}
Definition 2.2. [6] Let (X, 7) be a supra topological space and A C X. Then

1. Scl(A)=n{F € 7¢: AC F} is called the supra-closure of A € P(X).

2. Sint;(A) =U{M €7 : M C A} is called the supra-interior of A € P(X).
Definition 2.3. [6] Let (X, 7) be a supra topological space and x € X be an arbitrary point. A set
M C X is called a supra-neighborhood (s-nbd, for short)of x if x € M € 7. The family of all s-

neighborhood of x is denoted by T(x) = {M C X : x € M € 7}. We write M, stands for the s-nbd of
x.

Theorem 2.1. [6] Let (X, 7) be a supra topological space and A C X. Then
(a) z e Scl (A) & M, NA#$VYM, € 7(x).
(b) [Sint,(A°)]c = Scl.(A).

Definition 2.4. [6] Let 11 and 1o be two supra topologies on a set X such that 71 C 1o. Then we say
that 7o is stronger (finer) than 7 or Ty is weaker (coarser) than To.

Definition 2.5. [6] Let (X, 7) be a supra topological space and 8 C 7. Then (3 is called a base for the
supra topology T (s-base, for short) if every s-open set M € T is a union of members of 3.

Equivalently, 0 is a supra-base for T if for any point p belonging to a s-open set M, there exists B € 3
withp € B C M.

Definition 2.6. [6] A mapping ¢ : P(X) — P(X) is said to be a supra closure operator if it satisfies
the following axioms:

1. c(¢) = ¢,

2. ACc(A) YAe P(X),

3. ¢(A)Ue(B) Cc(AUB) VA Be P(X).

4. c(c(A)) =c(A) V A e P(X). 7idempotent condition”,

Theorem 2.2. [6] Let X be a nonempty set and let the mapping ¢ : P(X) — P(X) be a supra closure
operator. Then
the collection

T={GC X :¢(G°) =G}

18 a supra topology on X induced by the supra closure operator c.

Definition 2.7. [7] Let (X, T) be a supra topological space with an ideal T on X. Then
A (D) ={reX: M, NA¢T YM, € 7(x)}, VA € P(X)

is called the supra-local function(s-local function, for short) of A with respect to I and T (here and
henceforth also, A*" stands for A*"(T)).

Theorem 2.3. [7] Let (X, 7) be a supra topological space with ideals T and J on X and let A and B
be two subsets of X. Then

1. ¢* = ¢.
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2. ACB= A" C B¥,

ICT= A (J)C A (D),

A*" = Scl.(A*) C Scl.(A),

(A7) c A,

AT UB” C(AUB)*,

(ANB)* C A nB*

Mcr=MNA" =Mn(MNA* C(MnA?*,
HeI= (AUH)* = A" =(A\H)*".

© X NS S

3 New Supra Topologies From Old via Ideals

In this section, we generate a supra topology obtained as an associated structure on a supra topological
space (X, 7), induced by an ideal on X. Such a supra topology is studied in certain details as to some
of its basic properties.

Lemma 3.1. Let (X, 7) be a supra topological space, A C X and Z be an ideal on X. Then

Mer, MNAcTI=MnNA* =¢.

Proof. Letx € MNA* .Thenxz € M, x € A* = M, NA¢IYM, € 7(x). Sincex € M € T, then
MNnAgZ 1

Lemma 3.2. Let (X, 7) be a supra topological space and T be an ideal on X. Then

(AUA*)* C A VA € P(X).

Proof. Letx ¢ A*". Then there exists M, € T(x) such that My NA € T = M, NA* =¢ (By Lemma
3.1). Hence, My N(AUA") = (M, NA)U (M, NA*) = M, NA €I Therefore, z & (AUA*)*.
Hence, (AUA*)* C A, &

Theorem 3.1. Let (X, 1) be a supra topological space and T be an ideal on X. Then the operator
i : P(X) — P(X)
defined by
i (A) = AU A* VA € P(X),
18 a supra closure operator and hence it generates a supra topology
™(Z) = {A € P(X) : clt (A°) = A°}

which is finer than 7.
When there is no ambiguity we will write cl** for clf and 7 for 7*(I).

Proof. (i) By Theorem 2.3, ¢*" = ¢, we have cl* (¢) = ¢
(ii) Clear that, A C cI*" (A) VA € P(X).

(iii) Let A,B € P(X). Then, cI* (A)Ucl* (B) = (AUA*)U(BU B*) =(AuB)U (A= UB*) C
(AUB)U (AU B)* = cl* (AU B) (by using Theorem 2.3). Hence, cI*" (A) Ucl* (B) C cl* (AU B).

(iv) Let A € P(X). Since, by (ii), A C cl* (A), then cI* (A) C cl* (cI*"(A)). On the other hand,
cl* (¥ (A) = cl* (AUAT) = (AUAT)U(AUA) CAUAT UA =cl* (A)( by Lemma 3.2),
it follows that cl*" (cI*" (A)) C cl* (A). Hence cl* (cI* (A)) = cl* (A). Consequently, cl*" is a supra
closure operator. Also, it is easy to show that the collection 7*(Z) = {A € P(X) : cl* (A°) = A%} is a
supra topology on X which is called the supra topology induced by the supra closure operator.

