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Abstract - In this paper, the concept  bipolar (T,S)- fuzzy medial-ideals are introduced and several properties 

are investigated .Also, the relations between bipolar (T,S)- fuzzy medial-ideals and bipolar (T,S)-  fuzzy BCI-

ideals are given .The image and the pre-image of bipolar (T,S)- fuzzy medial-ideals under homomorphism of 

BCI-algebras are defined and how the image and the pre-image of bipolar (T,S)- fuzzy medial-ideals under 

homomorphism of BCI-algebras become bipolar (T,S)- fuzzy medial-ideals are studied. Moreover, the 

Cartesian product of bipolar (T,S)- fuzzy medial-ideals in Cartesian product BCI-algebras is established. 

 

Keywords – Medial BCI-algebra, fuzzy medial-ideals, bipolar (T,S)-fuzzy medial-ideals, the pre-image of 

bipolar (T,S)- fuzzy medial-ideals in BCI-algebras, Cartesian product of bipolar (T,S)-fuzzy medial-ideals. 

 

 

1. Introduction 
 

In 1966 Iami and Iseki [5,6,7] introduced the notion of BCK-algebras Iseki [5,7] introduced 

the notion of a BCI-algebra which is a generalization of BCK-algebra. Since then 

numerous mathematical papers have been written investigating the algebraic properties of 

the BCK / BCI-algebras and their relationship with other structures including lattices and 

Boolean algebras. There is a great deal of literature which has been produced on the theory 

of BCK/BCI-algebras, in particular, emphasis seems to have been put on the ideals theory 

of BCK/BCI-algebras . In 1956, Zadeh [17] introduced the notion of fuzzy sets. At present 

this concept has been applied to many mathematical branches. There are several kinds of 

fuzzy sets extensions in the fuzzy set theory, for example, intuitionistic fuzzy sets, interval 

valued fuzzy sets, vague sets etc. In [1,2,8,9,10,11,13] they introduced an extension of 

fuzzy sets named bipolar-valued fuzzy sets. Bipolar-valued fuzzy sets are an extension of 

fuzzy sets whose membership degree range is enlarged from the interval [0,1] to [-1,1]. On 
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the other hand, triangular norm is a powerful tool in the theory research and application 

development of fuzzy sets  [4,12]. Li [12] generalized the operators “˄” and “ ˅ ” to T-

norm and S-norm and defined the intuitionistic fuzzy groups of (T-S) - norms. as a 

generalization of the notion of fuzzy set. In 1991, Xi [16] applied the concept of fuzzy sets 

to BCI, BCK, MV-algebras. In [14] J.Meng and Y.B.Jun studied medial BCI-algebras. 

Mostafa et al. [15] introduced the notion of medial ideals in BCI-algebras, they stated the 

fuzzification of medial ideals and investigated its properties. Now, in this note we use the 

notion of Bipolar valued fuzzy set to establish the notion of bipolar valued  (T,S) - fuzzy 

medial ideals of  BCI-algebras; then we obtained some related  properties, which have been 

mentioned in the abstract . 
 

 

2. Preliminaries 
 

Now we review some definitions and properties that will be useful in our results. 

 

Definition 2.1 [5,7] An algebraic system )0,,( X of type (2, 0) is called a BCI-algebra if it 

satisfying the following conditions: 

     (BCI-1) ,0)())()((  yzzxyx  

     (BCI-2) ,0))((  yyxx  

     (BCI-3) ,0 xx  

     (BCI-4) 0 yx  and 0 xy  imply yx  . 

 

For all Xzyx  and , . In a BCI-algebra X, we can define a partial ordering” ” by yx   if 

and only if 0 yx . 

 

In what follows, X will denote a BCI-algebra unless otherwise specified. 
 

Definition 2.2 [14] A BCI-algebra )0,,( X  of type (2, 0) is called a medial BCI-algebra if 

it satisfying the following condition: )()()()( uyzxuzyx   , for all  

Xuzyx   and ,, .  

 

Lemma  2.3 [14] An algebra (X, , 0) of type (2, 0) is a medial BCI-algebra if and only if it 

satisfies the following conditions: 

(i)       )(  )( xyzzyx   

(ii)       xx 0  

(iii) 0 xx  

 

Lemma 2.4 [14] In a medial BCI-algebra X, the following holds: 

 

                      yyxx  )( ,  for all Xyx  , .   

