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Abstract — In this paper, we obtain a unique common fixed point theorem for six weakly compatible
mappings in G-fuzzy metric spaces.
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1 Introduction

Mustafa and Sims [3] introduced a G-metric space and obtained some fixed point theorems
in it. Some interesting references in G-metric spaces are [2-6,8]. We have generalized the
result of Rao et al. [7]. Before giving our main results, we obtain a unique common fixed
point theorem for six weakly compatible mappings in G-fuzzy metric spaces.

Definition 1.1 Let X be a nonempty set and let G X x X x X — [0,00) be a function
satisfying the following properties

(G1) G(x,y,2) =0ifx=y =1z,

(G2) 0 < G(x, x,y) forall x,y eXwith x # vy,

(G3) G(x, x,y) <G(x,y, z) forall x,y, ze Xwithy # z,

(G4) G(x,Y,2) =G(X, z,y) =G(y, z,x) = - - -, symmetry in all three variables,
(G5) G(x,y,2) <G(x,a,a)+G(a,y, z)forall x,y,z,a €X.
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Then, the function G is called a generalized metric or a G-metric on X and the pair (X, G) is
called a G-metric space.

Definition 1.2  The G-metric space (X, G) is called symmetric if G(x, X, y) = G(X, VY, Y)
forall x,y € X.

Definition 1.3 A 3-tuple (X, G, *) is called a G- fuzzy metric space if X is an arbitrary
nonempty set, * is a continuous t-norm, and G is a fuzzy set on X x (0, ) satisfying the
following conditions for each t, s >0

(1) G(x, x,y,t)>0forall x,y e Xwithx #Yy,

i) G(x, x, y, 1) = G(x,y, z, t) forall x,y,z€ Xwithy # z,

(i) G(x, y,z,t)=1ifandonlyifx =y =z,

(iv) G(X,y, z,t) = G(p(X, ¥, 2), t), where p is a permutation function,
(V) G(x,y,z,t+s)>G(a,y,z,t) *G(x,aa5s) forall x,y,z,a€ X,
(vi) G(x, Y, z, *) (0,0) — [0, 1] is continuous.

Definition 1.4 A G- fuzzy metric space (X,G,*) is said to be symmetric if
G, X, Yy, 1) =G(X, ¥, Y, 1)
for all x, y € X and for each t > 0.

Example 1.5 Let X be a nonempty set and let G be a G- fuzzy metric on X. Denote
a*b=ab for all a, b € [0, 1]. Foreacht>0,

_ t
Gx.y.z.9= t+G(x,y,zt)

is a G- fuzzy metric on X. Let (X, G,*) be a G - fuzzy metric space. For t>0,0<r<1,
and x € X, the set

Bo(x,r,t)={ye X G(x,y,y,t) >1—r}
is called an open ball with center x and radius r. A subset A of X is called an open set if for
each x € X, there existt >0 and 0 <r <1 such that Bg(x, r, t) € A. A sequence {Xn} in G-
fuzzy metric space X is said to be G- convergent to x € X if G(Xp, Xn, X,t) > 1asn— oo
or each t > 0. It is called a G- Cauchy sequence if G(Xn, Xn, Xm, ) — 1 as n, m — oo for
each t > 0. X is called G- complete if every G- Cauchy sequence in X is G- convergent in
X.

Lemmal.6 Let (X, G,*) be a G- fuzzy metric space. Then, G(X, v, z, t) is nondecreasing
with respect to t for all x,y, z € X.

Lemma 1.7 Let (X, G, *) be a G- fuzzy metric space. If there exists k € (0, 1) such that
min {G(X, Y, z, kt), G(u, v,w, kt)} > min {G (X, y, z, t), G(u, v,w, t)} 1)

forall x,y,z,u,v,we Xandt >0,thenx=y=zand u=v=w.
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2 Main Result

Let @ denote the set of all continuous non decreasing functions ¢ [0,00) — [0,0) such that
¢ "(t) — 0 as n — oo for all t > 0. It is clear that ¢(t) <t forall t>0and ¢ (0) = 0.

