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Abstract

In recent years, the degenerate versions of some polynomial families such as Bernoulli,
Euler, Apostol and Bell polynomials have been intensively studied in the literature. Many
new forms of Bell polynomials such as degenerate, partially degenerate and fully degener-
ate have attracted attention. The specific aim of this paper is to introduce a new family
of general degenerate Bell type polynomials with the help of degenerate Appell polyno-
mials and explore their properties, including explicit form, determinant representation,
recurrence relation, lowering and raising operators and difference equation. Then, af-
ter discussing the special cases of Appell type degenerate Bell polynomial families, new
polynomial families including Bernoulli and Euler polynomials are given. Furthermore,
corresponding results are obtained for these new families. Lastly, new relations and sum-
mation formulas are obtained including Stirling numbers and Appell type degenerate Bell
polynomials. Finally, we establish theorems that provide various families of multilinear
and multilateral generating functions for the Appell type degenerate Bell polynomials.
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1. Introduction

In recent years, many studies show that the theory of special functions is one of the
important branches of mathematics. For this reason, it has been studied extensively in
the literature. Additionally, new hybrid type polynomial families are being investigated.
Hybrid type polynomials also play an important role in many branches of mathematics.
Appell polynomials and Bell polynomials have also attracted recent attention. They have
a wide variety of applications including approximation theory, special functions and nu-
merical analysis etc. (see [2,12,19,21,24,34,35,37,38,41, 43,45, 48] for details). Due
to these applications, many generalizations have been examined in recent years. Some
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important polynomial families and their properties can be examined in the literature
[3,4,8,9,13,33,39,46,47].

Costabile and Longo [12], Cheikh and Zaghouani [10] defined A,-Appell polynomials
by the following generating function

Z.Al (u;w)l—' =A(t)(14+wt)« (1.1)
=0 ’
where A (t) is the power series of ¢ given as
t t? t
A (t) = AO,W + FALW + EAQ,UJ + ...+ ﬁALw + ..., AO,w 75 0.

In [10], Cheikh and Zaghouani gave the following equation for A,-Appell sequences
Ay (A (uw)) = 1A (usw)

where the operator A, [10] is given by

T (u+w) — 7 (u)

Ay (T (u) = - , w# 0. (1.2)
In the case w — 0, it gives the usual Appell polynomials
u - tl
At)e t=§ﬂl (u) 37 (1.3)

where A (t) is the determining function with the formal power series
o0 ts
At) = ZASQ’ Ag #0 (1.4)
5=0 ’

[2,42].

The generating function of the degenerate form of Bell polynomials B; (u;w), which is
the focus of significant disciplines of study including number theory and special functions,
is defined through [31]

o

(1+w(et—1>)w :iﬁl (u;w)fj, (1.5)
=0 :

where w — 0, gives the Bell polynomials B; (u) in the special case, defined via the gener-
ating function [7]

o0 !
(1) = 3B, (u) ’li' (1.6)
=0 ’

For u = 1, B; (1) are referred to as the Bell numbers. The relation between Stirling
numbers of the second kind and degenerate Bell polynomials can be described as [31]

l

By (u;w) =Y () S2 (1, 9)

s=0
and
(Wi =1, () =uu-—w)..u—(l-1Nw), I=1,2,..),

where Sy (I, 7) represent the Stirling numbers of the second kind, which are determined by
the given relations [11,43]

l
Zl:ZOSQ(Z,T)Z(Z—1)"'(Z—T’+1), (1.7)
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with
Zl

oo
(ef—1)" = T!ZZSQ (,r) ik (1.8)
=r
In recent years, the families for instance Bell polynomials, Bell type Bernoulli, Euler and
Genocchi polynomials, Bell based Apostol-Bernoulli, Bell based Apostol type polynomials
and families associated with Bell polynomials have been studied [16,17,22,23,28]. Recently,
many forms of degenerate Bell polynomials have been defined. Partially degenerate Bell
numbers and polynomials are one of them, and were introduced as a degenerate version
of Bell numbers and polynomials. Later, fully degenerate Bell numbers and polynomials
were defined as further degenerate of these polynomials. Recent studies have also shown
the relationships of these polynomials to well-known polynomial families such as Bernoulli
and Euler polynomials and numbers [14,15,27,29, 30, 32].
We introduce the degenerate Bell based Appell polynomials (Appell type degenerate
Bell polynomials) gA; (u,v;w) := gAY} as

u hCa o tl
A (14 wt)s (14w (e =1))° =3 A7 o (1.9)
=0 :
where l
> t
A (t) = ;O‘l,wﬁv Q0w 7é 0. (1.10)

By making certain choices for A (t), it can be observed that there are some usual polyno-
mials.