 

Lemma 2.5 Let X be a medial BCI-algebra, then yxxy  )(0 , for all Xyx  , . 

 

Proof . Clear. 

 

Definition 2.6  A non empty subset S of a medial BCI-algebra X is said to be medial sub-

algebra of X, if Syx  , for all Syx , . 
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Definition 2.7 [5,7] A non-empty subset I of a BCI-algebra X is said to be a BCI-ideal of X 

if it satisfies:  

     (I1) ,0 I  

     (I2) Iyx  and Iy  implies Ix  for all Xyx  , .  

 

Definition 2.8 [15] A non empty subset  M  of a medial BCI-algebra X is said to be a 

medial ideal of X if it satisfies:  

     (M1) ,0 M  

     (M2) Mxyz  )( and Mzy   imply Mx  for all Xzyx  and , .  

 

Definition 2.9 [15] Let   be a fuzzy set on a BCI-algebra X, then   is called a fuzzy BCI-

subalgebra of X if  

     (FS1) )},(),(min{)( yxyx   for all Xyx  , . 

 

Definition 2.10  [15] Let X be a BCI-algebra. a fuzzy set   in X is called a fuzzy BCI-ideal of 

X if it satisfies:  

     (FI1) ),()0( x   

     (FI2) )},(),(min{)( yyxx    for all Xzyx  and , . 

 

Definition 2.11 [15]  Let X be a medial BCI-algebra. A fuzzy set   in X is called a fuzzy 

medial ideal of X if it satisfies:  

     (FM1) ),()0( x   

     (FM2) )},()),((min{)( zyxyzx   for all Xzyx  and , . 

 

Definition 2.12 [12] A triangular norm (t-norm) is a function ]1,0[]1,0[]1,0[: T  

that satisfies following conditions: 

(T1)  boundary condition :T(x, 1) = x, 

(T2) )  commutativity condition: T(x, y) = T(y, x), 

(T3) associativity condition :T(x, T(y, z)) = T(T(x, y), z), 

(T4) monotonicity : T(x, y)  T(x, z) ,whenever y  z for all x, y, z [0, 1]. 

 

A simple example of such defined t-norm is a function T (α, β) = min{α, β}. 

 

In the general case T (α, β) ≤ min{α, β} and T (α, 0) = 0 for all α, β ∈ [0, 1]. 

 

Definition 2.13 [4 ] Let X be a BCI-algebra. A fuzzy subset μ in X is called a fuzzy sub-

algebra of X with respect to a t-norm T (briefly, a T-fuzzy sub-algbra of X) if 

)},(),({)( yyxTx   for all Xyx , . 

 

Definition 2.14 [12] A triangular conorm (t-conorm S) is a mapping 

]1,0[]1,0[]1,0[: S that satisfies following conditions: 

(S1) S(x, 0) = x, 

(S2) S(x, y) = S(y, x), 

(S3) S(x, S(y, z)) = S(S(x, y), z), 

(S4) S(x, y)  S(x, z) , whenever y  z for all x, y, z [0, 1]. 

 

A simple example of such definition s-norm S is a function S(x, y) = max{x, y}.  
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Every S- conorm S has a useful property:  max{α, β}≤ S (α, β) for all α, β ∈ [0, 1]. 

 

Definition 2.15 [4 ] Let X be a BCI-algebra. a fuzzy set   in X is called T- fuzzy BCI- ideal of 

X if it satisfies:  

     (TI1) ),()0( x   

     (TI2) )},(),({)( yyxTx    for all Xzyx  and , . 

 

Definition 2.16 [4] Let X be a BCI-algebra. a fuzzy set   in X is called S- fuzzy BCI- ideal 

of X if it satisfies:  

     (SI1) ),()0( x   

     (SI2) )},(),({)( yyxSx    for all Xzyx  and , . 

 

Definition 2.17  Let X be a BCI-algebra. A fuzzy set   in X is called T- fuzzy medial -

ideal of X if it satisfies:  

     (FM1) ),()0( x   

     (FM2) )},()),(({)( zyxyzTx   for all Xzyx  and , . 

 

Definition 2.18 Let X be a BCI-algebra. A fuzzy set   in X is called S- fuzzy medial -ideal 

of X if it satisfies:  

     (FS1) ),()0( x   

     (FS2) )},()),(({)( zyxyzSx   for all Xzyx  and , . 