Theorem 2.1 Let (X, G, *) be a G- fuzzy metric space and S, T, R, f, g, h X — X be
satisfying

(i) S(X) € g(X), T(X) < h(X) and R(X) < f(X),
(i) One of f(X), g(X) and h(X) is a complete subspace of X,
(ili))  The pairs (S, ), (T, g) and (R, h) are weakly compatible, and
G(fx, gy, hz,t)
(iv)  G(Sx Ty,Rzt) > ¢ | min % [G(fx, Sx, Ty, t) + G(gy, Ty, Rz, t) + G(hz, Rz, Sx, t)],
i[G(fx, Ty, hz,t) + G(Sx, gy, hz,t) + G(fx, gy, Rz, t)]

forall x,y, z € X, where ¢ € ©.

Then either one of the pairs (S, f), (T, g), and (R, h) has a coincidence point or the maps
S, T, R, f, gand h have a unique common fixed point in X.

Proof: Choose XxpeX. By (i), there exist X1, Xz, X3, € X such that Sxo = gxi = Yo,
Tx;=hx,=y; and Rx; = fx3 = y,. Inductively, there exist sequences {xn} and {yn} in X such
that Yan = SX3n = 0X3n+1, Y3n+1 = TX3n+1 = hX3n+2 and Y3n+2 = RX3n+2 = fX3n+3, where n = 0,1,...

If yan = Yan+1 then Xsn41 IS @ coincidence point of g and T.
If Yan+1 = Yans+2 then Xan is a coincidence point of h and R.
If Yan+2 = Yan+3 then Xsn.3 IS @ coincidence point of fand S.

Now assume that y, # yn+1 for all n. Denote d,, = G(Yn, Yn+1, Yn+2, ). Putting X = X3n, Y=Xan+1,
Z = Xan+2 IN (iV), we get

dan = G(Yan, Yan+1, Yans2, t)

= G(SXan, TXan+1, RXan+2, 1)
1
/ G(fXBn' 8X3n+1, hX3n+2' t) ) g [G(an' SX3nI TX3n+1J t) + }\

G(gX3n+1, TX3n+1, RX3p42,0) + G(hX3n+2’ RX3n42,SX3n, t)]
1

4

> ¢ | min
[G(fX3n, TX3n41, hX3n42,t) + G(SX3p, 8X3n+1, hX3n42, 1)
+ G(fX3p, 8X3n+1, RX3n42, D]



Journal of New Theory 10 (2016) 12-18 15

1
/ { G(Y3n-1,Y3n, Yan+1,t) '3 [G(Y3n-1,Y3n Yan+1, 1) +)

> ¢ min! IG(st:Y3n+1’Y3n+2’t) + G(fyan+1, Yan+2, Yan D1, |
LZ [G(fy3n-1,¥Y3n+1, Y3n+1, ) + G(Y3n:Y3n'Y3n+1't)J/
+G(Y3n-1,Y3n Yan+2, D]

1
_ d3n-1,3 [d3n—1 + d3q + d3n],
> ¢ | min

)

1
" [d3n—1 +d3n + (d3p—1 + d3y)]

If d3n < dan1 then from (1), we have d3, > ¢ (ds,) > dsn. It is a contradiction. Hence

d3p>d3n-1. Now from (1), ds, > ¢ (dsn-1). Similarly, by putting X = Xan+3, Y = Xan+1, Z = Xan+2
and X = Xan+3, Y = Xan+4, Z = Xan+2 1N (iV), We get

d3n+1> ¢ (d3n) and (3)

d?:n+2 > (I) (d3n+1) (4)

Thus from (1), (2) and (3), we have

G(Yn, yn+11 yn+23 t) 2 (I) gG (yn-l, yn, Yn+1, t))
2 (I) (G (yn-2, Yn-L ym t))

