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1 Introduction

In 1986, Maki [24] introduced the notion of A-sets in topological spaces. A A-set is a
set A which is equal to its kernel (= saturated set) i.e to the intersection of all open
supersets of A. Arenas et al. [4] introduced and investigated the notion of A-closed
sets by involving A-sets and closed sets. In 1965, Njastad [29] introduced a-open sets
which have been considered as an important research tool in the field of topology.

In this paper, we introduce generalized A-closed sets in topological spaces. In
Section 3, we obtain characterizations of generalized A-closed sets. In Section 4, we
obtain some decompositions of topological functions.

2 Preliminaries

Throughout this paper (X, 7) and (Y, o) (or X and Y) represent topological spaces
on which no separation axioms are assumed unless otherwise mentioned. For a subset
A of a space (X, 7), cl(A) and int(A) denote the closure of A and the interior of A
respectively.

We recall the following definitions and remark which are useful in the sequel.

Definition 2.1. A subset A of a topological space (X, T) is called
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1. a-open [29] if A C int(cl(int(A)));
preopen [26] if A C int(cl(A));
semi-open [22] if A C cl(int(A));

B-open [1] if A C cl(int(cl(4)));

b-open [3] if A C int(cl(A)) U cfint(A));

The complements of the above mentioned open sets are called their respective
closed sets.

The collection of all a-open (resp. semi-open, preopen, (3-open, b-open) sets is
denoted by aO(X) (resp. SO(X), PO(X), BO(X), bO(X)).

The preclosure [31] (resp. semi-closure [14], a-closure [27], B-closure [1], b-
closure [3]) of a subset A of X, denoted by pcl(A) (resp. scl(A), acl(A), Bel(A),
bel(A)), is defined to be the intersection of all preclosed (resp. semi-closed, a-closed,
B-closed, b-closed) sets of (X, T) containing A. It is known that pcl(A) (resp. scl(A),
acl(A), Bel(A), bel(A)) is a preclosed (resp. semi-closed, a-closed, (-closed, b-closed)

set.
Definition 2.2. A subset A of a topological space (X, T) is called
1. generalized closed (briefly g-closed) [23] if cl(A) C U whenever A C U and U

1S open.

2. a-generalized closed (briefly ag-closed) [25] if acl(A) C U whenever A C U

and U 1is open.

3. a generalized semiclosed (briefly gs-closed) [7] if scl(A) C U whenever A C U
and U 1is open.

4. a generalized preclosed (briefly gp-closed) [8] if pcl(A) C U whenever A C U
and U 1is open.

5. a generalized semi-preclosed (briefly gsp-closed) [15] if Bcl(A) C U whenever
A C U and U is open.

6. a generalized b-closed (briefly gb-closed) [17] if bel(A) C U whenever A C U
and U 1is open.

The complements of the above mentioned closed sets are called their respective
open sets.

Definition 2.3. A subset A of a topological space (X, T) is called

. A-set if A = A" where A» =N {G:ACG, GerT} [24

2. Ny-set if A = N, (A) where Ay (A) =N {G:AC G, Ge aO(X)}[13].
3. Ng-set if A = As(A) where Ag(A) =N {G:AC G, Ge SO(X)}[12].
4. Ny-set if A = A, (A) where Ay(A) =N {G:AC G, Ge PO(X)}/[19)].
5

. Ng-set (= Agp-set [30]) if A = Ay (A) where Ay, (A) =N {G:ACG, Ge
BO(X);.

~
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6. Ap-set if A = Ay(A) where Ay(A) =N {G:AC G, Ge bOX)}[11].

Remark 2.4. In a topological space, every a-closed set is ag-closed but not con-
versely [25].

Definition 2.5. A subset A of a topological space (X, ) is called

1. locally closed set (briefly lc-set)[18] if A = L N F, where L is open and F is
closed.

2. alc*-set [21] if A = L N F, where L is open and F is a-closed.
3. slc*-set [5] if A = L N F, where L is open and F is semi-closed.
4. A-closed set [4] if A = L N F, where L is A-set and F is closed.
Definition 2.6. A function f: X — Y is called
1. continuous [9] if f1(V) is closed in X for every closed subset V of Y.
2. a-continuous [27] if f1(V) is an a-closed in X for every closed subset V of Y.