(1) The limit w — 0, gives the Bell based Appell polynomials [40]
uto(ei-1) _ N t!
AW e =3 adi o),
also, when A () = 1 and u = 0, we have the Bell polynomials [7,20] and taking
A (t) =1, we have the two variable Bell polynomials [17].
(2) When A (t) = 1, we get the two variable degenerate Bell polynomials B; (u, v;w) :=
le
(1+w<e —1)) (14 wt)« :Z(:)Bl (u,v;w)ﬁ. (1.11)
The limit in case w — 0 of (1.11), gives two variable Bell polynomials B; (u,v)
were defined the following generating function [17]

ato(ei-1) _ N '
euter(@'=1) :lzt:)fBl (u,v)ﬁ.

(3) Setting A(t) = ﬁ, we obtain the degenerate Bell-Bernoulli polynomials
Fwt)w —
3B (v,v;w) == 3B}
t z v X t
— (14w 1)) I +wt)e =Y 3B (v,v;w) . (1.12)
G (e ) > ]

Taking limit w — 0 in (1.12), it gives the Bell based Bernoulli polynomials poly-
nomials [17].

(4) The case A (t) = —2+— gives the degenerate Bell-Euler polynomials
(14wt) o +1
3&; (v, v;w) = &Y
#(14'&}(615—1))%(1—#&}0%_iggl(u v'w)ﬁ (1.13)
1 - ) ) N *
(1+wt)e +1 = il
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The limit in case w — 0 of (1.13), gives the Bell based Euler polynomials polyno-
mials [22].

The following describes the structure of this paper: In section 2 provides a detailed analysis
of the Appell type degenerate Bell polynomials. It includes the explicit and determinant
representations, recurrence relation, shift operators, difference equation, and addition for-
mulas. As specific instances of the primary findings derived in section 2, new specifications
of degenerate Bell-Bernoulli and Euler polynomials are presented in section 3. In section
4, we examine the relationship between Stirling numbers and Appell type degenerate Bell
polynomials and obtain summation formulas by giving new relations. Finally, in this
study, we give multilinear and multilateral generating function families for Appell type
degenerate Bell polynomials in section 5.

2. Appell type degenerate Bell polynomials and their properties

In this part, we examine the explicit and determinant representation, lowering and
raising operators, recurrence relation, difference equation and some summation formulas
for the Appell type degenerate Bell polynomials.

Theorem 2.1. The explicit representation satisfied by the following degenerate Bell based
Appell polynomials

l s
gAY = Z Z (i) (i) Qs (W), By (v;w) (2.1)
s=07r=0

where

with
(wWy=u(u+1)(u+2)..(u+s—1),s=1,2,... and (u),=1.

Proof. The explicit representation of the degenerate Bell polynomials of the Appell type,
derived from (1.5), (1.9) and (1.10), is provided as follows:

ii&ﬂﬁ‘ﬂ; = A{)(1+wt)s (1+w<et—1))%
1=0 :

<t (& —u s\ [ N
- () B ()

s=0
If we write s — r instead of s and then [ — s instead of [, it gives
— wtl o LS (1) (s " £
dosAin = 23 s (0% By (030) T (2.2)
1=0 i =0 s=0r—0 \%/ \"" I

If the coefficients of % are compared in the equation (2.2), it can be seen that the proof is
completed. ]
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Theorem 2.2. The Appell type degenerate Bell polynomials satisfy the following deter-
minant representation

By BY - By By
Y,w VYw T Vi—1w Yi,w
(1! 0 Yw - (1_11)%—2,w (i)%—l,w
Al = —— 3 . (2:3)
(’70,01) * 0 0 to (l 21)%73,(4) (é)’)/lflw
0 0 e (L)me
where Y06, V1w> V2,0 - - -+ Nw @€ the coefficients of the Maclaurin series of the function
ﬁ and Bj (u,v;w) :=BY (j =0,1,...) are defined in (1.11).
Proof. The application of series representation
1w ¢
A =D v (2.4)
s=0 :

and the generating function (1.9), we get

(1+ wt)% (1 +tw (et - 1))% = (i ’ys’wf’> (i BA?’?) . (2.5)
= ! !

Hence, we can write from (1.11)
>, Lt = 5\ (&t
ZBI n- (Z 78’“5!) (; sA] l') : (2.6)
If we write [ — s instead of [, we have
> ot (1 tl
ZB?JT = Z Z Vs,w ‘B.A%‘LS*'. (27)
- " iZas\s I

When we compare the coefficients of f—f in the previous equation, we get

I
w l w
r=> <S> Ysw BAT 5 (2.8)

s=0
Consequently, we present with the system of following equations:
$(6} = 70,(.0 3"4‘6)7
fB(f = Yow B‘Aif + Yw B-A(6}7

2
BLQU = Yow B-A‘ﬁ) + (

1) Y1,w B-Acf + V2,w BA‘(’)Ja

-1

Bl =00 BAL T < 1

>'}/1,w B‘A‘ld_g +...+ Yi—1,w B-AL(SJ>

l
‘B‘lu = Y0,w B-A‘f + <1> Y1,w B-A(lu_1 + .ot BAS]'
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Using Cramer’s rule and then by taking the transpose in the last equation and using the
lower triangular matrix property, we have