 

Example  2.19  Let X = {0, 1, 2, 3, 4, 5} be a set with a binary operation   defined by the 

following table: 

 

 

* 0 1 2 3 4 5 

0 0 0 0 0 4 4 

1 1 0 1 0 4 4 

2 2 2 0 0 4 4 

3 3 2 1 0 4 4 

4 4 4 4 4 0 0 

5 5 4 5 4 1 0 

 

 

we can prove that )0,,( X  is a BCI-algebra. Let ]1,0[]1,0[]1,0[: mT  be a function 

defined by Tm (α, β) = max {α + β − 1, 0} for all α, β ∈ [0, 1] is a t-norm . By routine 

calculations, we known that a fuzzy set μ in X defined by 

 

μ(1) = 0.3 and μ(0) = μ(2) = μ(3) = μ(4) = μ(5) =0.9 

 

is a Tm-fuzzy medial-ideal ,  since    

 

                       )}(),(({)( zyxyzTx AAA   .  

 

and  ]1,0[]1,0[]1,0[: mS  be a function defined by   1),(1min),(  mS . Then 

By routine calculations, we known that a fuzzy set   in X defined by  
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  (5) = 0.8 and   (0) =  (1) =   (2) =   (3) =   (4) = 0.3 

 

is a Sm-fuzzy medial-ideal ,because 

 

                   )}(),(({)( zyxyzSx AAA    , for all Xzyx  and , . 

 

 

3. Bipolar (T,S)-fuzzy Medial Ideal 

 
Now, we present some preliminaries on the theory of bipolar-valued fuzzy set. 
 

Definition 3.1 [9] A bipolar valued fuzzy subset   in a nonempty set X  is an object 

having the form }|))(),(,{( Xxxxx PN   where ]0,1[: XN and 

]1,0[: XP are mappings. The positive membership degree )(xP denotes the 

satisfaction degree of an element x to the property corresponding to a bipolar-valued fuzzy 

set  }|))(),(,{( Xxxxx PN   , and the negative membership degree )(xN denotes 

the satisfaction degree of x to some implicit counter-property of a bipolar-valued fuzzy 

set }|))(),(,{( Xxxxx PN   . For simplicity, we shall use the symbol ),,( PNx   

for bipolar fuzzy set }|))(),(,{( Xxxxx PN   , and use the notion of bipolar fuzzy 

sets instead of the notion of bipolar-valued fuzzy sets. 

 

Definition 3.2 [9] Let ),,( PNx  be a bipolar fuzzy set and ].1,0[]0,1[),( ts  

The set })(:{ sxXx NN

s   and })(:{ txXx PP

t    which are called the 

negative s-cut and the positive t-cut of  ),,( PNx  , respectively. 

 

Definition3.3 [9] A bipolar fuzzy set ),,( PNx  in a BCI-algebra (X,, 0) is called a 

bipolar (T,S)- fuzzy BCI-subalgebra of X if it satisfies the following condition: 

For all ,, Xyx   )}(),({)( yxSyx NNN    , )}(),({)( yxTyx PPP   . 

 

Lemma 3.4 If ),,( PNx  is a bipolar (T,S)-  fuzzy BCI-subalgebra of X , then  

 

                    )()0( xNN    and )()0( xPP     

 

Proof:  Put x= y in Definition3.3and use (BCI-3) . The proof is complete. 

 

Defintion 3.5 A bipolar fuzzy set ),,( PNx  in X is called a bipolar (T,S)- fuzzy  

BCI-ideal of X if it satisfies the following condition: for all Xyx ,   

(b1) )()0( xPN   and )()0( xPN   , 

(b2) )}(),({)( yyxSx NNN   , )}(),({)( xyxTx PPP   . 

 

Defintion 3.6 A bipolar fuzzy set ),,( PNx  in X is called a bipolar (T,S)-  fuzzy 

medial -ideal of X if it satisfies the following condition: for all Xzyx ,,   

 (b1)    )()0( xPN   and )()0( xPN   , 
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 (B2)  )}*(),(({)( zyxyzSx NNN   , )}*(),(({)( zyxyzTx PPP   . 