3. ag-continuous [20] if f1(V) is an ag-closed in X for every closed subset V of
Y.

4. alc*-continuous [21] if f1(V) is alc*-set in X for every closed subset V of Y.

Sa

semi-continuous [22] if f1(V) is semi-closed in X for every closed subset V of

Y.
gs-continuous [32] if [1(V) is gs-closed in X for every closed subset V of Y.
slc*-continuous [5] if f1(V) is slc*-set in X for every closed subset V of Y.

precontinuous [26] if f1(V) is preclosed in X for every closed subset V of Y.

AN S

gp-continuous [6] if {1(V) is gp-closed in X for every closed subset V of Y.
10. gsp-continuous [15] if f1 (V) is gsp-closed in X for every closed subset V of Y.
11. gb-continuous [17] if f1(V) is gb-closed in X for every closed subset V of Y.
12. B-continuous [1] if f~1(V) is B-closed in X for every closed subset V of Y.

18. b-continuous [16] if f1(V) is b-closed in X for every closed subset V of Y.

3 Characterizations of generalized \-closed sets

Definition 3.1. A subset A of a topological space (X, T) is called
1. ag*-closed [28] if cl(A) C U whenever A C U and U is a-open.
2. sg*-closed [28] if cl(A) C U whenever A C U and U is semi-open.

3. pg*-closed [28] if cl(A) C U whenever A C U and U is preopen.
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4. Bg*-closed [28] if cl(A) C U whenever A C U and U is (3-open.

5. bg*-closed if cl(A) C U whenever A C U and U is b-open.
Definition 3.2. A subset A of a topological space (X, ) is called

1. ale-set [2] if A = L N F where L is a-open and F is closed.

2. sle-set [10] if A = L N F where L is semi-open and F' is closed.

3. ple-set [10] if A = L N F where L is preopen and F is closed.

4. Ble-set [10] if A = L N F where L is B-open and F is closed.

5. blc-set if A = L N F where L is b-open and F is closed.

Definition 3.3. A subset A of a topological space (X, T) is called A-a-closed if A =
L N F, where L is A-set and F is an a-closed set.

Proposition 3.4. Every A-closed set is A-a-closed but not conversely.

Example 3.5. Let X = {a, b, ¢} with T = {0, {a}, X}. Then {b} is A\-a-closed but
not \-closed.

Lemma 3.6. For a subset A of a topological space (X, T), the following conditions
are equivalent.

1. A is A\-a-closed.
2. A =Ln acl(A) where L is a A-set.
3. A =A"nNacl(A).
Lemma 3.7. In a space X, the following statements hold.
1. Fvery a-closed set is A-a-closed but not conversely.
2. Every A-set is A-a-closed but not conversely.
3. Every a-closed set is alc*-set but not conversely.
4. Bvery alc*-set is A\-a-closed.
Example 3.8. Let X and 7 be as in Example 3.5. Then
1. {a} is A-a-closed but not a-closed.
2. {b} is A\-a-closed but not A-set.
3. {a} is alc*-set but not a-closed.
Lemma 3.9. A subset A C (X, 7) is ag-closed if and only if acl(A) C A™.

Theorem 3.10. For a subset A of a topological space (X, T), the following conditions
are equivalent.

1. A 1s a-closed.
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2. A is ag-closed and alc*-set.
3. A is ag-closed and \-a-closed.

Proof. (1) = (2) and (2) = (3) : Obvious.
(3) = (1) : Since A is ag-closed, by Lemma 3.9, acl(A) C A". Since A is
A-a-closed, by Lemma 3.6, A = A" N acl(A) = acl(A). Hence A is a-closed.

Remark 3.11. The following Example shows that the concepts of ag-closed set and
alc*-set are independent of each other.

Example 3.12. Let X and 7 be as in Example 3.5. Then {a, b} is ag-closed but
not alc*-set in (X, 7). Moreover, {a} is alc*-set but not ag-closed in (X, 7).

Remark 3.13. The following Example shows that the concepts of ag-closed set and
A-a-closed set are independent of each other.