> 6" (G (Yo, Y, y2r ) (5)

we have G (Yn, Yn, Yn+1, £) = G (Yn, Yn+1, Yoe2s £) > & (G (Yo, Y1, Y2, 1)). Now form >n, we
have

G (ym yn, ym, t) 2 G (Yn, ym yn+l1 t) + G (Yn++111 Yn+1, yn+2: t) + e + G (Ym—lalym—ly ym, t)
=" (G (Yo, Y1, Y2, 1)) + & (G (Yo, Y1, Y2, ) + .. + & (G (Yo, Vi, Y2, 1))

— lasn— oo,

Since ¢ "(t) — 1 as n — oo for all t > 0. Hence {y,} is G- Cauchy. Suppose f(X) is G-
complete. Then there exist p, t € X such that ys,+.o — p = ft. Since {yn} is G- Cauchy, it
follows that y3, — p and y3p+1 — p asn — .

G (St, TX3n+1, RX3n+2, 1)
GUft, gX3n, hXanaz,t) 2 [GCFE St Txgneq, ) +
G(gX3n+1, TX3n41, RX3n42, 1) + G(hx3542, RX3042, St D],
i G(ft, TX3n11, hX3n42,t) + G(St, gX3n41, hX3p42, 1)
\ +G(ft, gXans1, Riznaz, )]

> ¢ | min

Letting n — oo, we get
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§[G(p, St,p,t) + 1+ G(p, p, St, V)]

G(Sp, p, p,t) = ¢ | min
~[1+G(Stp,p,t) + 1)]

G(St, p, p, t) > & (G(St, p, p, t), since ¢ is non decreasing. Hence St = p. Thus p =ft = St.
Since the pair (S, f) is weakly compatible, we have fp = Sp. Putting X = p, ¥ = Xan+1, Z=X3n+2
in (iv), we get

G (Sp, TXan+1, RXans2, 1)
1
( G(fp, gX3n+1, hX3ns2, 1), 3 [G(fp, Sp, TX3p4+1, 1) + ]
> ¢ | min { Gggx3n+1; Tx3n+1, RX3n42,t) + G(hX3p42, RX3n42, Sp, )], }
\ Y [G(fp, TX3n+1, hX3pn42,t) + G(SP, 8X3n+1, hX3n42, 1) /
k +G(fp, 8X3n+1, RX3n42, D] J

Letting n — oo, we have

G(Sp, p, p, 1), 3 [G(Sp, Sp, p, ©) + 0 + G(p, p, Sp, D],

G(Sp,p,p,t) = ¢ | min
~[G(Sp, p,p, t) + G(Sp, p, P, t) + G(Sp, P, p, V)]

Since G(Sp, Sp, p, t) > 2G(Sp, p, p, t), we have G(Sp, p, p, t) > ¢(G(Sp, p, p, t)). Thus
Sp = p. Hence

fp=Sp=p. (6)

Since p = Sp € g(X), there exists v e X such that p = gv. Putting X =p, Yy =V, Z = Xps2 IN
(iv), we get
([ G(fp,gv,hx3p40,1),= [G(fp, Sp, Tv,t) +

)
G(Sp Tv RXn+2 t) > (I) min G(gV Tv, RX3n+2’t) + G(hX3n+2' RX3n+2,Sp, t)
k [G(fp, Tv, hX3p+2,0) + G(Sp, 8V, hX3p42, 1) )

+G(fp, gv, Rx3p+2, )]
Letting n — oo, we deduce that
L%[G(p, p,Tv,t) + G(p, Tv, p,t) + 1],

i[G(p, Tv,p,t) + 1+ 1]
> (G(p, Tv, p, 1)),

since ¢ is non decreasing. Thus Tv = p, so that p = Tv = gv. Since the pair (T, g) is weakly
compatible, we have Tp = gp.