 

Example 3.7 Let X = {0, 1, 2, 3} be a set with a binary operationdefine by the following 

table: 

 

* 0 1 2 3 

0 0 0 0 0 

1 1 0 2 0 

2 2 0 0 0 

3 3 2 1 0 

 

 

 0 1 2 3 
N  -0.7 -0.7 - 0.6   - 0.4 

P  0.6 0.5 0.3 0.3 

 

 

Let ]1,0[]1,0[]1,0[: T  be a function defined by T (α, β) = max {α + β − 1, 0} for all α, β 

∈ [0, 1]  and ]0,1[]0,1[]0,1[: S  be a function defined by  

  ]0,1[
~

,~,0),
~~(1min)

~
,~(  S .By routine calculations, we know that 

),,( PNx  is bipolar (T,S)- fuzzy medial-ideal of X . 

 

Proposition 3.8 Every a bipolar fuzzy(T,S)- medial-ideal of X is a bipolar fuzzy(T,S)-    

BCI-ideal of X .  

 

Proof: clear. 

 

Proposition 3.9 If ),,( PNx  is a bipolar (T,S)-  fuzzy medial-ideal of X and yx  , 

then )()( yx NN     and  )()( yx PP   .  

 

Proof: If yx  , then 0 yx , since ),,( PNx  is a bipolar fuzzy(T,S)-  medial-ideal 

of X , we get   

 

).()}(),0({

)}(),*({)}()),(0({)(
5.2

yyS

yyxSyxySx

NNN

NNN
Lemmaby

NN








 

 

And  

 

).()}(),0({

)}(),*({)}()),(0({)(
5.2

yyT

yyxTyxyTx

NPP

PPP
Lemmaby

PP








 

 

Theorem 3.10  Every  bipolar fuzzy (T,S)-  medial-ideal of X is a bipolar (T,S)- fuzzy 

BCI-sub-algebra of X .  
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Proof . Let ),,( PNx  be bipolar (T,S)-  fuzzy medial-ideal of X . Since xyx  , for all 

Xyx , , then )()( xyx NN   , )()( xyx PP   .Put z = 0 in (b1), (B2), we have 

 

 )()0( xPN   and )()0( xPN   , 

 

andyxSyyxS

yxySyxySxyx

NNNN

NNNNNN

,)}(),({)}(),({

)}0*(),(0({)}0*(),(0({)()*(








 

 

)}(),({)}(),({

)}0*(),(0({)}0*(),(0({)()*(

yxTyyxT

yxyTyxyTxyx

PPPP

PPPPPP








. 

 

Then ),,( PNx   is bipolar (T,S)-  fuzzy sub-algebra of X. 

 

Proposition 3.11 Let ),,( PNx  be a bipolar (T,S)-  fuzzy medial-ideal of X . If the 

inequality zyx     holds in X, then    

 

  )(),()( zySx NNN    and  )(),()( zyTx PPP    for all Xzyx ,, . 

 

Proof . Let Xzyx ,, be such that zyx  . Thus, put 0z  in (Defintion3.6), (using 

lemma2.5 and lemma 3.9), we get,  

 )}0(),(0({)( yxySx NNN    )}(),({ yyxS NN     })(),({

)()*(sin    zyxce

NN

NN

yzS







.  

 

Similarly we have,  

 )}0(),(0({)( yxyTx PPP   )}(),({ yyxT PP   })(),({

)()*(sin    zyxce

PP

PP

yzT







. 

 

Theorem 3.12 Let ),,( PNx  be a bipolar (T,S)- fuzzy sub-algebra of X .such that 

)},(),({)( zyTx PPP   )}(),({)( zySx NNN   , satisfying the inequality zyx   for 

all Xzyx ,, . Then ),,( PNx  is a bipolar (T,S)-  fuzzy medial ideal of X.  

 

Proof. Let ),,( PNx  be a bipolar fuzzy sub-algebra of X. Recall that 

)()0( xPN   and )()0( xPN   , for all Xx . Since, for all Xzyx ,, ,we have 

zyxzxyxyzx  )()())(( , it follows from the hypothesis 

that )}*(),(({)( zyxyzSx NNN   , )}*(),(({)( zyxyzTx PPP   . 

 

Hence ),,( PNx  is a bipolar (T,S)- fuzzy medial ideal of X.  

