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Abstract — The main purpose of this paper is to study some interesting properties of the soft mapping
n : S(U)e — S(U)e which satisfy the condition nFg c nFp whenever Fg € Fp c Fg. A new class of
generalized soft open sets, called soft m-open sets is introduced and studied their basic properties. A soft set
Fe < Fgz is said to be a soft m-open set iff Fg € nFs. The notions of soft interior and soft closure are
generalized using these sets. We then introduce the concepts of soft w-interior i.Fg, soft n-closure c,Fg, soft
n*Fg of a soft set Fg < Fg. Under suitable conditions on =, the soft w-interior i,Fg and the soft n-closure c,Fg
of a soft set Fg < Fg are easily obtained by explicit formulas. The soft u-semi-open sets, soft p-pre-open sets,
soft p-a-open sets and soft p-p-open sets for a given Soft Generalized Topological Space (Fg, 1) can be
obtained from soft m-open sets which are important for further research on soft generalized topology.
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1 Introduction

The concept of soft set theory was introduced by Molodtsov [19] in 1999 as a mathematical
tool for modeling uncertainties. Molodtsov successfully applied the soft set theory in
several directions such as game theory, probability, Perron and Riemann Integration, theory
of measurements [20]. Maji et al [17] and Naim Cagman et al. [5] have further modified
the theory of soft sets which is similar to that of Molodtsov. After the introduction of the
notion of soft sets, several researchers improved this concept. Cagman [6] presented the
soft matrix theory and set up the maximum decision making method. D. Pei and D Miao
[21] showed that soft sets are a class of special information systems. Babitha and Sunil [4]
studied the soft set relation and discussed some related concepts. Kharal et al. [16]
introduced soft functions over classes of soft sets. The notion of soft ideal is initiated for
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the first time by Kandil et al. [13]. Feng et al. [9] worked on soft semi rings, soft ideals and
idealistic soft semi rings.

It is known that topology is an important area of mathematics, with many applications in
the domain of computer science and physical sciences. Topological structure of soft sets
was also studied by many researchers. Shabir and Naz [22] and Cagman [7] initiated the
study of soft topology and soft topological spaces independently. Shabir and Naz defined
soft topology on the collection of soft sets over an initial universe with a fixed set of
parameters. On the other hand, Cagman et al. [7] introduced soft topology on a soft set and
defined soft topological space. The notion of soft topology by Cagman is more general than
that by Shabir and Naz. B Ahmad and S Hussain [1] explored the structures of soft
topology using soft points. Weak forms of soft open sets were first studied by Chen [8]. He
investigated soft semi-open sets in soft topological spaces and studied some properties of it.
Arockiarani and Lancy [3] are defined soft -open sets and continued to study weak forms
of soft open sets in soft topological space. Akdag and Ozkan [2], defined soft a-open and
soft a-closed sets in soft topological spaces and studied many important results and some
properties of it. Soft pre-open sets were introduced by [3]. Kandil et al. [14] introduced a
unification of some types of different kinds of subsets of soft topological spaces using the
notion of y-operations. Kandil et al. [15] generalize this unification of types of different
kinds of subsets of soft topological spaces using the notion of y-oprations to supra
topological spaces. Soft generalized topology is relatively new and promising domain
which can lead to the development of new mathematical models and innovative approaches
that will significantly contribute to the solution of complex problems in engineering and
environment. Jyothis and Sunil [10] introduced the notion of soft generalized topology
(SGT) on a soft set and studied basic concepts of soft generalized topological spaces
(SGTS). It is showed that a soft generalized topological space gives a parameterized family
of generalized topological space. They also define and discuss the properties of soft
generalized separation axioms which are important for further research on soft topology
[12]. Jyothis and Sunil [11] introduced the concept of soft p-compactness in soft
generalized topological spaces as a generalization of compact spaces.

This paper is organized as follows. In section 2, we begin with the basic definitions and
important results related to soft set theory which are useful for subsequent sections. In
section 3, the definitions and basic theorems of soft generalized topology on an initial soft
set are given. Finally in section 4, we study some interesting properties of the soft mapping
7 : S(U)g — S(U)e which satisfy the condition nFg € nFp whenever Fg € Fp € Fz. We
introduce the concept of soft m-open sets and study their basic properties. The most
important special cases are obtained if p is a SGT, i, and ¢, denote the soft p-interior and
soft p-closure respectively, and @ = cyul,, @ = i€y, T = 1,Cul, and m = c,iyCy. The
corresponding soft m-open sets are called the soft pu-semi-open sets, soft p-pre-open sets,
soft p-a-open sets and soft pu-p-open sets. Under suitable conditions on 7, the soft w-interior
i.:Fc and the soft m-closure c,Fg of a soft set Fg — Fg are easily obtained by explicit
formulas.

