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Abstract — In this paper, we used new fractional derivative definition, the conformable fractional derivative,
for solving two and three dimensional time fractional wave equation. This definition is simple and very
effective in the solution procedures of the fractional differential equations that have complicated solutions
with classical fractional derivative definitions like Caputo, Riemann-Liouville and etc. The results show that
conformable fractional derivative definition is usable and convenient for the solution of higher dimensional
fractional differential equations.
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1 Introduction

Fractional differential equations sometimes called as extraordinary differential equations
because of their nature and easily find in various fields of applied sciences [1-8]. So the
scientific and engineering problems which involve fractional calculus are very large and
still very effective. In recent years, scientists have proposed many efficient and powerful
methods to obtain exact or numerical solutions of fractional differential equations [9-10].

In addition to this, many researchers have been trying to form a new definition of fractional
derivative. Most of these definitions include integral form for fractional derivatives. Two of
these definitions which are most popular:

i Riemann-Liouville definition:

If nis a positive integer and e[n—1,n), « derivative of f is given by
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1 d”j- f(X)

o (f)(t):r(n—a) at ) t—x

ii.  Caputo definition:

If nis a positive integer and « < [n -1, n) ,a derivative of f is given by

t (n)
Dg(f)(t)zr 1 )J ™ (x)

X.
(n —a (t _ X)a7n+1

In [11] R.Khalil and et al. give a new definition of fractional derivative called
“conformable fractional derivative”.

Definition 1.1. Let f:[0,00)—>[ be a function. «"order “conformable fractional
derivative” of f is defined by

e ft+ett) - (1)
T, (F){®) =1im "

for all t>0, 2 e(0,1). If fis «-differentiable in some (0,a), a>0, and Iirg] £ (t)
t—0*

exists, then define f(“(0) = lim f@(t).
t—0"

This new definition satisfies the properties which are given in the following theorem [11].

Theorem 1.1. Let o €(0,1]and f, g be «—differentiable at point t>0. Then
a) T(cf+dg)=cT (f)+dT (g),forall a,bell,
by T, (t°)=pt"“ forall pell,
¢) T,(4)=0 forall constant functions f(t)=A1,
d) T,(fg)=fT,(g)+9T,(f),
0 Ta(jjnga(g)—sza(f),
g g
f) If, in addition to f is differentiable, thenT_(f)(t) =t %

2 Time Fractional Wave Equation in Rectangular Domain

In this section we investigate the solution of two dimensional wave equation with
conformable fractional derivative,

ooy

6% o°u  ,(o°u ou
ot* ot”

J,O<x<a,0<y<b,t>0 1)
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in the rectangular domain D={(x,y):0<x<a, 0<y<b,x,yel}, which describes
vibrating membrane or plate with the conditions

u(0,y,t) =u(a,y,t) =u(x,0,t) =u(x,b,t) =0 (@)
u(x,y,0) =f(x,y);0<x<a, 0<y<b 3
u(x,y,0)=9(x,y);0<x<a,0<y<b @)

where O<a <1.

Let u(x,y,t)=P(X)Q(y)R(t). Then taking necessary derivatives in equation (1) and
dividing all sides by x*P(X)Q(y)R(t) we have,

1 §“¢°R_1 &P 1 &Q

= + =—u". 4
R 57 ot P(X) o Q(y) oy @
If we handle the right side of the equation we get,
1 0°P 1 &
: 20 ©)

P(X) & Q(y) &y?

For O<x<a the right side and for O<y<b the left side of the equation (5) does not
change. So we obtain,

1 0°P 1 ¢°Q , 2
= — 1P =-9 6
P() XX Q(y) &y ©

where 9 is separation constant. From equations (4) and (6) we have the following
equalities,
0% 0“R
ot ot”
2
£+82P:O,
OX
o°Q

2

+xu®R(t) =0,

+°Q=0.
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By using (f) in Theorem 1.1. [11] and Eq.(29) in [12] which states the sequential
conformable fractional derivative the first equation becomes,

(L—a)t" > R'(t) +t***R"(t) + x° 1°R(t) = 0.