TMw Tw o V—-1,w Vw
0 Y0,w tot (1711)71—2,0.) (i)’n—l,w
0 0 o (lgl)f)/lf?),w (é)’Yle,w

1 - l
g AP = RS 0 0 o ( 31)'7l—4,w (3)71—3,w .
(’YO,UJ)

0 0 e Y0,w (l,ll)’}/l,w

By BY - By BY

Finally, the proof is completed using elementary row operations. O

Theorem 2.3. The Appell type degenerate Bell polynomials A} have following recur-
rence relation

l
l
B‘Aﬁ-l = (u + BO,UJ) BA;U + Z (8) Bs,w B-A?u_s
s=1

!
l
fu )y <s> sl (—w)® gAY
s=1

! s
PSS () (o s .
(2.9)

where

A &,
ToN ;{gs’wg. (2.10)

Proof. By applying the derivative operator with regard to ¢ to both sides of equation
(1.9), gives

!/

.- ! A z t 5
;BA;”HZ = jél((tt))A(t)(l%—wt)w (1+w(c=1))
1 u ¢ =l
—i—umA(t)(l +wt)s (1+w (e = 1))
+vet1+w(16t—1)A(t) (1+wt)= (1 +w (et — 1))1;.

Using the equations (1.8), (1.9) and (2.10) and series form of

1 o0
=) (—wt)’, |wt] <1,
IL+wt =
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we have
o0 [ o0 o0 l 0
Z B'Al+1l, = (Z s AP ) (Zﬁsw '> +u (Z 93-/4??,) <Z(—wt)s>
=0 =0 : ’ 5=0
B EEE (s m)
=0 : s=0r=0m=0 :

Then, if we write [ — s instead of [, we obtain

i ”11' ZZ()BSMBAZ sl.+uZZ(> (—w)” sAY s}f

=0 1=0s=0 1=0 s=0

AT Y S ( )() " Sa(s = rum) wAP

=0 s=0 r=0 m=0
(2.12)

It can be seen from equation (2.12) that the proof is completed. O

Remark 2.4. Note that the following property is true when considering the generating
function of Appell type degenerate Bell polynomials:

WAy (3AY) = LgAP ., 1=1,2,.., (2.13)
where
B (F () = LTS 20 g

Theorem 2.5. For the Appell type degenerate Bell polynomials gAY, we give the following
lowering operators ,o; and raising operators uaﬁ

1

oy i = b, (2.14)
A s l
uO'l+: = U+BOW+Z/BSUJ +UZ(—W)SUALSU
s=1 ! s=1
+UZZ Z "I“' )m Sa (s —r,m) A, (2.15)
5=0r=0m= 0

respectively. The difference equation satisfied by the polynomials A} is given by

(u+w+ Bow) ulw + zl:ﬁs,qu:iH (u+w Z S WAST
s=1 : s=1
l s
;( AS+USZOrz;)mZ0 s—r‘r' —w)" Sy (5 —1r,m) JAST — 1| 3AY =0.
(2.16)
Proof. In light of the following difference operator relation
WAy gAY =1 A7 |, (2.17)
we obtain
%qu gAf = A . (2.18)
This clearly shows that the lowering operator is provided:
w0y = lqu.

l
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In the recurrence relation (2.9), the term Ay’ . can be represented as follows in terms of
the lowering operator:

B‘A‘f—s = [O-l:s+10-l:s+2 s U;} B‘A{iu

_ =9t _l ) WA A (2.19)

It can be seen from the equation (2.9) and (2.19) that we have

A s l
u+50w+2,8w +ud (~w)?
s=1 ! s=1
—H)ZZ Z S—T 'T' )m S2 (S—T,m)uAZ] 3./4;‘]: B-A‘IU+17
s=0r=0m=0

so the operator ual is derived. To obtain the difference equation, applying the factoriza-
tion method

Or41 (Of ( BAE“)) = A7, (2.20)
with
wWAu (f () g (u,v)) = fu+w) Dy g (u,v) + g (u,v) Ay f (u),
we have
l A s+1 l
(u+w+50,w)qu +Zﬁs,wu :‘ U+W Z AZ+1
s=0 ' s=1
l s
+; el Uz;)z;) ZO vrv —w)™ Sa (s —r,m) WA — 1| AP =
Whence the result. O

Theorem 2.6. The Appell type degenerate Bell polynomials have the following summation
formulas

l
l
gA; (u+ z,v;w) = Z <s> gAi_s (2, v;w) (w)7, (2.21)
s=0
L1
gA; (u, v+ z;w) = Z (3) pAi_s (u,v;0) Bs (z50) (2.22)
s=0
L1
A (u+y,v+z;0) = Z (3) aAi_s (u,v;w) Bs (y, z;w) . (2.23)
s=0

where B (z;w) and Bs (y, z;w) are in the equations (1.5) and (1.11), respectively.
Proof. By substituting u + z for w in equation (1.9), the result is

e l utz v
ZBAZ(U+ZUW)§, = A()(1+wt)w (1+W(et_1)>w
=0
00 l o0 s
= (Z a A (z,v;w) Z) <Z(u):t'>
=0 5=0 :