2 Preliminaries
In this section we recall some definitions and results defined and discussed in [5, 10, 11,

16]. Throughout this paper U denotes the initial universe, E denotes the set of all possible
parameters, P(U) is the power set of U and A is a nonempty subset of E.
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Definition 2.1. A soft set F, on the universe U is defined by the set of ordered pairs
Fao = {(e,fa(e)) / e € E,fao(e) € P(U)}, where f, : E - P(U) such that f(e) = @ ife &
A. Here f4 is called an approximate function of the soft set F,. The value of f5(e) may be
arbitrary. Some of them may be empty, some may have nonempty intersection. The set of
all soft sets over U with E as the parameter set will be denoted by S(U)g or simply S(U).

Definition 2.2. Let F4 € S(U). If f5(e) = @ for all e € E, then Fy is called an empty soft
set, denoted by Fy. fa(e) = @ means that there is no element in U related to the parameter e
in E. Therefore we do not display such elements in the soft sets as it is meaningless to
consider such parameters.

Definition 2.3. Let F, € S(U). If f5(e) = U for all e € A, then F, is called an A-universal
soft set, denoted by Fz. If A = E, then the A-universal soft set is called an universal soft set,
denoted by Fg.

Definition 2.4. Let F», Fg € S(U). Then Fy is a soft subset of F, (or F4 is a soft superset of
Fg), denoted by Fg € Fy, if fg(e) € fo(e), foralle € E.

Definition 2.5. Let Fy, Fg € S(U). Then Fg and Fj, are soft equal, denoted by Fg = F,, if
fg(e) = fao(e), foralle € E.

Definition 2.6. Let F5, Fg € S(U). Then, the soft union of F, and Fg, denoted by F, U Fg,
is defined by the approximate function fy g(e) = fa(e) U fg(e).

Definition 2.7. Let F,,Fg € S(U). Then, the soft intersection of F, and Fg, denoted by
Fp N Fg, is defined by the approximate function fy,g(e) = fa(e) N fg(e).

Definition 2.8. Let Fp,Fg € S(U). Then, the soft difference of F, and Fg, denoted by
Fa \ Fg, is defined by the approximate function fy\g(e) = fa(e) \ fg(e).

Definition 2.9. Let F, € S(U). Then, the soft complement of F,, denoted by (F,)¢, is
defined by the approximate function fac(e) = (fo(e))€, where (fo(e))€ is the complement
of the set fo(e), that is, (fa(e))¢ = U \ fa(e) foralle € E.

Cleary ((Fa))¢ = Fa, (Fp)¢ = Fg, and (Fg)© = Fp.

Definition 2.10. Let Fy€ S(U). The soft power set of F,, denoted by P(F,), is defined by
P(Fp) = {Fa; / Fa, S Fai€] S N}

Theorem 2.11. Let Fy, Fg, Fc € S(U). Then,

(1) FAoU Fy= Fa.
(2) Faon Fy= Fa.
(3) FAU FQ) = FA-
(4) FAﬂ FQ) = F@.
5) FaU Fg = Fg.
(6) Fan Fgz = F,.
(7)  FaU (Fp)* =
(8) Fan (FA) = Fo.
(9) FpU Fg = Fg U F,.
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(10) FA N FB = FB N FA'

(11) (FaU Fp)° = (Fa)°n (Fp)“.

(12) (Fan Fp) = (Fa)°U (Fp)“.

(13) (FA V) FB) V) FC = FA U (FB U Fc)
(14) (FA N FB) N FC = FA N (FB N Fc)

Definition 2.12. [16] Let S(U)e and S(V)k be the families of all soft sets over U and V,
respectively. Let ¢ : U — V and x : E — K be two mappings. The soft mapping

@y S(U)e — S(V)k
is defined as:

(1) Let F5 be a soft set in S(U)e. The image of F, under the soft mapping ¢, is the soft
set over V, denoted by ¢, (F,) and is defined by

= Ueex-twna (P(fA(e)); ifx '(k) N A = @;
ex() 0 { ?, otherwise

forall k e K.

(2) Let Gg be a soft set in S(V)k. The inverse image of Gg under the soft mapping ¢, is
the soft set over U, denoted by cpx‘l(GB) and is defined by

- _ (0 (gs(x(®)), ifx(e) €B;
Px H(ge)(e) = { 2, ’ otherwise

forall e € E.

The soft mapping ¢, is called injective, if ¢ and y are injective. The soft mapping ¢, is
called surjective, if ¢ and x are surjective.

The soft mapping from S(U)e to itself is denoted by ¢: S(U)e — S(U)e

Definition 2.13. Let @,: S(U)e — S(V)k and 145 S(V)k — S(W)., then the soft
composition of the soft mappings ¢, and t,, denoted by t; o ¢,, is defined by 75 0 @, =
(T Y (p)(c ox)"

3 Soft Generalized Topological Spaces

Definition 3.1. [10] Let F, € S(U). A Soft Generalized Topology (SGT) on F4, denoted by
wor ug, is a collection of soft subsets of F, having the following properties:

(DFs e
(2) Any soft union of members of p belongs to p.
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The pair (F4, p) is called a Soft Generalized Topological Space (SGTS)
Observe that F, € p must not hold.

Definition 3.2. [10] A soft generalized topology p on F, is said to be strong if F, € p.