Example 3.14. Let X = {a, b, ¢} withT = {0, {a, b}, X}. Then {a, c} is ag-closed
but not A\-a-closed in (X, 7). Moreover, {a, b} is \-a-closed but not ag-closed in (X,

T).
Definition 3.15. A subset A of a topological space (X, T) is called
1. A-s-closed if A = L N F, where L is A-set and F is semi-closed.
2. A-p-closed if A = L N F, where L is A-set and F is preclosed.
3. A-B-closed if A = L N F, where L is A-set and F is 3-closed.
4. A-b-closed if A = L N F, where L is A-set and F is b-closed.
Definition 3.16. A subset A of a topological space (X, T) is called
1. plc*-setif A = L N F, where L is open and F is preclosed.
2. Blc*-set if A = L N F, where L is open and F is 3-closed.
3. blc*-set if A = L N F, where L is open and F is b-closed.
Lemma 3.17. A subset A C (X, 7) is
1. gs-closed if and only if scl(A) C A,
2. gp-closed if and only if pcl(A) C A".
3. gsp-closed if and only if Bcl(A) C AM.
4. gb-closed if and only if bel(A) C A,

Corollary 3.18. For a subset A of a topological space (X, T), the following conditions
are equivalent.

1. (a) A is semi-closed.
(b) A is gs-closed and slc*-set.
(c) A is gs-closed and \-s-closed.
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2. (a) A is preclosed.
(b) A is gp-closed and plc*-set.
(c) A is gp-closed and \-p-closed.

3. (a) A is f-closed.
(b) A is gsp-closed and Blc*-set.
(c) A is gsp-closed and \--closed.

4. (a) A s b-closed.
(b) A is gb-closed and blc*-set.
(c) A is gb-closed and \-b-closed.

Proof. The proof is similar to that of Lemma 3.6, Lemma 3.17 and Theorem 3.10.
Remark 3.19. The following Fxamples show that the concepts of
1. gs-closed set and slc*-set are independent of each other.
2. gs-closed set and \-s-closed set are independent of each other.
3. gp-closed set and plc*-set are independent of each other.
4. gp-closed set and \-p-closed set are independent of each other.
5. gsp-closed set and (lc*-set are independent of each other.
6. gsp-closed set and \-f-closed set are independent of each other.
7. gb-closed set and blc*-set are independent of each other.
8. gb-closed set and \-b-closed set are independent of each other.
Example 3.20. Let X and 7 be as in Example 3.14. Then

1. {a, ¢} is gs-closed but not slc*-set in (X, 7). Moreover, {a, b} is slc*- set but
not gs-closed in (X, 7).

2. {b, c} is gs-closed but not A-s-closed in (X, 7). Moreover, {a, b} is A-s-closed
but not gs-closed in (X, 7).

Example 3.21. Let X = {a, b, ¢} with 7 = {0, {a}, {a, ¢}, X}. Then

1. {a, b} is gp-closed but not plc*-set in (X, 7). Moreover, {a, ¢} is plc*-set but
not gp-closed in (X, 7).

2. {a, b} is gp-closed but not A\-p-closed in (X, 7). Moreover, {a} is A-p-closed
but not gp-closed in (X, 7).

Example 3.22. Let X = {a, b, ¢} with ™ = {0, {b}, {a, b}, X}. Then

1. {b, c} is gsp-closed but not Blc*-set in (X, 7). Moreover, {b} is Blc*- set but
not gsp-closed in (X, 7).
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2. {b, ¢} is gsp-closed but not A-B-closed in (X, 7). Moreover, {a, b} is A\-(-closed
but not gsp-closed in (X, 7).

3. {b, ¢} is gb-closed but not blc*-set in (X, 7). Moreover, {a, b} is blc*-set but
not gb-closed in (X, T).

4. {b, ¢} is gb-closed but not A-b-closed in (X, 7). Moreover, {b} is \-b-closed
but not gb-closed in (X, 7).

