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Abstract — In [11], Ryoo introduced the Carlitz’s-type twisted (h,q)-Tangent numbers and polynomials. In
this paper, we consider some new symmetric identities involving Ryoo’s Carlitz’s-type twisted (h,q) Tangent-

type polynomials arising from the fermionic p-adic invariant integral on Zp under 35 termed symmetric
group of degree five.
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1 Introduction

In the complex plane, the Euler polynomials are defined by

NN U S
ZOEn(X)n— = me t, (|t| < 7Z')

n

When x =0, then we get E, (0):= E, is called the n-th Euler numbers, see [5], [7], [14].

As well-known that the Tangent numbers T,, , (n>1) are defined as the coefficients of the
Taylor expansion of tan x:

=T
tanx =) 2Ly 10,14]).
an x ;(Zn—l)!x (see [10,14])
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Kim et al. [10] obtained the following relation between Tangent numbers and Euler
numbers:

n Ton
E,..=(-1) # (1.2)

Ryoo [14] introduced Tangent-type polynomial T.(x) which is different from original
definition, as follows:

ZT (X 1e“, (|t|<%). (1.2)

Letting x=0 in the Eq. (1.2) reduces to T.(0):=T. that is called n-th Tangent-type
number (see, e.g., [11], [14]).

Ryoo’s Tangent polynomial holds the following equality (see [14])

_Tona

E2n—l - 22n—1 . (13)
Note that the Eq. (1.3) is different from the Eq. (1.1). Further we have
Tona=(-1)"T,, . (1.4)

Because of (1.4), we call Tn (x) and T. as Tangent-type polynomials and Tangent-type
numbers, respectively.

Let p be chosen as a fixed odd prime number. Along this paper Z ;, Q, Q, and C will
denote topological closure of Z, the field of rational numbers, topological closure of Q
and the field of p-adic completion of an algebraic closure of Q, respectively. Let

N={1,2,3,---} and N" = NuU{0}.
For d an odd positive number with (d, p) =1, let

X=Xy =limZ/dp"Z and X, =2,

and
t+dp"z, = {XE X |x=t(mod de)}

where te Z liesin 0<t <dp". See, for more details, [1-11].

The normalized absolute value according to the theory of p-adic analysis is given by
|p|p = p~. The notation "q" can be considered as an indeterminate, a complex number
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qeC with |g<1, or a p-adic number qeC_  with |q—]4p<p‘1"p‘1’ and

q = exp(x log q) for |x|p <1. It is always clear in the content of the paper.

For any x, let us introduce the following notation (see [1-14])

1-q

o (15)

[x], =
known as q-number of x. Note that as g —1, the notation [x]q reduces to the x. For
feUD(Z,) :{f |g:0 , >0, is uniformly differentiable function},

Kim [7] defined the p-adic invariant integral on Z ; as follows:

1(f)j X)d e, (x -@Ozf ) (1) (1.6)
From Eq. (1.6), we get
1, (f)= (f)+22 1" £ (k)

where f (x) means f(x+n). For more details about the p -adic invariant integral on Z ,
see the references, e.g., [5], [7], [11], [12], [13], [14].

LetheZ and T, = UCPN = IimNAprN , Where C = {WZWPN :1} is the cyclic group of

N>1 P
order p". For weT,, we indicate by ¢,:Z —C, the locally constant function x — w".

For geC, with |1—q|p <1 and weT,, the h-extension of Carlitz’s-type twisted -
Tangent-type polynomials are defined by the following p -adic invariant integral on Z ,
with respect to x ,, in [11]:

[, wa[2y +x] dg, (y) =Thaw(x) (n20). (1.7)

If we let x=0 into the Eq. (1.7), we then have T(nh,g,w(O) ::Tf:c)l,w called n-th h-extension

of Carlitz’s-type twisted ¢-Tangent-type number. These numbers can be generated by the
following recurrence relation:

(h) )

th(quq,w +[2]q) +Thg

W

|2, ifn=0
1o, ifn=0
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n
with the usual convention about replacing (T 2“&) by T(nhgw