Definition 3.3. [10] Let (F4, u) be a SGTS. Then, every element of p is called a soft u—
open set.

Definition 3.4. [10] Let (F,, 1) be a SGTS and Fg € F4. Then the collection pg, = {Fp N
Fg / Fp € u} is called a Subspace Soft Generalized Topology (SSGT) on Fg. The pair
(Fg, ugg) is called a Soft Generalized Topological Subspace (SGTSS) of F.

Definition 3.5. [10] Let (F4, ) be a SGTS and Fg € F,. Then the soft p-interior of Fg
denoted by i, (Fg) is defined as the soft union of all soft p-open subsets of Fg.
Note that i,, (Fg) is the largest soft p-open set that is contained in Fpg.

Theorem 3.6. [10] Let (Fa, 1) bea SGTS and Fg € F,. Then Fg is a soft p-open set if and
only if Fg =i, (Fg).

Theorem 3.7. [10] Let (F4, ) be a SGTS and Fg, Fy € F4. Then

(1) ip(ip(FG)) = iu(FG)

(2) Fg € Fy = i,,(Fg) € i, (Fn)

(3) iu(Fg) Niy(Fy) 2 iy (Fg N Fy)
(4) iu(Fg) Viy(Fy) € iy (Fg U Fy)
(5) iu(Fg) € Fq.

Definition 3.8. [10] Let (Fa, 1) be a SGTS and Fg € F4. Then Fp is said to be a soft p-
closed set if its soft complement (Fp)€ is a soft p-open set.

Theorem 3.9. [10] Let (Fa, 1) be a SGTS and Fg € F4. Then the following conditions
hold:

(1) The universal soft set Fz is soft p—closed.
(2) Arbitrary soft intersections of the soft p—closed sets are soft p—closed.

Definition 3.10. [10] Let (Fa, n) be a SGTS and Fg € F4. Then the soft p-closure of Fg,
denoted by c,(Fg) is defined as the soft intersection of all soft p-closed super sets of Fg.
Note that c,, (Fp) is the smallest soft p-closed superset of Fg.

Theorem 3.11. [10] Let (F4, ) be a SGTS and Fg € F,. Fg is a soft p-closed set if and
only if Fg = ¢, (Fg).

Theorem 3.12. [10] Let (Fa, 1) be a SGTS and Fg € Fa. Then i, (Fg) € Fg < ¢, (Fp)
Theorem 3.13. [10] Let (Fp, 1) be a SGTS and Fg, Fy € F4. Then

(1) cp(cu(Fe)) = cu(Fe)
(2) Fg € Fy = cu(Fg) € cu(Fu)

(3) Cp.(FG) n Cp.(FH) = Cu(FG n FH)
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(4) Cu(FG) U Cu(FH) c CM(FG U FH)

4 Soft m-Open Sets

Consider the soft mapping n : S(U)e — S(U)g possessing the property of monotony, i.e, Fg
c Fp imply nFg c nFp. We denote the collection of all soft mapping having this property
by II. Consider the following conditions for a soft mapping n € I, Fg € Fg

(IT0) =Fp =Fgp

(IT1) =Fg=Fg

(I2) n°Fg=nnFg=nFg

(H3) FB C 7nFp,

(I14) =Fg C Feg,

(I15) n°Fg C nFg,

Example 4.1. The soft identity mapping id: S(U)e — S(U)e € (110), (I11), (I12), (I13), (I14).
Let (Fg, p) be a SGTS and i, : S(U)e — S(U)e and ¢, : S(U)e — S(U)e be the soft p-interior
and soft p-closure operators respectively. If © = i, then n € (I10), (I12), (I14). If = = c,, then
n € (IT1), (I12), (I13).

Definition 4.2. A soft set Fg C Fg is said to be a soft m-open set iff Fg c nFg.

Example 4.3. The following are some examples of soft 7-open sets:

Fg is always soft m-open for any n € I1

Fz is soft m-open iff © € (I11)

Every soft set of the form nFg is soft m-open if © € (I12)

Every soft subset of Fy is soft m-open if & € (T13)
If & € (I14), then Fg is soft m-open iff Fg = nFg

SARESI A

Note: Let (Fg, p) be a SGTS. Then Fg is soft i,-open (i.e, if n =1,) iff Fg € i,Fe. Buti,Fg
Fe. Thus Fg is soft i,-open iff F¢ = i,Fg iff Fg is soft p-open by theorem 3.6. Hence soft i,-
open set coincides with the soft p-open sets.

Theorem 4.4. Any soft union of soft =—open sets is soft =—open.

Proof. Let {Fg;}je; be a collection of soft n-open sets. i.e, Fgj € nFg; V j € J. Let Fg = Uje
FBj. Now FBj c Fg imply T[FBj c nFg Vj € J. Therefore Fg = UjEJ FBJ‘ (e UjEJ TEFBJ' c nFg.
I.e, Fg € ©Fg. Hence Fg is soft n-open. m

Theorem 4.5. The collection of all soft n-open sets is a SGT.