Remark 3.23. We have the following diagrams for the subsets we stated above:

Diagram 1.

closed —— «a-closed — semi-closed

NN

A-closed —— \-a-closed —— \-s-closed

Y
preclosed —— b-closed —— [3-closed

Y Y
A-p-closed ———— A-b-closed ——— A\-(3-closed

Diagram 2.

closed — a-closed —— semi-closed

NG N

lc ~ alc >~ slc*

Y Y
preclosed —— b-closed —— [3-closed

NLN

pler —————— bl ———— Bl

Definition 3.24. A subset A of a topological space (X, T) is called

1. A-ag*-closed if A = L N F, where L is a A,-set and F is closed.
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2. \-sg*-closed if A = L N F, where L is a Ag-set and F is closed.
3. A-pg*-closed if A = L N F, where L is a A,-set and F'is closed.
4. A-Bg*-closed if A = L N F, where L is a Ayy-set and F is closed.
5. A-bg*-closed if A = L N F, where L is a Ny-set and F is closed.

Lemma 3.25. 1. Every alc-set (resp. slc-set, ple-set, (lc-set, blc-set) is A\-ag*-
closed (resp. A-sg*-closed, A\-pg*-closed, A\-3g*-closed, \-bg*-closed).

2. Every A,-set (resp. Ag-set, N,-set, Ag,-set, Ay-set) is A\-ag*-closed (resp. A-
sg*-closed, \-pg*-closed, \-Bg*-closed, \-bg*-closed).

Lemma 3.26. 1. A subset A C (X, 7) is ag*-closed if and only if cl(A) C Ay (A).
2. A subset A C (X, 1) is sg*-closed if and only if cl(A) C As(A).
3. A subset A C (X, 7) is pg*-closed if and only if cl(A) C A, (A).
4. A subset A C (X, 1) is Bg*-closed if and only if cl(A) C Ag(A).
5. A subset A C (X, 7) is bg*-closed if and only if cl(A) C Ay(A).

Lemma 3.27. For a subset A of a topological space (X, T), the following conditions
are equivalent.

1. A is A-ag*-closed.
2. A =LnNcl(A) where L is a A,-set.
3. A =A,(A)N cl(A).

Theorem 3.28. For a subset A of a topological space (X, T), the following conditions
are equivalent.

1. (a) A is closed.
(b) A is ag*-closed and alc-set.
(c) A is ag*-closed and \-ag*-closed.

2. (a) A is closed.
(b) A is sg*-closed and slc-set.
(c) A is sg*-closed and \-sg*-closed.

Remark 3.29. The following Fxamples show that the concepts of
1. ag*-closed set and alc-set are independent of each other.
2. ag*-closed set and A\-ag*-closed set are independent of each other.
3. sg*-closed set and slc-set are independent of each other.

4. sg*-closed set and \-sq*-closed set are independent of each other.

Example 3.30. Let X and 7 be as in Example 3.14. Then
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1. {a, c} is ag*-closed but it is neither alc-set nor A\-ag*-closed in X.

2. {a, b} is both alc-set and A-ag*-closed but not ag*-closed in X.
Example 3.31. Let X = {a, b, ¢} with 7 = {0, {b, ¢}, X}. Then

1. {a, b} is sg*-closed but it is neither slc-set nor A-sg*-closed in X.

2. {b, ¢} is both slc-set and A-sg*-closed but not sg*-closed in X.

Remark 3.32. We have the following diagrams for the subsets we stated above:

Diagram 3.

A, -set Ag-set

NN

A-ag*-closed — \-sg*-closed

Y

Ay-set

Y
Ap-set Agp-set

Y

Y
A-pg*-closed —— X\-bg*-closed — \-Bg*-closed

Diagram 4.

Q-open ——— Semi-open

NN

alc-set ——— > sle-set

Y
preopen —————>b-open ——— > (3-open

Y

ple-set > blc-set > Blc-set

4 Decompositions of Topological Functions
Definition 4.1. A function f: (X, 7) — (Y, 0) is called

1. M-a-continuous if (V) is a A-a-closed set in X for every closed subset V of
Y.
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2.

3.

4

5.

A-s-continuous if f1(V) is a A-s-closed set in X for every closed subset V of
Y.

A-p-continuous if f1(V) is a A-p-closed set in X for every closed subset V of
Y.