The solution of above equation can be easily obtained as,

R(t):Acos[Kﬂt j+Bsin[’(’th j
o (04

and the solutions of other equalities can be obtained as,

P(x) = C cos(9x) + Dsin(:9x)
Q(y) = Ecos(zy) + F sin(zy)

and the conditions (2) force these equalities to be
P(x) = ZD si n(”zxj )
Q) =3 Fosin| 22 | ®

Hence from our assumption u(x, y,t) can be obtained as

U(X, y’t) = ii{¢mn COS(MJ—F]/% Sin(MJ}Sln(n XjSin (%j (9)
o

n=1 m=1 a

m
where 7., =——+

Now with the help of conditions (3), the coefficients in equation (9) can be found as,

b :%:[j‘f(x, y)sin(nzxjsin[mgyjdydx, (10)

ab
__4 ( X jsin(m”yjdydx. (11)
Mo bK‘oo b
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So the solution of equation (1) obtained as,

u(xy,t) = ii“%ﬁ f(x, y)Sin(nzxjsin(mgyjdydx}cos (—77”‘”;1“ j

3 Three Dimensional Time Fractional Wave Equation

In three dimensional space, when an object or gas makes free vibration motion in a prism,
without an outer effect, this motion corresponds to three dimensional wave equation. In
fractional form this equation can be expressed as

5 8" 2£82u du A

= +—+
ox*  oy* o1t

,0<x<a,0<y<b,0<z<d,t>0 (12)
ot” ot”

with the conditions

u(,y,z,t)=u(a,y,zt)=u(x0,zt)=u(x,b,zt) =u(xy,0,t) =u(x, y,d,t) =0 (13)
u(x,y,z,0) = f(x,y);0<x<a, 0<y<h,0<z<d 1
u(x,y,z,0)=9(x,y);0<x<a,0<y<b0<z<d (14

where O<a <1 and the derivative is conformable fractional derivative. Assume that
u(x, y,t) =P(xX)Q(y)R(z)T (t). Then taking derivatives which are necessary in equation

(12) and dividing all sides by x*P(x)Q(y)R(z)T (t) we have,

1 60T _1 P 1 5Q 1 R__, )
ST o ot P o Q(y) &2 R@) a2

If we repeat the same procedure which is given in Section 2, we obtain the following
equations,
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+x°uT() =0,
st o e
2
£+92P:O,
OX
82Q
2+12Q=0,
R,
—+p°R=0.
0z° r

By using (f) in Theorem 1.1. [11] and Eq.(29) in [12] which states the sequential
conformable fractional derivative the first equation becomes,

A—a)t 2T () +t2T "(t) + 1T (1) =0

The solution of above equation can be easily obtained as,

T(t)= Acos(%ta} +Bsin (ﬂ] (16)

(24

Additionally solutions of other equations can be obtained as,

P(x) = C cos(:9x) + Dsin(:9x)
Q(y) = Ecos(zy) + F sin(zy)

and the conditions (13) force these equalities to be,

P =YD, sin(%xj, (17)
n=1
= . (m

Q)= F, sm(%y), (18)
m=1
- . (rmz

R(z) =) K,sin (Tj (19)
r=1

Thus, from our assumption, we have u(x,y,z,t) as,
u(x, y’t):iii @ COS e K sin(@jsin(mﬁyjsin(mzj
n=1 m=1 r=1 (04 a b d (20)

(k) (n;rxj. (m;zy). (rzzzj
+ ¥, SIN sin sin sin
a a b d

By using conditions (14) we have the coefficients ¢

mnr

and y,,, as,



Journal of New Theory 7 (2015) 79-85 85

:ij‘ﬁ f(x,y z)sm( jsm(m yjsm( jdzdydx (21)
i abd 947 ’ a b d

_Lj‘ﬁg(x y z)sin(nﬁxjsin(mﬂylsin(mz]dzdydx (22)
T abdr i 2 a b d |

4 Conclusions

In this paper we discuss about the solution of two and three dimensional time fractional
wave equation. With the help of conformable fractional derivative definition we can easily
transform fractional differential equations to the known classical differential equations. By
this solution procedure there is no need any other complex methods or complex definitions
to get the exact solution of the problem. From the solution procedure and the results it is
easily seen that this definition is convenient and applicable for the solution of higher
dimensional partial fractional differential equations.
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