Theorem 4.6. If pis a SGT on Fg, then there is a soft mapping «t € (I10), (I12), (IT4) such
that p 1s the collection of all soft t-open sets.
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Proof. Define nFg to be the soft union of all Fy € p satisfying Fy € Fg. Then clearly nFg €
p and nFg € Fg, nFp = Fg. Now Fy € p = nFy = Fy D Fy so that the elements of p are soft
n-open, while Fg € nFg = nFg = Fg and Fg € p. Finally nFg € p = nnFg = nFc.m

Definition 4.7. Let Fg © F¢. The soft union of all soft n-open subsets of the soft set Fg is
called the soft m-interior of Fg, and is denoted by i,Fs.

Theorem 4.8. The soft set i,Fg is the largest soft m-open subset of Fg.

Note: Let (Fg, ) be a SGTS and suppose © = i, then the soft set i;,Fg is the largest soft i,-
open subset of Fg. Since soft i,-open sets are soft p-open sets, i,Fg is the largest soft p-
open subset of Fg. Hence i, = i,..

Theorem 4.9. For any n € 1 and Fg C Fg,

i) izFo = Fo

i) i-Fg = izi:Fg

iii) i.Fg € Fg, and

iv) i.Fg = Fg iff nFg = Fg

i.e, iz € (I10), (T12) and (I14) for any = € IT; i, € (I11) iff & € (I11)
Conversely if « € (I10), (I12)and (I14), then 7t = i,.

Proof. First show that i, possess the property of monotony. Suppose Fc € Fy. By definition
of i, and by theorem 4.8, i,Fc © Fg and iFy © Fy. izFy is the largest soft n-open subset of
Fu. Hence i,Fc < i,Fy. Clearly i,Fg = Fo. i.e, i, € (I10). By definition 4.7, i,Fg € F¢ for any
Fc € Fg. i.e, ip € (I14). By theorem 4.8, i,F¢ is soft = —open, so i(i.Fc) = largest soft n-
open subset of i,Fg = i,Fc. 1.6, i, € (I12). Again i,Fp = largest soft n-open subset of Fi = Fg
& Fp is a soft m-open set & = € (I11).

Conversely, assume that © € (T10), (I12) and (I14). © € (I12) = n(nFg) = nFs = nFg is soft
n-open. ©t € (IT4) = nFs € Fg for any Fg © F. Therefore nFg is a soft m-open subset of Fe.
Next if Fy c Fg is soft m-open, then Fy c nFy < nFs. So nFg = largest soft n-open subset
of Fe. Hence i, = n.m

Theorem 4.10. A soft set Fg is soft i-open iff Fg = iF¢ iff Fg is soft m-open.

Proof. i, possess the property of monotony. i.e, if Fg © Fy, then i;Fc c iFy. Also i,Fc c
Fe for any Fe © Fg. Now Fg is soft i-open iff Fg € iFg iff Fg = i,Fg iff Fg is soft m-open
by theorem 4.8.m

Definition 4.11. A soft set Fg c Fg is soft n-closed iff its soft complement (Fg)© is soft m-
open.

Note: 1) Since Fg is always soft m-open, Fy is always soft n-closed, for any © € I1
2) Fg is soft m-closed iff Fg is soft m-open iff © € (T11)
3) If © € (I13), every soft subset of Fy is soft n-closed.

Theorem 4.12. Any soft intersection of soft n-closed sets is soft n-closed.
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Proof. Suppose {Fgj}jes be a collection of soft n-closed sets. Then {(Fg;j)}je; is a collection
of soft m-open sets. By theorem 4.4, Uje;(Fg))© is soft m-open = (NjesFg;j)° is soft m-open =
NjesFg;j is soft m-closed. m

Theorem 4.13. Let & be the collection of all soft m-closed sets. Then the following
conditions hold.

1. The universal soft set Fz € &.
2. Arbitrary soft intersection of members of & belongs to &.

Definition 4.14. The soft intersection of all soft n-closed supersets of Fg is called the soft
n-closure of Fg and is denoted by c,Fc.

Theorem 4.15. The soft set c,Fg is the smallest soft n-closed super set of Fg.

Note: Let (Fz, ) be a SGTS and if = = iy, then Fg is soft i,-closed set & (Fg)° is soft i,-
open & (Fg)° is soft p-open < Fg is soft p-closed. Hence soft i,-closed sets coincides with
the soft p-closed ones and ¢;, = ¢,

Definition 4.16. For any n € Il and F c Fg, n*Fg = [n(Fg) ] .
Theorem 4.17. For any 7 € II, the following conditions hold:

n* € I, (n*)* = n, ® € (I10) & =n* € (I11), = € (I11) & n* € (110), = € (I12) & =* € (I12),
n € (I13) & n* € (I14), (ix)* = C;.