A\-B-continuous if f1(V) is a A-B-closed set in X for every closed subset V of
Y.

A-b-continuous if f1(V) is a A\-b-closed set in X for every closed subset V of
Y.

Definition 4.2. A function f: (X, 7) — (Y, 0) is called

1.

8.

9.

ag*-continuous if (V) is an ag*-closed set in X for every closed subset V of

Y.

sg*-continuous if f1(V) is a sg*-closed set in X for every closed subset V of

Y.

alc-continuous if f1(V) is an ale-set in X for every closed subset V of Y.

. sle-continuous if f1(V) is a slc-set in X for every closed subset V of Y.

A-ag*-continuous if f1(V) is an \-ag*-closed set in X for every closed subset
Vof Y.

A-sg*-continuous if f1(V) is a A-sg*-closed set in X for every closed subset V
of Y.

ple*-continuous if f~1(V) is a plc*-set in X for every closed subset V of Y.
Blc*-continuous if f1(V) is a Blc*-set in X for every closed subset V of Y.

blc*-continuous if f1(V) is a blc*-set in X for every closed subset V of Y.

We have the following decompositions of topological functions.

Theorem 4.3. Let f : X — Y be a function. Then the following are equivalent.

1. f s a-continuous.

2. fis ag-continuous and alc*-continuous.

3. fis ag-continuous and \-a-continuous.

Proof. 1t follows from Theorem 3.10.

Theorem 4.4. Let f : X — Y be a function. Then the following are equivalent.

1. fis semi-continuous.

2. fis gs-continuous and slc*-continuous.

3. fis gs-continuous and \-s-continuous.

Proof. 1t follows from Corollary 3.18 (1).
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Theorem 4.5. Let f: X — Y be a function. Then the following are equivalent.

1. fis precontinuous.
2. fis gp-continuous and plc*-continuous.
3. fis gp-continuous and A-p-continuous.

Proof. 1t follows from Corollary 3.18(2).

Theorem 4.6. Let f: X — Y be a function. Then the following are equivalent.

1. fis B-continuous.
2. fis gsp-continuous and (lc*-continuous.
3. fis gsp-continuous and \-f-continuous.

Proof. 1t follows from Corollary 3.18(3).

Theorem 4.7. Let f: X — Y be a function. Then the following are equivalent.

1. fis b-continuous.
2. fis gb-continuous and blc*-continuous.
3. fis gb-continuous and \-b-continuous.

Proof. 1t follows from Corollary 3.18(4).

Theorem 4.8. Let f: X — Y be a function. Then the following are equivalent.

1. fis continuous.
2. fis ag*-continuous and alc-continuous.
3. fis ag*-continuous and \-ag*-continuous.

Proof. 1t follows from Theorem 3.28(1).

Theorem 4.9. Let f: X — Y be a function. Then the following are equivalent.

1. fis continuous.
2. fis sg™-continuous and slc-continuous.
3. fis sg*-continuous and \-sg*-continuous.

Proof. 1t follows from Theorem 3.28(1).

39

Remark 4.10. The following Examples show that the concepts of the following are

independent of each other.
1. ag-continuity and alc*-continuity.
2. ag-continuity and A-a-continuity.

3. gs-continuity and slc*-continuity.
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gs-continuity and \-s-continuity.
gp-continuity and plc*-continuity.
gp-continuity and \-p-continuity.
gsp-continuity and Blc*-continuity.

gsp-continuity and \-3-continuity.

© RS G

gb-continuity and blc*-continuity.
10. gb-continuity and A-b-continuity.

11. ag*-continuity and alc-continuity.
12. ag*-continuity and \-ag*-continuity.
13. sg*-continuity and slc-continuity.

14. sg*-continuity and \-sg*-continuity.

Example 4.11. Let X = Y = {a, b, ¢}, 7 = {0, {a, b}, X} and o = {0, {b}, {q,
b}, Y}. Then the identity function f: (X, 7) — (Y, o) is ag-continuous but it is
neither alc*-continuous nor A-c-continuous.