Neat, from Theorem 2.3(4) we have A*" C Scl,(A) = AU A* C AUScl,(A) = Scl.(A) = cI* (A) C
Sclr(A). Hence T C (7).
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Example 3.1. Let (X,7) be a supra topological space. If T = {¢}, then 7 = 7*(Z). In fact, if
x € Scl(A), then, (by Theorem 2.1(a)), M, NA # ¢VM, € 7(x) = M, NAE {9} =T VM, € 7(z) =
r€ A =x € AUAY =cl* (A). Hence Scl(A) C cl* (A), but, by Theorem 3.1 , cI*" (A) C Scl,(A).
Hence cl* (A) = Scl, (A) VA € P(X). Consequently, T = 7*(T) = 7*({¢}). B

Theorem 3.2. Let (X, 1) be a supra topological space and let Iy, o be two ideals on X. Then
If 7y C Ty, then 7"(Z1) C 7*(Z2).

Proof. Let M € 7*(Z1). Then cl}j(Mc) = M° = M°® = M°¢U M (I) = M (I) C M°® =
M (Ip) € M¢ (by Theorem 2.3) implies M¢ = M¢UM®* (Iy) = cls, (M¢) = M¢ = M € 7*(Z,). &
Theorem 3.3. Let (X, 1) be a supra topological space and let T be an ideal on X. Then

(1) HeI= H°e(2).

(2) A =c* (A)VA € P(X), i.e. A* is a 7*(T)-closed VA € P(X).

Proof. (1) In Theorem 2.3(9), put A= ¢ = H* = $pVH € T. Hence cI* (H)=HU$=H = H® €
T*(Z) i.e. H is a 7(T)-closed VH € T.

(2) From Theorem 2.3(5), we have (A*")* C A* = A" = A" U (A*")* = cl* (A*). Hence A* s
a 7*(Z)-closed. A

Lemma 3.3. Let (X,7) be a supra topological space and I be an ideal on X. Then
F is a 7*-closed if and only if F** C F.

Proof. Straightforward. B
Theorem 3.4. Let (X,71) and (X, 72) be two supra topological spaces and T be an ideal on X. Then
T1 - To = A*S(I7T2) - A*S(I,Tl).

Proof. Let x € A" (I,73), then My,NA & TVM, € m(z) = M, NA¢IVYM, € 1y(x) = x €
A*(Z,7). Hence, A* (I,75) C A* (Z,7,). B

Corollary 3.1. Let (X, 71) and (X, 72) be two supra topological spaces and I be an ideal on X. Then
n C =) Cc(I).
Proof. It follows from Theorem 3.4. B
Theorem 3.5. Let (X, 1) be a supra topological space and T be an ideal on X. Then the collection
B(Z,7r)={M—-H:Mer,HeT}
is a base for the supra topology 7*(Z).

Proof. Let M € 7 and x € M. Then M® is a T*-closed so that cI*" (M) = M€, and hence
M C M¢(by Lemma 3.3). Then x & M and so there exists V € 7(x) such that V N M€ € T.
Putting H = VN M®, thenx ¢ H and H € I. Thusz € V\H =V NH*=Vn{V NM) =
VNnVeuM)=VNMCM. Hence, xt € V\H C M, where V\H € B(Z,7). Hence M is the union
of sets in B(Z,T).

Note that, T* is a supra topology, so it is not closed under finite intersection, thus, we need only to
prove that M € T is a union of sets in (Z,7) as done above. B

Theorem 3.6. For any ideal on a supra topological space (X, T), we have

TCB(Z, )T
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Proof. Let M € 7. Then M = M\¢ € B(Z,7). Hence 7 C B(Z,7). Now, let G € B(Z,7), then
there exists M € 7 and H € T such that G = M\H. Then, cI* (G¢) = cI* (M\H)® = (M\H)® U
(M\H))*" = (MCUH)U(M¢UH)*". But, H € T, then, by Theorem 2.3(9), (M°UH)*" = M and
so, cI* (M\H)¢ = MCUHUM®*" C M°UH (by Lemma 3.3). Hence cl*" (M\H)¢ C M°UH = (M\H)®,
but (M\H)¢ C cI* (M\H)¢. Hence cI* (M\H)¢ = (M\H)®. Therefore, G = M\H € 7*. Hence
B(Z,7) C7*. Consequently, r C S(Z,7) C7*. N

Corollary 3.2. Let (X,7) be a supra topological space and T be an ideal on X. Then
If T ={¢}, thenT=0(Z,7) =71".

Proof. It follows from Example 3.1 and Theorem 3.6 .

*

Theorem 3.7. Let (X, 7) be a supra topological space and I be an ideal on X. Then, 7" = 7*.

Proof. From Theorem 3.1, we have 7" C 7**. Now, let N € 7**, then N can be written as
N = Uaea(My N HS) such that My € 7% and Ho € T Vo € A. But, My = Ujes(Ma,; N HE))
where My, € 7 and H,; € Z, then

N =Uqea(MENHE)

- UQGA[UJ'GJ(MQJ. n Hg]) n Hg]

= UaEA[UJEJ(Maj N (H&] N Hé))]

= UaEA[UJEJ(MOéj N (Haj U Ha)c)}

putting So; = Hqo, U Hy, then

N = UaEA[UjGJ(Maj N S&J)]

Since Hyo,, Ho(= Ho, U Hy) € I, then So, € I, also Uje My, € 7, it follows that Uje yMa,; N ng €
B(Z, 7). Consequently, N € 7*. W '
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