Proof . Assume that «t € I1, i.e, if Fg € Fy, then nFg € nFy. Now Fg € Fy = (Fg)° D (Fr)°
= 1(Fg)® D m(Fu)" = (n(Fg)?)® © (n(FR)°)° = n*Fg € n*Fy. Hence n* € II. n*Fg =
(n(Fo)°)°. = (n%)* Fg = [1*(F&)°]° = [(nFo)°]° =nFs. Hence (1*)* = 7. 7 € (I10) & nFyp = Fy
S @Fp)' =Fg© nFr)) =FgonFg=Fgon* € (Ill).n € (IIl) © nF; = Fg ©
(nFg)° = Fg © (n(Fy)°)° = Fp © n*Fp = Fp & * € (110). 7 € (I12) & n(n(Fo)°) = n(Fo)° &
[n(n(Fs))]° = [n(F)]° © [n(n*Fg)|°= n*Fg © n*(n*Fg) = n*Fg & n* € (I12). n € (T13)
& (Fe)° © n(Fe)* & Fg o (n(Fe))® & Fe o n*Fg & n* € (114). (in)*Fs = (ix(Fe)°)". By
theorem 4.8, i,(Fg)° is the largest soft m-open subset of (Fg)°. Hence its soft complement
coincides with the smallest soft m-closed super set of Fg. i.e, (i.)*Fg = c:Fg for any Fg c
Fe. Hence (i,)* =c..m

Theorem 4.18. Let (Fg, 1) be a SGTS. Then (i,)* = Cy..
Proof. Take n =i, and since i;, = i, the proof follows from theorem 4.17.m
Theorem 4.19. A soft set Fg c Fy is soft n*-closed & nFg c Fe.

Proof. Fg is soft n*-closed < (Fg)° is soft m*-open & (Fg)° € n*(Fs)° © (Fg)° € (nFg)° ©
nFg C FG.I

Theorem 4.20. For any = € I1, ¢, € (I11), (I12), (TI13); ¢, € (110) iff = € (IT1). Conversely, if
TE (Hl)a (Hz)a (H3)a then nt = Cr*.

Proof. Assume that Fc € Fy © Fg. By theorem 4.15, c,Fy is the smallest soft n-closed
super set of Fy. But Fy D Fg. -~ ¢ Fy is a soft m-closed super set of Fs. Again by theorem
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4.15, c,Fg is the smallest soft n-closed super set of Fg. Hence ¢,Fy O ¢:Fc = ¢, € I1. Since
Fg is a soft n-closed set, ¢c.F¢ = Fg = ¢, € (I11). By theorem 4.15, c,Fg is soft n-closed for
any Fe c Fg. Therefore c,(c:Fg) = c.Fc = ¢, € (I12). By theorem 4.15, c,F¢ is the smallest
soft m-closed super set of Fg, c;Fc D Fg = ¢, € (I13). ¢:Fp = Fp & Fy is soft n-closed set
& Fy 1s soft m-open set © Fg = nFg. Hence ¢, € (I10) iff & € (I11).

Conversely, assume that & € (I11), (I12), (I13). Since © € (I12), n(nFc) = nFc = nFg is soft
n*-closed by theorem 4.19. Since © € (I13), nF¢ is soft n*-closed super set of Fg, for any
Fec € Fg. If Fy D Fg is a soft m*-closed set, then by theorem 4.19, nFy, < Fy, so Fy D nFy ©
nFc D Fe. i.e, nFg is the smallest soft m*-closed super set of Fg. Hence 7= c,+.m

Theorem 4.21. Any soft set Fg is soft i,-closed iff Fg = c;Fg iff Fg is soft m-closed.

Proof. By theorem 4.9, i, € I1. By theorem 4.17 and 4.19, Fg is soft i,-closed < Fg is soft
((i)*)*-closed & Fg is soft (c;)*-closed & c,Fc € Fg © c,Fg = Fg © Fg is soft n-closed
by theorem 4.15.m

Theorem 4.22. If m;y, mp € I1, mom; € I1. If my and w, € (110), (I11), (I13), (I14), then mom; €
(I10), (IT1), (T13), (I14) and (momy)* = wo*my ™.

Suppose the soft mappings 6, ¢ € (I12). We will consider the soft mappings 7 that are the
products of factors 0 or 6. Only the products of alternating factors 0, o need be taken into
consideration.

Theorem 4.23. If 0, o € (I12), 6cF¢ € oFg, 6cFs € 606Fg, and 6Fs € 60F¢ for any Fg C
Fz. Then m € (I12) if m is a product of alternating factors 6 and o.

Proof. Clearly n € II by theorem 4.22. Since 6cFg C oFg, 06(0Fs) c o(0Fg) and hence
0000(Fg) € 60Fg. Again since Oc6Fg € oFg and OFg € 60Fg, OFg € 60Fc = 00Fg € 060F¢
= 0Fg c 060Fg = o0Fg c 6006Fs. Hence 6060 = 60 = 60 € (I12). Since OcFg € oFg =
60cFg € ooFg = o6cFg € oFg = 0600Fs € OoFs. Again OcFg € o0cFs = 00cFg C
060cFs = O0oFg € 06c0cFs. Hence 060 = 66 = 0o € (I12). Further, since 6666 = 0o,
(060)(660) = (00666)0 = 060 = 050 € (I12). (600)(c00) =6(6c06) = o8 = oo € (112).
(6600)(0606) = (00)(00) = 00600 € (I12). (6850)(c000) = 6(0605)(050) = 6(65)(0c0) =
0(0600)0 = 6(06)0 = 6006 € (I12). Again any alternating products of k > 5 factors is equal
to another such product of (k — 2) factor and the statement holds for it.m

Theorem 4.24. If 6 € (I12), (I14) and ¢ € (I12), (I13), then ® € (I12) if @ is any product of
the factors 6 and o.