Applying the Cauchy product, we have

[e's) oo 1

Z pA (u+ z,v;w) — = Z Z (s) pA_s (2,0;w) (u)fﬁ (2.24)

=0 =0 s5=0
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If the coefficients of Lt are compared in the equation (2.24), it can be seen that the proof
is completed. Equatlon (2.22) is derived through the substitution of v 4+ z for v, while
equation (2.23) is validated through the substitution of u 4+ y for u and v 4 z for v. t

Corollary 2.7. The multiplication formula for degenerate Bell polynomials of the Appell
type is as follows:

l

l
s Al (pu, quiw) = > (.;) Bs((p—Du,(¢g—1)v;w) AL, p,g €N
s=0

(2.25)
After taking y = (p— 1)u and z = (¢ — 1) v from equation (2.23), we get this result.

Theorem 2.8. The polynomials A} satisfied the following relation

l l
z
O1sw 2 As (2u, 20; RY B AL,

where

i BR:§ = B(t)(1+w)s (14w (e - 1))5 . B(t)= ias,wj.
s=0 : :

Proof. With the following generating functions in mind:

A (14wt (14w (e - 1)) ij Bﬂl i (2.26)
B(t)(1+wt)s (1+w(et—1>>% :ing‘;j. (2.27)
s=0 '

From (2.26) and (2.27), we obtain

B(1) {A B (1 +wt) < (1+w (e - 1))2‘“] = (Z A l,) (i BR??) :
s=0 ’

Using equations (1.9) (1.10) and applying the Cauchy product rule, we have

ZZ < >5l—s,w pAs (2% 2v; w 1 ZZ ( > B:Rw ‘B‘Al 57;:

=0 s=0 1=0s=0
Hence we get the result. O

Corollary 2.9. In the Theorem 2.8, the following properties are provided according to the
special cases of A(t) and B (t) .
o Taking B (t) = A(t), we have
!

l L[
Z (8) Al—s,w 3.A5 (2u,21};w) = Z (8) 3.AS B‘A?is

s=0 s=0

When w — 0, the above equation is also provided the following Bell based Appell polyno-
mials gAs (u,v) [40]

! !
Z (i) a_s pAs (2u,2v) = Z <l> gAs (u,v) A (u,v).

s=0 s=0 §

o Taking A(t) = $ and B (t) = ﬁ, we have from (1.12) and (1.13)
!

l (1 e e
Z (S) 8l—s,w BB (2u7 22};&]) = Z (S) 3B BES,

s=0 s=0
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in which &;,, are as follows

—Zglwl'

(1+wt) +1 1=

When w — 0, the above equation is also provided the following Bell based Bernoulli
polynomials 5B (u,v) and Bell based Euler polynomials &; (u,v) [17,22,40]

l l
Z (i) 81_5 BS (2’LL, 2’0) = Z (i) BBZ—S (u,v) 385 (U,U),

s=0 s=0

in which &; are as follows

3. Examples of the Appell type degenerate Bell polynomial families and
their properties

In this part, we examine some special cases of the determining function A (t) and define
degenerate Bell-Bernoulli polynomials and degenerate Bell-Euler polynomials. As an ap-
plication of the main results, we give the recurrence relation, determinant representation,
shift operators and difference equation for these polynomials.

3.1. The degenerate Bell-Bernoulli polynomials

The generating function for the degenerate Bell-Bernoulli polynomials
8B (u,v;w) := B} is as follows:

t u >
— (14wt (14+w(e =1 BBZ
(1+wt)e —1 ( ( >) ZZ o
The first three degenerate Bell-Bernoulli polynomials are as follows:
‘B‘B((S) = 1a
w —
B‘B(f = u+v-+ T,
1— 2
3By = (u+v)’—u+ GW

Corollary 3.1. The degenerate Bell-Bernoulli polynomials By satisfy the following
recurrence relation

l
l S w
3B = (u—1) 3B =) <S> sl (—w)” 3B

s=1
-y Z = (—w)" Bsr1rw 3B
s=0r=0 S +1- T‘)

+UZ <s> sl (—w)® B,
+inZ<)<> —w)™ Sy (s —r,m) 3BY

s=0r=0m=0
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where By, are called degenerate Bernoulli numbers [5, 6]
- 1  — Z S (.AJ N
(]_ + wt)w - ]. s=0 '
Corollary 3.2. The polynomials 3By’ have the following lowering operators ,o; and
raising operators u01+
_ 1
w1 = 7UAUJ7
l
+