 

Definition 3.13 [9]  Let ),,( PNx  be a bipolar fuzzy set and ].1,0[]0,1[),( ts  

The set })(:{ sxXx NN

s   and })(:{ txXx PP

t    which are called the 

negative s-cut and the positive t-cut of ),,( PNx  , respectively. 
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Example 3.14  Let }3,2,1,0{X be a set with a binary operationdefine by the following 

table: 

 

 

  0 1 2 3 

0 0 1 2 3 

1 1 0 3 2 

2 2 3 0 1 

3 3 2 1 0 

 

 

 We can prove that )0,,( X  is a BCI-algebra. We  Define  

 

 

X 0 1 2 3 

)(xN  
-0.7 -0.6 -0.3 -0.4 

)(xP  
0.7 0.5 0.3 0.2 

 

Then 

 

 2,1,0}03)(:{3.0  xXx NN   ,  1,0}5.0)(:{5.0  xXx PP   

 

Theorem 3.14 An BFS ),,( PNx   is a bipolar (T,S)-  fuzzy medial ideal of X if and only 

if for all ]1,0[],0,1[  ts , the set 
N

sB  and 
P

tB are either empty or medial ideals of X. 

 

Proof. Let ),,( PNx   be bipolar (T,S)- fuzzy medial ideal of X and 
N

s

P

t BB  . Since 

tP )0(  and sN )0( , let Xzyx ,,  be such that 
P

tBxyz  )(  and 
P

tBzy  , then 

txyzP  ))((  and tzyP  )( , it follows that tzyzyxTx PPP  )}()),(({)(  , 

we get 
P

tBx . Hence 
P

tB is a medial ideal of X.  

 

Now let Xzyx ,,  be such that 
N

sBxyz  )(  and
N

sBzy  , then  sxyzN  ))((  and 

szyN  )(  which imply that szyxyzSx NNN  )}()),(({)(  . Thus 
N

sBx  and 

therefore 
N

sB is a medial ideal of X.  

 

Conversely, assume that for each ]1,0[],0,1[  ts , the sets
P

tB and
N

sB are either empty or 

medial ideal of X. For any Xx , let txP )( and sxN )( . Then x
N

s

P

t BB  and so 

N

s

P

t BB  . Since
P

tB and 
N

sB are medial ideals of X, therefore 
N

s

P

t BB 0 . 

Hence )()0( xt PP   and )()0( xs NN     for all Xx .  
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If there exist Xzyx  ,, be such that )}()),(({)( zyxyzTx PPP   . Then by 

taking  )}}(),(({)({
2

1
:0 zyxyzTxt PPP   , we get 

 

                            )}()),(({)( 0 zyxyzTtx PPP     

 

and hence x
P

tB
0

,  )( xyz
P

tB
0

 and  zy
P

tB
0

, i.e. 
P

tB
0

 is not a medial ideal of X, 

which make a contradiction. Finally assume that there exist Xcba ,,  such that 

)}()),(({)( cbabcSa NNN   .  

 

Then by taking )}}(),(({)({
2

1
:0 cbabcSas NNN   , we get 

 

                       )()}()),(({ 0 ascbabcS NNN     

 

Therefore,  ))(( abc
N

sB
0

 and cb
N

sB
0

, but a
N

sB
0

, which make a contradiction. This 

completes the proof. 
 

 

4. Image (Pre-image) Bipolar (T,S)-fuzzy Medial Ideal  
 

Definition 4.1 Let )0,,( X and )0,,( Y be BCI-algebras. A mapping YXf :  is said to be a 

homomorphism if )()()( yfxfyxf   for all Xyx  , . Note that if YXf :  is a 

homomorphism of BCI-algebras, then 0)0( f .  

 

Let YXf :  be a homomorphism of BCI-algebras for any bipolar fuzzy set 

),,( PNx   in Y, we define new bipolar fuzzy set ),( P

f

N

ffB   in X by 

))((:)( xfx NN

f   , and ))((:)( xfx PP

f   for all Xx .  

 

Theorem 4.2 Let YXf :  be a homomorphism of BCI-algebras. If ),,( PNx   is 

bipolar (T,S)- fuzzy medial ideal of Y, then ),( P

f

N

ffB  is bipolar (T,S)- fuzzy medial 

ideal of X.  

 

Proof. )0())0(()0())((:)( N

f

NNNN

f fxfx   , and  

 

)0())0(()0())((:)( P

f

PPPP

f fxfx   , for all Xyx , . 

 

 And  

 

))}()(())),()(()(({))((:)( zfyfxfyfzfTxfx PPPP

f    

))}(()),((({))}(()),()(({ zyfxyzfTzyfxyfzfT PPPP    

)}()),(({ zyxyzT P

f

P

f   ,  
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and  

 

))}(()),()(()(({))((:)( zyfxfyfzfSxfx NNNN

f    

))}(()),((({))}(()),()(({ zyfxyzfSzyfxyfzfS NNNN    

)}()),(({ zyxyzS N

f

N

f   .  