Example 4.12. Let X = Y = {a, b, ¢}, 7 = {0, {a}, {a, b}, X} and o = {0, {c},
{b, ¢}, Y}. Then the identity function f: (X, 7) — (Y, o) is both alc*-continuous
and A-a-continuous but not ag-continuous.

Example 4.13. Let X, Y, 7 and o be as in Example 4.11. Then the identity function
f: (X, 7)— (Y, 0)is ag*continuous but it is neither alc-continuous nor A-ag*-
continuous.

Example 4.14. Let X = Y = {a, b, ¢}, 7 = {0, {a, b}, X} and 0 = {0, {c},
Y}. Then the identity function f : (X, 7) — (Y, o) is both alc-continuous and
A-ag*-continuous but not ag*-continuous.

Example 4.15. Let X = Y ={a, b, ¢}, 7 = {0, {a}, X} and 0 = {0, {c}, {a, ¢},
Y}. Then the identity function f: (X, 7) — (Y, o) is gs-continuous but it is neither
sle*-continuous nor \-s-continuous.

Example 4.16. Let X = Y = {a, b, ¢}, 7 = {0, {a}, X} and o = {0, {a}, {0,
c}, Y}. Then the identity function f: (X, 7) — (Y, o) is both slc*-continuous and
A-s-continuous but not gs-continuous.

Example 4.17. Let X = Y ={a, b, ¢}, 7 = {0, {b, ¢}, X} and o = {0, {c}, {0,
c}, Y}. Then the identity function f: (X, 7) — (Y, o) is sg*-continuous but it is
neither slc-continuous nor \-sg*-continuous.

Example 4.18. Let X = Y = {a, b, ¢}, 7 = {0, {b, ¢}, X} and 0 = {0, {a},
Y}. Then the identity function f: (X, 7) — (Y, o) is both slc-continuous and
A-sg*-continuous but not sg*-continuous.
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Example 4.19. Let X = Y ={a, b, ¢}, 7 = {0, {b}, X} and 0 = {0, {c}, {b, ¢},
Y}. Then the identity function f : (X, 7) — (Y, o) is gp-continuous but it is neither
plc*-continuous nor A-p-continuous.

Example 4.20. Let X = Y = {a, b, ¢}, 7 = {0, {b}, X} and 0 = {0, {a, ¢},
Y}. Then the identity function f: (X, 7) — (Y, o) is both plc*-continuous and
A-p-continuous but not gp-continuous.

Example 4.21. In Example 4.19, fis gsp-continuous but it is neither Blc*-continuous
nor \-3-continuous

Example 4.22. In Example 4.18, f is both Blc*-continuous and \-3-continuous but
not gsp-continuous.

Example 4.23. In Example .20, f is gb-continuous but it is neither blc*-continuous
nor A-b-continuous.

Example 4.24. Let X, Y and 7 be as in Example 4.15 and o = {0, {b, ¢}, Y}. Then
the identity function f: (X, 7) — (Y, o) is both blc*-continuous and \-b-continuous
but not gb-continuous.

5 Conclusion

Topology is an area of Mathematics concerned with the properties of space that are
preserved under continuous deformations including stretching and bending, but not
tearing. By the middle of the 20th century, topology had become a major branch of
Mathematics.

Topology as a branch of Mathematics can be formally defined as the study of
qualitative properties of certain objects that are invariant under a certain kind of
transformation especially those properties that are invariant under a certain kind of
equivalence and it is the study of those properties of geometric configurations which
remain invariant when these configurations are subjected to one-to-one bicontinuous
transformations or homeomorphisms. Topology operates with more general concepts
than analysis. Differential properties of a given transformation are nonessential for
topology but bicontinuity is essential. As a consequence, topology is often suitable
for the solution of problems to which analysis cannot give the answer.

Though the concept of topology has been identified as a difficult territory in
Mathematics, we have taken it up as a challenge and cherishingly worked out this
research study. It can also further up the understanding of basic structure of classical
mathematics and offers new methods and results in obtaining significant results of
classical mathematics. Moreover it also has applications in some important fields of
Science and Technology.

In this paper, we obtained new classes of sets by using A-closed sets in topological
spaces and studied their basic properties; and their connections with other kind of
topological sets. Moreover new decompositions of topological functions are obtained.
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