I s+1
woy] = u—1-— Z

s )r
uAL
= ZZ s—l-l

s+1—7",w uAf;
s=0r= O
l s
Z( AS—FUZZZ — H —w)™ Sy (s —r,m) AL,
s=1 §=07r=0m=0 S T ;T
respectively. The difference equation satisfied by the zBY is given by
l I s+1 )r
(u+w_1)qu Z( Aerl ZZ . +1 rw uAerl
s=1 s=0r= O S+
l l
Y (W) WAL+ (w4 w) Y (—w) L ASH
s=1

oy @) S (s = rm) WAL 1] 5BF =0,
=0r=0m=0 e

By BY BY B By
L Wy gy wy (D)7,
2 3 [ I+1
1)y —1y (D 1)
0o 1 (U (SR HYE
3Bi = (—1)'
-1y (O (O
0 0 1 (GH9 (R
0 0 0 1 ()

The second and third degenerate Bell-Bernoulli polynomials B (u,v;w) are given
below with 3D surface plots. Degenerate Bell-Bernoulli polynomials with 3Bg (u,v;0.1)
and B3 (u,v;0.1) for w =

0.1 in Figure 1 and with B (u,v;0) and B3 (u,v;0)
polynomials shown in Figure 2 for w =0 given below
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1000

V500

-1000

(a) The polynomials 5Ba (u,v;0.1). (b) The polynomials B3 (u,v;0.1).

Figure 1. Degenerate Bell-Bernoulli polynomials for w = 0.1.

(a) The polynomials 5B (u,v;0). (b) The polynomials B3 (u,v;0).

Figure 2. Degenerate Bell-Bernoulli polynomials for w = 0.

3.2. The degenerate Bell-Euler polynomials

The generating function for the degenerate Bell-Euler polynomials 3&; (u,v;w) :=

is as follows:

2 u : r &Lt
m(l—l—wt)w (1—|—w(e —1>) :nglﬁ'

The first three degenerate Bell-Euler polynomials are as follows:

388) = 17

w 1
'B((:l = U+U—§,

w 2 w
3 = (u+v)' —u—wu+v)+ =

&Y
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Corollary 3.4. The polynomials &Y satisfy the following recurrence relation

l
l S w
387 = (u—1) 3& =) ( )S!(—W) BE s

slS

+= ZZ ( ) ( ) (—w)" Esrw BEY

sOrO

+uz <s> s (—w)® &7,
+UZ§:Z<><> —w)"™ Sy (s —r,m) &

5=07r=0m=0
where €, are called degenerate Euler numbers [6]
- 1 = Z S UJ .
(1 + wt) +1 s—0 !

Corollary 3.5. For the degenerate Bell-Euler polynomials 5EY, we have the following
lowering operators ,o; and raising operators uaf

_ 1
gy = iqua
l
wil s = u=1-3 (-w o r ull
s=1 s=0r= O
l s
+“Z(_ AN —i—vzzz — ) ' —w)"™ Sy (s —r,m) AS,
s=1 s=0r=0m=0 S T T
respectively. The difference equation satisfied by the & is given by
l
(u+w—1)A, Z( S LAST 4 = ZZ Eorer wAST
s=1 s=0r= 0
l
F(utw) Y (~w) WAL+ Z (—w)® yAS
s=1 s=1
l s s—r m)
03 S e (W)™ S (s — rm) WA — 1| € =0
s=0r=0m=0 (S B T) T

Corollary 3.6. The degenerate Bell-Euler polynomials &Y have the following determi-
nant representation

By BY By - BY BY
1oLty o Lo, Ly
0o 1 (O3 (s, Dl

3€f = (—1) B . .
0 0 1 3 O3,
0 0 0 - 1 ()3




1384 Z. Ozat, M.A. Ozarslan, B. Cekim

The second and third degenerate Bell-Euler polynomials 3&;(u,v;w) are given be-
low with 3D surface plots. Degenerate Bell-Euler polynomials with &9 (u,v;0.1) and
€3 (u,v;0.1) for w = 0.1 in Figure 3 and with &3 (u,v;0) and &3 (u,v;0) polynomi-
als shown in Figure 4 for w = 0 given below.

(a) The polynomials &2 (u,v;0.1). (b) The polynomials &3 (u,v;0.1).

Figure 3. Degenerate Bell-Euler polynomials for w = 0.1

(a) The polynomials &3 (u,v;0). (b) The polynomials €&z (u,v;0).

Figure 4. Degenerate Bell-Euler polynomials for w = 0.

4. Some relations and properties between Stirling numbers and Appell
type degenerate Bell polynomials

In present section, we investigate the connections between the Stirling numbers and
Appell type degenerate Bell polynomials.

We recall that the generating function for the Stirling numbers of the first kind S (I, s)
[43] is as follows:

{log (1 +1t)}* :s!ZSl (l,s)ﬁ, (It < 1). (4.1)
I=s ’

Degenerate versions of the Stirling numbers of the first kind S 4, (/, s) and Stirling numbers
of the second kind Sy, (I, s) are introduced as follows, respectively [25,26]:

l l
<u>= ZSLM 0,0) (), (w)) = ZSQ’M (1,1) < u >, (4.2)
i=0 i=0

where
<u>p=1, <u>=u(u—-1).(u—-I0+1), ((=12..)
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and

(wg =1, (' =uvu—-—w).(u—((-Nw), (=12.).
The degenerate Stirling numbers of the first and second kinds can be expressed using the
following generating functions [25, 20]

1 s > t!
g (logw (1 + t)) = Z Sl,w (la 5) ﬁa (43)
! e !
1 1 s s t
5 (T+w)s=1) = Y Shu(ls) o (4.4)
! e !

where the definition of the degenerate logarithm function is

logw(1+t):%((1+t)“’—1).