 

Hence ),( P

f

N

ffB  is bipolar (T,S)-  fuzzy medial ideal of X.  

 

Theorem 4.3 Let YXf :  be an epimorphism of BCI-algebras .If ),( P

f

N

ffB   is 

bipolar (T,S)- fuzzy medial ideal of X, then ),,( PNx   is bipolar (T,S)- fuzzy medial 

ideal of Y.  

 

Proof. For any Ya , there exists Xx such that axf )( . Then  

 

     ),0())0(()0()())(()( PPf

A

P

f

PP fxxfa    

    ).0())0(()0()())(()( NNN

f

N

f

NN fxxfa    

 

Let Ycba ,, . Then czfbyfaxf  )(,)(,)( , for some Xzyx ,, . It follows that 

 

)}()),(({)())(()( zyxyzTxxfa P

f

P

f

P

f

PP    

= ))}(()),((({ zyfxyzfT PP    

= ))}()(()),()(({ zfyfxyfzfT PP   ))}()(())),()(()(({ zfyfxfyfzfT PP    

)}()),(({ cbabcT PP   , 

 

)}()),(({)())(()( zyxyzSxxfa N

f

N

f

N

f

NN    

= ))}(()),((({ zyfxyzfS NN    

= ))}()(()),()(({ zfyfxyfzfS NN   ))}()(())),()(()(({ zfyfxfyfzfS NN    

)}()),(({ cbabcS NN   . 

 

This completes the proof. 
 

 

5. Product of Bipolar(T,S)-fuzzy Medial Ideals 
 

Definition 5.1 Let   and   be two fuzzy sets in the set X. the product 

]1,0[:  XX  is defined by )}(),(min{),)(( yxyx   , for all Xyx , .  

 

Definition 5.2  Let ),,( P

A

N

AXA   and ),,( P

B

N

BXB   are two bipolar (T,S)- fuzzy set 

of X, the Cartesian product ) , ,( P

B

P

A

N

B

N

AXXBA    is defined by 

)}(),( {),( yxTyx P

B

P

A

P

B

P

A    and  
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)}(),( {),( yxSyx N

B

N

A

N

B

N

A   , where ]1,0[:  XXP

B

P

A  , 

]0,1[:  XXN

B

N

A   for all Xyx , . 

 

Remark 5.3 Let X and Y be medial BCI-algebras, we define* on X Y by: 

For every YXvuyx ),(),,( , ),(),(),( vyuxvuyx  . Clearly ))0,0(,;( YX is BCI-

algebra. 
 

Proposition 5.4 Let ),,( P

A

N

AXA   and ),,( P

B

N

BXB   are two bipolar (T,S)-  fuzzy 

medial ideal of X, then BA  is bipolar (T,S)- fuzzy medial ideal of XX  .  

 

Proof. ),( )}}(),( {)}0(),0( {)0,0(  yxyxTT P

B

P

A

P

B

P

A

P

B

P

A

P

B

P

A   , for all 

Xyx , . And ),( )}}(),( {)}0(),0( {)0,0(  yxyxSS N

B

N

A

N

B

N

A

N

B

N

A

N

B

N

A   , for 

all Xyx , .  

 

Now let XXzzyyxx ),(),,(),,( 212121 , then    

 

  ))},(),)((())),,(),((),)(({( 2121212121 xxyyxxyyzzT P

B

P

A

P

B

P

A    

= )},)(()),,(),)(({( 2211221121 xyxyxyxyzzT P

B

P

A

P

B

P

A    

= )},)(()),(),()({( 2211222111 xyxyxyzxyzT P

B

P

A

P

B

P

A             

= )}}(),({))},(()),(({{ 2211222111 xyxyTxyzxyzTT P

B

P

A

P

B

P

A    

= )}()),(({)},()),(({{ 2222211111 xyxyzTxyxyzTT P

B

P

B

P

A

P

A    

= )}()),(({)},()),(({{ 2222211111 xyxyzTxyxyzTT P

B

P

B

P

A

P

A  

),)(()(),({ 2121 xxxxT P

B

P

A

P

B

P

A   .  