G(p, Tv, p, ) = ¢ | min



Journal of New Theory 10 (2016) 12-18 17

G(fp, gp, Mans2, 0,5 (G, Sp. Tp, O + )

G(gp, Tp, Rxan+2,t) + G(hX3n42, RX3n42,Sp, )], \

+ [Gfp, Tp, hxan 42, ©) + G(SP, P, hXany2, ©) /
+G(fp, gp, RX3n 42, D]

G(Sp, Tp, RXsns+2, t) > ¢ | min

Letting n — oo, we have

1
G(p, Tp, p, ), 5 [G(p, p, Tp, V) + G(Tp, Tp, p) + 1],

G(p, Tp, p, ) 2 | minq
2 1G(p, Tp, p,t) + G(p, Tp, p, t) + G(p, Tp, p, D)]

Since G(Tp, Tp, p, t) = 2G(Tp, p, p, t), we have ,G(p, Tp, p, t) = & (G(p, Tp, p, ). Thus
Tp = p. Hence

gp=Tp=p. (7)

Since p = Tp € h(X), there exists w € X such that p =hw. Puttingx=p,y=p,z=win
(iv), we get

/ ( G(fp, gp, hw, t), ~[G(fp, Sp, Tp,©) + )
G(Sp. Tp. Rw. ) > & | minJ G(gp, Tp, Rw, t) + G(hw, Rw, Sp, 1)],
\ | -[G(fp, Tp, hw, t) + G(Sp, gp, hw, t) | /
+G(fp, gp, Rw, t)]

1’ l [1 + G(p’ p’ RW’ t) + G(p' RW' p; t)]l
G(p,p,Rw,t) >¢| ming * > ¢ (G(p, p, Rw, 1)),
- [1+1+G(p,p,Rw, D]

since ¢ is non decreasing. Thus Rw = p, so that p = hw = Rw. Since the pair (R, h) is
weakly compatible, we have Rp = hp. Putting x =p, y =p, z =p in (iv), we get,
( Gfp,gp,Rp, )% \\

|k [G(p, p,Rp,t) + G(p,p,Rp, t) |

+G(p,p,Rp, t)]

1
4

Since G(Rp, Rp, p, t) > 2G(p, p, Rp, t), we have

G(p, p, Rp, 1) = ¢(G(p, p, Rp, 1)). (8)

Thus Rp = p, so that Rp = hp = p. From (6), (7) and (8), it follows that p is a common
fixed point of S, T, R, f,g and h. Uniqueness of common fixed point follows easily from
(iv). Similarly, we can prove the theorem when g(X) or h(X) is a complete subspace of X.



Journal of New Theory 10 (2016) 12-18 18

Corollary 2.2 Let (X, G, *) be a G -fuzzy metric spaceand S, T, R, f, g, h, X — X be
satisfying

(i) S(X) € g(X), T(X) and R(X) < f(X),

(i)  Oneof f(X), g(X) and h(X) is a complete subspace of X,

(iii)  The pairs (S, f) ,(T, g) and (R, h) ate weakly compatible and

(iv)  G(Sx, Ty, Rz, t) > ¢ (G(fX, gy, hz, 1)) for all X, y, z € X, where ¢ € ©.

Then the maps S, T, R, f, g and h have a unique fixed point in X.

Corollary 2.3 Let(X, G, *) be a complete G - fuzzy metrics spaceand S, T, R X — X be
satisfying G(Sx, Ty, Rz, t) > ¢ (G(X, v, z, t)) for all x, y, z € X, where ¢ € ®. Then the
maps S, T and R have a unique common fixed point, p e X and S, T and R are G-continuous
at p.

Proof: There exists p € X such that p is the unique common fixed point of S, Tand R as in
Theorem 2.1. Let {y,} be any sequence in X which G —converges to p. Then

G(Synv Sp! Sp, t) = G(Sym Tpa Rp» t) < q) (G(yn: p, P, t)) — 1 as n — oo.

Hence S is G - continuous at p. Similarly, we can show that T and R are also G-continuous
at p.
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