Theorem 4.1. The following explicit representation provided by the Appell-type degenerate
Bell polynomials is given in the form of Stirling numbers of second kind

l s m
A7 = 3% (i) (;) ()% (u)°_ Sy (m,7) ay—s. (4.5)

s=0m=0r=0

Proof. From (1.9), we observe that

igﬂfi A(t)(1+wt)%(1+w(et—1))5
- (en) (S 5) (For )
= (Fren) (S0 5) (Sor (S ooy
- (Feen) (S0 5) (B R orsennls)
- (B (S5 () e smn)

iy s w " #
; <S> <m> (u)s—m (U)T S2 (m7r)al—s,wﬁ-

If the coefficients of % are compared in the above equation, it can be seen that the proof
is completed. O

Corollary 4.2. When A(t) = —t1— and A(t) = —21— in Theorem 4.1, we
(14wt)t -1 (14wt) T +1
have the following explicit representations of degemerate Bell-Bernoulli and Bell-Euler

polynomials

l s m
53 =33 % (i) (;) () (W2 S (my7) Br_s. (4.6)

s=0 m=0r=0

l s m
DI (l> (m) ()% ()2, S (m.7) €1 (17)

s=0 m=07r=0

respectively.
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Theorem 4.3. The following explicit representation provided by the Appell-type degenerate
Bell polynomials is given in the form of Stirling numbers of first and second kinds

B‘Af Z Z Z Z < ) ( ) s—n (U)m(w)T_mal—s,w Sl (7", m) 52 (n, ’f') . (48)

s=0n=0r=0m=0

Proof. From (1.8), (1.9) and (4.1), we observe that

i s A} lj = A{)(1+wt)w (1+w (et _ 1));
: — A (Lt wt)E B la(re(e)
= (Boet) (o 5) (5 (o) et
()G e
- (Sat) (B ) (5 erermsenEnent)
- (:OOO”’“Z> (i) () i,) (22)7”0 ()™ (@)™ ™81 (r,m) S (n, ) t’:)
(fjaz . !> (ZZZmZ (f; (W2, () (@)™ (r,m) S (m,7) ﬂ)

izzsjzn: Z ( >< > s— n(v)m(w)T g Swsl(r m)52(n 7”) 1;:

=0 s=0n=0r=0 m=0

If the coefficients of % are compared in the resulting equation, it can be seen that the
proof is completed. O

Corollary 4.4. When A(t) = —Lt1— and A(t) = —21— in Theorem 4.3, we
(14wt) & —1 (14wt) @ +1
have the following explicit representations of degemerate Bell-Bernoulli and Bell-Euler

polynomials

3B

ZZZ Z ( )( ) ©()™w) ™S (rym) Sa (n,7) By, (4.9)

s=0n=0r=0m=0

g& = Z Z Z Z < > ( > o ()" (w)TS (r,m) Sa (0, 1) E1—s 4, (4.10)

s=0n=0r=0m=0

respectively.

Theorem 4.5. The following relation is satisfied by Appell type degenerate Bell polyno-
mials

l l
z I
sAL = ) (8> Bow AL 4 + uz <S>s! (—w)® gAY

s=0

—H}ZZZ < > ( ) )‘: SQ (’l“, S).Al_k (u;w). (4.11)

k=07r=0s=0
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Proof. By applying the derivative operator with regard to ¢ to both sides of equation
(1.9), we get

00 l ! w v
; 93A‘f+1% = ’jl((;))A(t) (14 wt)s (14w (e =1))*
1 " . z
ug —|—wt)A(t) (1+wt)s (14w (e =1))
+oel A () (1 +wt) (14w (e~ 1)) = (4.12)
Using the equations (1.8), (1.9) and (2.10), we obtain
0o %) s o0 1 o0
Z BAlHl, = ( Aj l') <Zﬁs,wi,> +u (Z BA%?') (Z (—wt)5>
=0 s=0 : 1=0 : s=0
! 0o Lk o0 (et—1)"
+v (gﬂl Uy w) 7;') (Z 2};,) (Zo(v —w)s (s')>
%) l 0
= (2:‘BAW ) <§:Bsw '> +IL<§::BA$§'> <§:(_%UOS>
1=0 : 1=0 "/ \s=0
oo Ik l
-I—UZZZZ( )() v—w)‘s"Sg(r,s).Al_k(u;w)%.
=0 k=07r=0s=0 :

(4.13)