 

and  

 

   ))},(),)((())),,(),((),)(({( 2121212121 xxyyxxyyzzS N

B

N

A

N

B

N

A    

= )},)(()),,(),)(({( 2211221121 xyxyxyxyzzS N

B

N

A

N

B

N

A    

= )},)(()),(),()({( 2211222111 xyxyxyzxyzS N

B

N

A

N

B

N

A    

= )}}(),({))},(()),(({max{ 2211222111 xyxySxyzxyzS N

B

N

A

N

B

N

A    

= )}()),(({)},()),(({{ 2222211111 xyxyzSxyxyzSS N

B

N

B

N

A

N

A    

)}()),(({)},()),(({{ 2222211111 xyxyzSxyxyzSS N

B

N

B

N

A

N

A    

)}(),({ 21 xxS N

B

N

A  = ),)(( 21 xxN

B

N

A   .This completes the proof.  

 

Example 5.5 Let X = {0, 1, 2, 3} be a set with a binary operation   as example 3.14  

 

Then  









)3,3(),2,3(),1,3(),0,3(),3,2(),2,2(),1,2(),0,2(

),3,1(),2,1(),1,1(),0,1(),3,0(),2,0(),1,0(),0,0(
XX  

 

we define operation * on X X by:for every   

 

XXvuyx ),(),,( , ),(),(),( vyuxvuyx  .  
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By routine calculations ))0,0(,;( XX  is BCI-algebra. 

 

Let ]1,0[]1,0[]1,0[: mT  be a functions ,defined by Tm (α, β) = max {α + β − 1, 0} 

and ]0,1[]0,1[]0,1[: mS  defined  by  0,1)
~~(min),(  mS  for all 

]0,1[
~

,~     Let ),,( B
N

A
N

B
P

A
PXXBA    bipolar fuzzy medial ideals of X 

define by 

 

 








)3,3(),2,3(,),3,2(),2,2(,),(3.0

)1,3(),0,3(),1,2(),0,2(),3,1(),2,1(),1,1(),0,1(),3,0(),2,0(),1,0(),0,0(),(6.0
),)((

yxif

yxif
yx

P

B

P

A         

 

 
 









)3,3(),2,3(,),3,2(),2,2(,),(3.0

)1,3(),0,3(),1,2(),0,2(),3,1(),2,1(),1,1(),0,1(),3,0(),2,0(),1,0(),0,0(),(7.0
),)((

yxif

yxif
yx

N

B

N

A 

 

By routine calculations, we can prove that  ),,( B
N

A
N

B
P

A
PXXBA   , is 

bipolar ),( mm ST -fuzzy medial ideals of XX  . 

 

Definition 5.6  Let ),,( P

A

N

AXA   and ),,( P

B

N

BXB   are two bipolar fuzzy medial 

ideals of BCI-algebra X. for ]1,0[, ts  the set     

       

                    }),)((|),{(:),( tyxXXyxtU BA

P

B

P

A    

 

is called upper t-level of ),)(( yxP

B

P

A    and the set   

 

                    }),)((|),{(:),( syxXXyxsL BA

N

B

N

A    

 

is called lower s-level of ),)(( yxP

B

P

A   . 

 

Theorem 5.7 An bipolar fuzzy set ),,( P

A

N

AXA   and ),,( P

B

N

BXB   are bipolar(T,S)-  

fuzzy medial ideals of BCI-algebra X if and only if the non-empty set upper t-level cut 

),( tU P

B

P

A    and the non-empty lower s-level cut ),( sL N

B

N

A    are medial ideals of 

XX   for any ]1,0[, ts .  

 

Proof.  Let ),,( P

A

N

AXA   and ),,( P

B

N

BXB   are two bipolar (T,S)- fuzzy medial ideals 

of BCI-algebra X, therefore for any ),( yx XX  ,  

 

),)(()}(),({)}0(),0({)0,0)(( yxyxTT P

B

P

A

P

B

P

A

P

B

P

A

P

B

P

A   and for ]1,0[t , if 

txxP

B

P

A  ) ,)(( 21 , therefore ) ,( 21 xx ),( tU P

B

P

A   . 

 

Let XXzzyyxx ),(),,(),,( 212121  be such that  

 

 ))),(),((),(( 212121 xxyyzz ),( tU P

B

P

A   , and  ),(),( 2121 zzyy ),( tU P

B

P

A   . 