Proof. If 0 € (I12), (I14) and ¢ € (I12), (I13), then 6cF¢ C oFg, O6cF € 60cFG, and 6Fg C
o0F for any Fg c F. The proof follows from theorem 4.23.

Note: Let (Fg, 1) be a SGTS. Clearly the soft mappings 6 = i, € (I12), (I14) and 6 = ¢, €
(I12), (T13), so by theorem 4.24 any product of factor i, and c, is idempotent. In particular
1.CulCy = 1€y and ¢, i,Cy iy = Cydy, SO that any product of this kind is equal to one of the
mappings iy, Cy, 1,Cy, Culy, 14Cply, CplyCy.

Theorem 4.25. Let (Fg, ) be a SGTS. Then the soft mappings iy, Cy, 1uCy, Cply, 1,Culy, CuluCy
are all belong to (I12).
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Proof. Take m; = iy, and m; =C,,, where i,Fg be the soft p-interior of the soft set Fg and c,Fg
be the soft p-closure of the soft set Fg w.r. t. the SGT p. Clearly the soft mappings m1 =i, €
(I12), (T14) and 7, = ¢, (I12), (I13). So by theorem 4.24, the soft mappings iy, Cy, 1,Cy, Cyiy,
1,Culy, CulyCy are all belong to (I12)m

Definition 4.26. Let (Fg, 1) be a SGTS. Then a soft set Fg < Fy is said to be a soft u-semi-
open set iff Fg c c,i Fg (i.e, the case when & = c,i,). The class of all soft pu-semi-open sets
is denoted by 6y or Jy.

Definition 4.27. Let (Fg, w) be a SGTS. Then a soft set Fg < F is said to be a soft p-pre-
open set iff Fg < i,c,Fg (i.e, the case when m = i,C,). The class of all soft p-pre-open sets is
denoted by p( or py.

Definition 4.28. Let (Fg, n) be a SGTS. Then a soft set Fg < Fg is said to be a soft p-o-
open set iff Fg < i,C,i,Fg (i.e, the case when & = i,C,i,). The class of all soft p-a-open set is
denoted by a or o,.

Definition 4.29. Let (Fg, u) be a SGTS. Then a soft set Fg  Fg is said to be a soft p-p-
open sets iff Fg c c,i.C.Fg (i.e, the case when m = c,i,C,). The class of all soft u-p-open set
is denoted by By, or P,.

Example 4.30. Let U = {h;, hy, h3}, E = {e1, 2} and p = {Fgp, Fa, F5} where Fa = {(e1,
{hs}), (e2, {1})}. Then (Fg, p) is a SGTS. The Soft set Fg = {(e1, {h1, h3}), (e2, {M1})} isa
soft u-semi-open sets

Example 4.31. Let U = {hy, hy, h3}, E = {ey, €2} and p = {Fg, Fg, Fz} where Fg = {(e1, {h1,
h2}), (€2, {h1, hs})}. Then (Fg, p) is a SGTS. The Soft sets Fg = {(e1, {hz, hs}), (e2, {h2})},
Fu ={(e1, {h1, h3}), (e2, {h2})} are soft p-pre-open sets

Example 4.32. Let U = {h;, hy, hs}, E = {e1, €2} and p = {Fp, Fp, Fi} where Fp = {(es,
{h1}), (e2, {h2})}. Then (Fg, p) is a SGTS. The Soft set Fg = {(e1, {h1, h2}), (e2, {h2})} is a
soft p-a-open sets

Example 4.33. Let U = {hy, hy, hs, ha}, E = {e1} and p = {Fg, Fp, Fo, Fr, Fs, Fi} where Fp
={(es, {ha})}, Fo = {(e1, {hi})}, Fr = {(e1, {h1, ha})}, Fs = {(e1, {h1, hs, ha})}. Then (Fe, W)
isa SGTS. The Soft set Fg = {(e1, {hs, ha})} is a soft u-B-open sets

Theorem 4.34. Let (Fg, u) be a SGTS. Then §,, py, o, and Py are SGT’s.

Proof. Follows from theorem 4.5.m

Now consider the soft mappings © € (I15)

Theorem 4.35. If nt € I1, then every soft m-open set is soft n"~open and nFg © n"Fg forn €
N.