Using the Cauchy product, we get

00 l
2: l+1l' E:ji:( )ﬁ%u}%f” Sl|+-u§E:§: ( ) —u) B/Wis%

=0 [=05=0 1=0s5=0

2333 (1) () 0w s A . @

=0 k=0r=0s=0

If the coefficients of ’g—f are compared in the equation (4.14), it can be seen that the proof
is completed. O

Corollary 4.6. When A(t) = —Lt+— and A(t) = —21— in Theorem 4.5, we
(I4wt)w —1 (14wt)w +1
have the following explicit representations of degenerate Bell-Bernoulli and Bell-Fuler

polynomials

l I s+1
w l s w l s! r w
o = =3 ()9 w8 -0 () i () B 23

s=0 s=0r=0
Lo Lk TN [k
+u (S> sl (—w)® g BY , + vz ZZ (k) (r) (v—w); Sz (r,8) A—k (u3w) ,
5=0 k=07r=0 s=0
(4.15)
L 1= (1 (s
BEh, = =) <s>s! (—w)® B&, + 5 >N (S) <r)7‘! (—w) o rw BEY,
s=0 s=0r=0
Lo b T N Ik
+u (s)S! (—w)’ &Y + UZ Z Z (k) (r) (v—w)y Sy (r,s) Ai—k (w;w) ,
s=0 k=07r=0 s=0
(4.16)

respectively.
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For r € N, we now examine the degenerate Bell-Euler polynomials of order r,
BEZ(T) (u,v;w), which have the following definition according to the generating function:

2 " w v N
<(1+wt)+1> (1+wt)e (1+w<e —1)) % 8()(uvw) - (4.17)

Theorem 4.7. Degenerate Bell-Euler polynomials of order r have the following relation
with degenerate Stirling numbers of second kind and two-variable degenerate Bell polyno-
mials

l s
38( (u,v3w) = Y Z( ><T+S 1) (—;) sty (m, s) B, (u,v;w).

m=0 s=0

Proof. Considering the generating function given by (4.17), we write

€l

2938 (u, v;w) tl = ((2)i+1> (1+wt)%(1+w(6t—1))

- (T s—1 1\° tm & #
- ZZ( s )(_2>3'52w m,s) 'ZB[UUW
m=0 s=0
oo l m s ;
-1 1
= S (DT (<5 58 (ms) Bio (i)
m s 2 ’ l!
=0 m=0 s=0

(4.18)

If the coefficients of % are compared in the equation (4.18), it can be seen that the proof
is completed. O

5. Constructing multilinear and multilateral generating functions for Ap-
pell type degenerate Bell polynomials

In present section, we obtain multilinear and multilateral generation functions for Appell
type degenerate Bell polynomials of the parametric type by means of some methods that
have been previously used in the literature (see also [1,18,36,44]).

Theorem 5.1. Assume that €2}, (z1,22,...,Ts) is an identically non-vanishing function of
s complex variables x1,x3,...,xs, (s € N) and of complex order . Also let the following
generating function:

(0.9}
AL g (71,22, .., 753 2) 1= Z arS¥or (T1, T2, .., Ts) P (5.1)
k=0

(ak#oa ,U,,ﬁE(C)
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Let us assume that for ©p p, 9 (4, v;w; 1, T2, ..., Ts; p) given by

Onmuo (U, VW T1, T2, ...y T3 P)

[n/m]
An—mi (u, v;w)
= Z akB k( )Q,u,+19k (JZ‘LLEQ,...,LES) Pk, (52)
k=0

(n —mk)!
it 1is asserted that
(o0}
Z Onm 9 <u,v;w; T1,%2, ..., T} :n) t" = A(t) (14 wt)« (1 + w (et - 1))
n=0
XAO,Lj,ﬁ (951@27---7563;77)
(m eN). (5.3)

Proof. Let S stand for the first member of Theorem 5.1’s statement (5.3) for the sake of
convenience. Substituting the polynomials

o . .
nym,u,9 | Uy V3 W L1, .00y Tgy 7

€l

tm

from the definition (5.2) into the left-hand side of (5.3) yields the following result:

oo [n/m]
ﬁ'An mk (U Y w) w kyn—mk
S = 7;) kzo (1 — mh)! ok (T1, T2, 0, ) Mt (5.4)

By inverting the order of summation in equation (5.4) and substituting n for n + mk, the
result can be expressed as

u (Y
S = Z Zak )Qﬁwk ($17$27-~-,$s)77kt"

n=0 k=0
[e.@] tn
= (Z pAn (u, v;w) ) (Z ar Qg (21,72, ., @ )nk>
n=0 n! k=0

= A®)(1+wt) (1 +w (et - 1))Z AL g (71,22, .0, m557) -
which evidently completes the proof of Theorem 5.1. O
Consider the multivariable function as follows

Qo (1,72, ..., T5)

we can provide more applications of Theorem 5.1 in terms of simpler functions of one or
more variables. For instance, if we taking

s=1,z1 =2 and Qi 4 (2) = Bk (T;w)
in Theorem 5.1, where the degenerate Bernoulli polynomials [5, 6]
t
ZB (z;w) R R w—
S (14wt)e —1

The following result yields a class of bilateral generating function for Appell type degen-
erate Bell polynomials and degenerate Bernoulli polynomials.