 

Now 
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 ),)(( 21 xxP

B

P

A          

                        ))},(),()(())),,( ),(( ),)(({( 2121212121 zzyyxxyyzzT P

B

P

A

P

B

P

A    

                      = )},)(()), ,( ),)(({( 2211221121 zyzyxyxyzzT P

B

P

A

P

B

P

A          

                      = )},)(()),(z ),()({( 2211222111 zyzyxyxyzT P

B

P

A

P

B

P

A    

                           tttT  },{ , Therefore  ),( 21 xx )),,)((( tyxU P

B

P

A   is a medial ideal of  

XX  . Similar to above )),,)((( syxL N

B

N

A    is a medial ideal of XX  . This completes 

the proof .      

 

 

6. Conclusion 
 

we have studied the bipolar (T,S)- fuzzy of medial-ideal in BCI-algebras.  Also we 

discussed few results of bipolar fuzzy of medial-ideal in BCI-algebras under 

homomorphism, the image and the pre- image of bipolar (T,S)- fuzzy of medial-ideal under 

homomorphism of BCI-algebras are defined. How the image and the pre-image of bipolar 

(T,S)-  fuzzy of medial-ideal under homomorphism of BCI-algebras become bipolar fuzzy 

of medial-ideal are studied. Moreover, the product of bipolar (T,S)- fuzzy of medial-ideal 

to product bipolar (T,S)- fuzzy of medial-ideal is established. Furthermore. The main 

purpose of our future work is to investigate the foldedness of other types of fuzzy ideals 

with special properties such as a intuitionistic bipolar (interval value) fuzzy n-fold of 

medial-ideal in BCI-algebras. 
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Algorithm for BC I-algebras  

Input ( :X set, : binary operation) 

Output (“ X is a BCI -algebra or not”) 

Begin 

If X  then go to (1.); 

End If 

If X0  then go to (1.); 

End If 

Stop: =false; 
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1:i ; 

While Xi   and not (Stop) do 

If 0 ii xx  then 

Stop: = true; 

End If 

1:j  

While Xj   and not (Stop) do 

If  ,0))((  jjii yyxx then  

Stop: = true; 

End If 

End If 

1:k  

While Xk   and not (Stop) do 

If ,0)())()((  ikkiji yzzxyx  then  

Stop: = true; 

     End If 

   End While 

 End While 

End While 

If Stop then  

(1.) Output (“ X is not a BCI-algebra”) 

Else  

   Output (“ X is a BCI -algebra”) 

     End If. 

Algorithm for fuzzy subsets 

Input ( :X BCI-algebra, ]1,0[: X ); 

Output (“ A is a fuzzy subset of X  or not”) 
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Begin 

Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

If ( 0)( ix ) or ( 1)( ix )  then 

Stop: = true; 

End If 

   End If While 

If Stop then  

Output (“  is a fuzzy subset of X  ”) 

Else  

   Output (“  is not a fuzzy subset of X ”) 

     End If 

End. 

Algorithm for medial -ideals 

Input ( :X BCI-algebra, :I subset of X ); 

Output (“ I is an medial -ideals of X  or not”); 

Begin 

If I  then go to (1.); 

End If 

 If I0  then go to (1.); 

End If 

Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

1:j  

While Xj   and not (Stop) do 
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1:k  

While Xk   and not (Stop) do 

If   Ixyz ijk  )( and Izy kj   then  

If Ixi   then 

    Stop: = true; 

          End If 

       End If 

    End While 

 End While 

End While 

If Stop then  

Output (“ I is is an medial -ideals of X ”) 

Else  

(1.) Output (“ I is not is an medial -ideals of X ”) 

     End If 

End . 

Algorithm for  Bipolar  medial ideal of X  

Input ( :X BCI-algebra, : binary operation,  
PN and   fuzzy subsets of X ); 

Output (“ ),,( PNx  is bipolar fuzzy medial ideal of X  or not”) 

Begin                        

Stop: =false; 

1:i ; 

While Xi   and not (Stop) do 

If   )()0( xPN   and  )()0( xPN    then 

Stop: = true; 

End If 

1:j  
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While Xj   and not (Stop) do 

1:k  

While Xk   and not (Stop) do 

If )}(),(max{)( yyxx NNN   , )}(),(min{)( xyxx PPP    then  

Stop: = true; 

     End If 

   End While 

 End While 

End While 

If Stop then  

Output (“ ),,( PNx  is not bipolar fuzzy medial ideal of X ”) 

Else  

   Output(“ ),,( PNx  is  bipolar fuzzy medial ideal of X ”) 

     End If. 

End. 
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