Proof. Suppose Fg is soft t-open. Then Fg < nFg. Now Fg € nFg = n"Fg < ™'F¢ = Fg
c nFg c n'"F¢ = Fg is soft n"—open.m

Theorem 4.36. If © € (I15), then 1"'Fg c mFg and soft m-open sets and soft n”—open sets
coincide, n € N.
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Proof. Suppose © € (I15), then n°F¢ © nFg =n™"'Fs c n"Fg and n"Fg < nFe. Hence by
theorem 4.35, nFg = n"Fg. Threfore soft m-open sets and soft n"—open sets coincide. m

Theorem 4.37. If 0, o € (I15) satisfies O6Fg € oFg, then any product of factors 6 and o
belong to (I15). If both 6 and 6 occur among the factors of a product of this kind, then

(1) soft 6n'c-open = soft Bc-0pen

(2) soft 6n'6-open = soft 6c0-open

(3) soft on’6-0pen = soft c-open

(4) soft on'c-open = soft c0c-open
The converse implication is true if no factor 6 is immediately followed by another such
factor.

Proof. Since 0, ¢ € (I15), by theorem 4.36, we have 0"Fg € 0Fg and 6"Fg © oFg forn € N
and since OFg C oFg, (06)"Fs € 6"Fg C oFg. = 0"0"Fg c 00"Fg < 0°0"F¢ < 00" Fg c
0"Fe. Hence © € (T15) if = = 0". Suppose m is a product of factors 6 and o, containing
atleast one factor . Then m can be written in the form miom,, where m; and m, (may be
empty) are products of factors 0 and 6. Then nnFg = momymonyFe. Since 0"Fg C 0Fg, 6"Fg
c oFg and (06)"Fg c oFg, in the product omymio, each group of factors 6° can be replaced
by 0, each group of factors 6% can be replaced by o, and then (0c)" can be replaced by o.
Therefore mnFg = momymon,Fe € moonFg € monFs = nFs. Hence © € (I15).

Consider (1). Suppose Fg is soft 6n'c-open, where n’ is any product of both the factors 0
and . Then Fg € 0n'cFg, Now consider the product 6x'c, by theorem 4.36, each group of
factors 0P can be replaced by 0 and each group of factors 6" can be replaced by 6, so we can
write O'cFg € (06)"Fe. - Fe € 0n'cFg € (06)"Fg = 006(06)"'F¢ C 006" Fg € 06"Fg C
OoF for a suitable n € N. Hence Fg is soft 65-open. Conversely suppose that Fg is soft 6c-
open and no factor 0 is followed by another one in = = 6n'c. Then Fg € OcFg = Fg C
(00)"Fg by theorem 4.35, where m is the number of the factors o in the product . Apply
the condition O6Fg C oFg repeatedly, then it is easy to show that (0c)"Fg < 0n'cFg. Hence
Fg is soft O'c-open.

Consider (2). Suppose Fg is soft O'0-open, where n’ is any product of both the factors 6
and o. Then Fg € 0n'0F . By theorem 4.36, we can write On'0Fg C (OG)kGFG. Since (06)"Fg
C OoFg, (Oc)kGFG C 000Fg. Hence Fg c 060Fg = Fg is soft 860-open. Conversely assume
that Fg is soft 660-open and no factor 6 is followed by another one in m = 6n'0. Then Fg
060F; = (06)0Fs C (06)'0060Fs C (05)0c0Fs = (Ba)*'F; for j € N. i.e, Fg © 060FG
(06)™0F¢ and as above 060Fg  (00)"0Fc C 0n'0F¢ by the repeated application of the
condition OcFg © oFs. Hence Fg is soft Oa'0-open.

Consider (3). Suppose Fg is soft on'6-open, where n’ is any product of both the factors 6
and . Then Fg € on'0Fg. Since (06)"Fg © 06Fg and 60 € (I15), we can write on'0Fg C
(60)Fg = 6(06) 0Fg C o(06)0Fg C 6OF for some k € N. Hence Fg c 60Fg = Fg is soft
oB-open. Conversely assume that Fg is soft 66-open and no factor 0 is followed by another
one in © = on'. Then Fg € 60Fg = Fg < (c0)"Fg, by theorem 4.35. Since OcFg c oFg, it
is easy to show that (60)"F¢ € on’0Fs. Hence Fg € on'0Fg = Fg is soft on'0-open.

Consider (4). Suppose Fg is soft on'c-open, then Fg C on'cFg. Since (68)Fg c 60Fg, we
can write on'cFg C (GG)kGFG c o0cF¢. Thus Fg € on'cFg = Fg € 606Fg = Fg is soft
oBo-open. Conversely assume that Fg is soft 60c-open and no factor 0 is followed by
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another one in n = on'c. Then Fg € 60cFg = (Ge)jGFG ( (GO)jGGGGFG (- (GO)jGOGFG =
(06)‘+10Fg. Hence o0cFg C (ce)m'lch. Since OcFg © oFg, it is easy to show that (c0)™
1GFG c on'cFs. Hence Fg € on'cFg = Fg is soft on'c-open.m

Theorem 4.38. If 6 € (I14) and ¢ € (I15) then the statements of theorem 4.37 are valid,
moreover, soft 660—-open < (soft Oc-open and soft c6—-open) = (soft 6c-open or soft 60-
open) = soft c0c-0pen = soft c-open.