Corollary 5.2. If

(1+wt)e .

Aﬁ,ﬂ (w52) = Z ag By 1ok (W) P (5.5)
k=0

(ak#ov /1’7196N0)7
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and

In/m)
Ap—mi (u, v;w
= % e OB i) (5:5)

:Knmuﬁ(u U, ;W3 P
then

Z Km0 (u,v,x;w; t%) t"=A)(1+ wt)% (1 +w (et — 1))%A;’,ﬂ (z;m), (meN).
n=0

(5.7)
Remark 5.3. Let a, = %, @ =0and ¥ =1. We find that
oo [n/m]

Z Z BAn—mk (Ua 'U;w) By, (.%'; w) ktn—mk
(n — mk)! Ko

n=0 k=0

oo k
(Zgﬂnuvw ><ZBk Tyw) )
=AM (1 +wt) (1+w (e = 1)) Q4w —L— (5.8)
(14+wn)e —1
By choosing
s=1, ;=2 and Q) g (2)=E, 1o (T;w)
in Theorem 5.1, where the degenerate Euler polynomials [6]

2 z
ZE Tyw) = :—(l—l—wt)E.
S (1+wt)s +1
The following conclumon is obtained, which gives a class of bilateral generating function
for the degenerate Bell polynomials and the Appell type degenerate Euler polynomials.

Corollary 5.4. If

no (T32) Z ar€ ok (T3W) 2 k (5.9)
k=0
(ax #0, p,9 € Np),
and
u/m] B-Anfmk (u, v; w) k
Mo (0, 55059) = Y- 2 et (1)
k=0 ’
(5.10)
then

- o l n __ = t P w .
3 Mo (o ) 0 = 40 (1wt (14w (= 1)) A2 (i),
(meN). (5.11)
Remark 5.5. Let a; = %, @ =0 and ¥ = 1. We find that
S5 A (0,036) B @50)

= = (n —mk)! k!

(igﬂn w,50) ) (Zek 750) )

u ; z - 2
=A@t A +wt)E (14w (e =1))% (1 +wn)? TToi Tt (5.12)
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Finally, using the generating function of Appell type degenerate Bell polynomials, in
Theorem 5.1, we determine

s = 27 1 =T,T2 =Y and Q;j—i—ﬁk (xay) = B‘A;H-ﬂk (:L‘,y;w) .
Then, the following conclusion is obtained, which gives a class of bilinear generating func-
tion for for these polynomials.

Corollary 5.6. If

Ay (m,y52) = Y arpAupor (@, y;0) 2" (5.13)
k=0
(ak%07 M?ﬁeNO)a
and
/] Bﬂn—mk (u, U3 w) k
Roryimga,t (U 0, 503 9) 7= D ay =iyt 2o (2 5) 2,
k=0 :
(5.14)
then

[ee) L
> R (u v, 25 w; tiL) £ = A@) (1+ ) (14w (e = 1)) A2y (z,95m)
n=0

(m e N). (5.15)
Remark 5.7. Let a = %, @ =0and ¥ = 1. We find that
oo [n/m]

Z Z BAn—mk (u, v;w) sAg (2, y; W) ke gn—mk
(n —mk)! k! 7

n=0 k=0

o0 n 00 k
= (Z B An (U, v;w) t,) (Z s Ak (2, y;w) n,)
n! P k!

n=0
— A0+t (14w (e =1))"A0m) (0 +en) 1 +w (e - 1)5. (5.16)

Remark 5.8. For the appropriate choice of coefficients aj, when expressed as different
choices of the multivariable function Q% ;. (21,22, ..., s), the result given by Theorem 5.1
can be used to obtain various families of multilinear and multilateral generating functions
for Appell type degenerate Bell polynomials.

6. Conclusion

In our current research paper, we have identified a new generating function of Appell
type degenerate Bell polynomials, and we give these properties that include recurrence
relation, determinant representation, lowering and raising operators, difference equations,
and some summation formula. We then show the properties for degenerate Bell-Bernoulli
polynomials and degenerate Bell-Euler polynomials. Lastly, we examine the new degen-
erate Bell based special polynomials by examining the special cases and specifying the
results. Finally, in this study, we derive multilinear and multilateral generating function
families for Appell type degenerate Bell polynomials.

Moreover, in this study, recurrence relation, determinant representation, lowering and
raising operators, difference equations, and some summation formulas given for degenerate
Bell based Appell polynomials [40] are reduced to Bell based Appell polynomials in case
of w — 0. The properties given in the special cases section are reduced to Bell based
Bernoulli and Bell based Euler polynomials if w — 0.

In addition, the twice-iterated form of Appell type degenerate Bell polynomials and
their different degenerate forms can be defined for upcoming studies.
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