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Abstaract — In this paper, we defined new relationship between k£ Lucas sequences and determi-
nants of their associated matrices, this approach is different and never tried in k& Fibonacci sequence
literature.
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1 Introduction

The Fibonacci sequence is a source of many nice and interesting identities. Many
identities have been documented in [9],[10],[11],[12],[16],[2],[3]. A similar interpre-
tation exists for k£ Fibonacci and k£ Lucas numbers. Many of these identities have
been documented in the work of Falcon and Plaza [6],[7],[8], where they are proved
by algebraic means, many of another interesting algebraic identities are also proved
in [1],[4]. In this paper determinantal techniques are used to obtain several k Lucas
identities.

2 Preliminary

Definition 2.1. The k—Fibonacci sequence {Fj,}o2, is defined as, Fy,11 = k -
ka + ka,l, with Fk70 = O,F]ﬁl = 1, for n 2 1

Definition 2.2. The k— Lucas sequence {Ly ,}>2, is defined as, Ly 11 = k- Ly, +
Lyp1, with Lo =2,Ly1 =k, forn > 1
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Characteristic equation of the initial recurrence relation is,

P —k-r—1=0 (1)
Characteristic roots are
k+VEk24+4
"= (2)
2
and
k—Vk2+4
rp= (3)

Characteristic roots verify the properties

RN S (4)
7"1+T2:]{5 (5)
r.re = —1 (6)

Binet forms for Fj,, and Ly, are

and

Lk,n = 7”? + 7’3 (8)

2.1 First 11 k Fibonacci sequences as numbered in the En-
cyclopedia of Integer Sequences
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3 Determinantal Identities

Theorem 3.1. If n,i, j,t,m are positive integers with 0 <t <i, i+ 1 <m, j =1,

then
[ Lz,nﬂ + 4[’%,1171' Lk,n+i+j Lk,n+i+j ]
Lk,n+t 4Li,n+i + Li,n+¢+j Lk,n+t
det = 8L mtiLintLkntiv
I ) 97, ) Li,nJriJrj + Lz,nth
k,n-+i k,n+i 2Lk7n+i
(9)
Proof. Let
[ Li,n-i—t + 4L%,n—i Lk,n+z’+j Lk,n+i+j |
Linye ALE i+ Lipyin Lyt
Nl = det ) ) (10)
I i 27, s n+i+j k.n+t
k, + k, —+ 2Lk,n_‘_z
Assume that
Lk,n—i—t = ¢
Lk,n+i =@
Then
Linyivy =ko+ ¢
Now,
S .
ko + ¢ keo+¢
ko + ¢
©*+(ko+¢)?
Ny, —det| © 5 ¢
¢ + (ko + ¢)°
2
2
Making the row operations ! (ke + ¢)Ry] ! [¢Ro] ! (R3], g
W —— (ko , = , — [pRs], gives
(ke + ¢) R R
[ P+ 0* (ke +9)? (ke + ¢)°
1 2 2 2 2
N, = det o ©° + (ko + ) ¢ (11)
pp(kp + ) ) , , ,
© @ ¢* + (ko + @)
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making row operations Ry + Ry + R3 — Ry, R3— Ry — R3 and Ry — Ry — R», gives
[ *+ ¢ PPt (bt ) ¢+ (ko +0)* |

_ 1 —¢? 0 —(kp +¢)°
Ny = — g 2
LS St t )

¢° — (ko + ¢)? 0

Expanding we get
Ry = 8¢p(ky + ¢)

Putting
Linyt = ¢
Lipyi =
Lyptivi =ko+ ¢
Gives

Ny = 8Lk,n+iLk,n+th,n+i+j
[

Theorem 3.2. If n,1, j,t,m are positive integers with 0 <t <i,1+1<m, j=1,
then

2
L i 2Lk ntiLli nyivj LimttLintiv; + Linyiv;
2 2
Lk n—+t + 2Lk,n+iLk,n+t 4Lk n+i Lk:,n+th:,n+i+j
det ’ ’ (12)
2Lkn+ilkn+t ALE o yi + 2LkntiLkntivg L} nyits

= [4Lk,n+iLk,n+i+j]2

Proof. Let
I L3 i 2Ly i Lk nyitj LipttLintivi + Linyits |
NZ = det Li,n—l—t + 2Lk,n+iLk,n+t 4Lz,n+i Lk,n+th,n+i+j
2Lk nyi Lkt ALY o vi + 2Lk i Lk nyiv LE i
) (13)
Assume that
Lk,n—i—t - ¢
Lk,n—‘ri =@
Then _ ) ) -
¢ plko+¢)  dke+ o)+ (kp + )
N, = det ¢* + dp @ (ko + ¢)

b O+ ok +0) (ko + ¢)?
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Making the row operations Ry — Ry — (R; + R3)), gives
6 (kpt+9) o+ (ke+ o)
N, = 1 det 0 —2(kp+o) —2(kp+0e) (14)

(ke + @)
o o+ (ko+o) (kp+0¢)

making Column operations C'y — Cy — (5 and expanding gives

Ny = 4 [200(kp + ¢)]°

Putting
Lypnit = ¢
Lipyi =@
Lintivi = ke + ¢
Gives

Ny = [4Lk,n+iLk,n+i+j]2

]

Corollary 3.3. If n,i, j,t, m are positive integers with 0 <t <i, i +1<m, j =1,
then

_ ) _
_Lk,n—l—t 2Lk,n+z’Lkz,n+t Lk7n+th,n+i+j
2L L 412 . 2L L w 2
det Fonheontt kit ikt | = (4L nti Lt Lic i)
2
LiptLkpnvivi 2Lknvilinyivg —Liiivj

(15)

Corollary 3.4. If n,i, j,t, m are positive integers with 0 <t <i, 1 +1<m, j =1,
then

B 2 2
4Lk,n+i + Lk,n+i+j 2Lk,n+iLk:,n+t Lk,n+th,n+i+j

2Lk Lk t L2 2Lk Lk -7 2
det Mt Rnt kntt ikt = [ALg i Lt Lk nivs]

2 2
LinitLinvivi  2Lkntilknvivg 4Lk + Lo

(16)

Corollary 3.5. If n,i, j,t,m are positive integers with 0 <t <i,14+1<m, j =1,
then

[ 2Ly ntitj + 2Lgnti + Lignte Ly 2Ly i
det Ly ntitj 2Lt + 2Lk pyi + Ligpyitj 2Ly i
Ly ntitj 2Lyt AL pvi + Lyt + Lignyitj

=2 [2Lk,n+’i + Lk,n+t + Lk,n+i+j]3
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Corollary 3.6. If n,i, j,t,m are positive integers with 0 <t <i, 14+ 1<m, j =1,
then

[ 1 + Lk,n+t 1 1
et 1 1+ 2L n4i 1
1 1 14+ Lyntitj
1 1 1
= {2Lk7n+iLk,n+th,n+i+j}{ + + + 1}

Lkm—&—t 2Lk,n+i Lk,n+i+j
{2Ln+iLlknstLintivj + 2Lk nviLlintivi + LinstLinttLinvivi + 2Lk nviLipt )

4 Conclusion

In this paper we described determinantal identities for £ Lucas sequence; same iden-
tities can be derived for k£ Fibonacci sequence.
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