Proof. If 6 € (I14), then 6Fg c Fg = 00Fg € 0Fg = 0 € (I15) and also 6cFg © oFs. Now
the hypotheses of theorem 4.37 are fulfilled. Further, 66(0Fg) < 6cFg and 6(c0Fg) € 60Fg;
I.e Fg is soft B60—0open = Fg € 000Fg < OcFg and Fg € 060Fg < 60Fg = Fg is both soft
fc-open and soft o—open. Conversely assume that Fg is both soft 6c-open and soft c0-
open. Then Fg € OcFg and Fg € 66Fg = Fg € 66Fg N 60Fg = Fg < OcFg € 06(c0Fg) ©
000Fc = Fg is soft Oo0—open. Again, Fg is soft 6c-open or soft 606-open = Fg < OcFg or
Fc € 66Fg = Fg < 6600F or Fg © o008Fg respectively. Hence Fg € o8cFg by 6 € (114)
= Fg is soft 60c-open. And Fg is soft 0c-open = Fg € 60cFg € 6Fg by 0 € (I14) and 6 €
(ITS) = Fg is soft c-open.m

Note: Let (Fg, p) be a SGTS. Then we can say that a soft set Fg is soft i,c.i,—open iff it is
both soft i,c,—open and soft c,i,—open.

Theorem 4.39. If « € (I15) and Fg is soft n-open then ¢ «Fg = nFg.

Proof. Since n € (I15), mnFg C nFg = nF is soft n*-closed by theorem 4.19. If Fy D Fg is
soft n*-closed, then Fy D nFy D nFgs. Hence nFg O Fg is the smallest soft w*-closed super
set of Fg. Hence ¢c«Fg = nFc.m

Theorem 4.40. For any © € IT and Fg c Fg, we have i Fg € Fg N nFg.

Proof. Suppose Fy c Fg is soft m-open. Then Fy c nFy c nFg so that Fy © Fg N nFG.
Hence iFc € Fc N nFc.m

Theorem 4.41. Let (Fg, ) be a SGTS and if © = ¢,i, or @ = i,C,, then i;Fg = Fg N nF¢ for
any Fc c Fg.

Proof. Clearly i,F¢ c c,iF¢ for Fg c Fg and i,F¢ © cuiFe = i, Fe € i,C,iFe = i,FeC
iCulyFg. Therefore i,Fe € Fe N cyi Fe and iFe © Fe N i,cyi Fe. Hence iiFe < iy(Fe N
CuquG) and iuquG C ip(FG N iHCHiHFG)' ie, iH Fc c iu(FG N CHiHFg) and quG C iu(FG N
I.CuiuFg). Therefore c,iFc < cuiu(Fe N cuiyFe) and iyc,iFe < iyc,in(Fe N iucuiFe). Hence
Fe N CuquG c Cuiu(FG N CHiHFg) and Fe N iu CuquG C iHCHiH(FG N iHCHiHFG)' ie, Fec N kg
n(FgN nFg) for m = ¢ iy or @ = 1,C,,. i.e, Fg N nFg is soft m-open for m = c,i, or ® = 1,Cy,.
Thus Fg N nFs < iFg in these two cases. But by theorem 4.40, i.F¢ € Fc N nFs. Hence
I.F¢ = Fg N nFg for m = cyi, or = 1,Cyi,. M

Theorem 4.42. For n € Il and Fg c Fg, i,Fg = Fg N nFg for Fg © Fg is true iff c,Fg = Fg U
T[*FG.

Proof. Suppose i;Fg = Fg N nFg is true. Then by theorem 4.17, ¢;Fg = (ix)*Fc = [ix(Fe)]° =
[(Fe)® N m(Fe)]® = Fg U [m(Fe)]® = Fg U n*Fg. Conversely, suppose that c.Fg = Fg U
n*Fe. Then inFG = (Cn)*FG = [Cn(Fg)C]C = [FGC V) T[*(FG)C]C =Fg N [TI:*(Fg)C]C = Fg N wFg, by
theorem 4.17.m
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Theorem 4.43. Let (Fg, p) be a SGTS. Then cFg = Fg U n*Fg is true if m = c,i, or m =
1.Cplp.

Proof. The proof follows from theorem 4.41 and 4.42.

Conclusion

In the present work, we mainly study some interesting properties of the soft mapping =« :
S(U)e — S(U)g which satisfy the condition nFg © nFp whenever Fg ¢ Fp < Fg. The
concept of soft m-open set is introduced and established some of their properties. The
notions of soft interior and soft closure are generalized using these sets and under suitable
conditions on 7, the soft w-interior i.Fg and the soft n-closure c,Fg of a soft set Fg < Fy are
easily obtained by explicit formulas. We expect that results in this paper will be a basis for
applications of soft m-open sets in soft set theory and will promote the further study on soft
generalized topology to carry out general frame work for the applications in practical life.
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