When q—1 and w=1 inthe Eq. (1.7), it gives
(h) . n
Traw(X) > Ta(¥):= [ Qy+x)"du, ().
p

Recently, symmetric identities on some special polynomials, e.g. Bernoulli polynomials,
Euler polynomails, Genocchi polynomials etc., have been studied by many mathematicians.
For instance, Agyuz et al. [1] obtained a further investigation for the q-Genocchi numbers

and polynomials of higher order under third Dihedral group D, and established some

closed formulae of the symmetric identities. They also established some known identities
for the classical Genocchi numbers and polynomials by using fermionic p -adic q-integral

on Z . Duran et al. [2] investigated some new symmetric identities for g-Genocchi
polynomials which are derived from the fermionic p -adic q-integral on Z . Duran et al.
[3] derived symmetric identities involving weighted q-Genocchi polynomials using the
fermionic p -adic g-integral on Z . Araci et al. [5] performed to get some new symmetric
identities for q-Frobenius-Euler polynomials under symmetric group of degree five, which
are derived from the fermionic p -adic q-integral over the p -adic numbers field. Kim et
al. [9] introduced new symmetry identities for Carlitz’s q-Bernoulli polynomials under

symmetric group of degree five. Kim et al. [7] investigated some new properties of
symmetry for the Carlitz’s-type q-Euler polynomials invariant under the symmetric group

of degree five. Kim [8] considered new properties of symmetry for the higher-order
Carlitz’s ¢ -Bernoulli polynomials which derived from p -adic g-integral on Z  under the

symmetric group of degree five.

In the present paper, we investigate some not only new but also interesting identities for h -
extension of Carlitz’s-type twisted g -Tangent-type polynomials arising from the fermionic

p -adic invariant integral on Z & symmetric group of degree five.

2 Symmetric Identities Involving T.%), (x) under s;

For w, e N with w, =1(mod2) with i e{1,2,3,4,5}, by the Egs. (1.6) and (1.7), we get

'[ WW1W2W3W4y q hwlw2w3w4 y " e[WlW2W3W4 2 y+le2w3w4w5x+w5w4W2W3i FWEW, Wy Wy j +FWEW, 4w1w2k +W5w3wlwzs]
z

p

e, (y) (2.)

N
p_1 Way W W g 2 YWy W, W Wy Wi XHWi Wy Way Woal -+Wig W Wy Wy +Wis W Wy Wo K +We W W Wiy S |t
= lim Z (_1)yleW2w3W4thV\ﬁW2W3W4y xe["‘ﬁ 23y £Y+ Wy Wo WaWy WX+ Wiy Wo Wl + W Wy Wy Wa ]+ Wi W Wy WK +WgWighg W Jq
N—o0 U2
y=0
W5—1pN_l
= lim Z Z (_1)|+yWW1W2W3W4(|+W5y)thlW2W3W4(|+W5y)
N

2%1=0 y=0
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e[Wlwzw?’w4 2(I +W5y)+W1W2W3W4W5X+W5W4W2W3i FWEW, Wy Wa j +w5w4wlwzk +w5W3wlwzs}qt
X

o IWg—1w, ) ) ) .
Z Z Z (_1)i+j+k+s \,\/""5‘“’4‘“’2‘“’3'*""5‘“’4‘“’1""3J*""5"V4W1""2k*"sz:s‘“’l""zS X qh("VSW4W2""3'+ W5W4"‘ﬁW3J+W5W4W1""2k+W5W3W1""25)

on the both sides of Eq. (2.1) gives

Wy - —1w. 1w3 -1lw,-1

2 4
K Wix W g Woy Wonl Wiz W W Wiy Wiz W g Wa Wi K -+ Wi W W Woy S
ZZ Z( 1)I+J++S 5 Wi W Wl +Wis W g Wi Wag J o+ Wi W g Wy Wop K+ Wi W Wiy Woy (2.2)

i=0 j=0 k=0 s=0

N Wi W g Wi Wiyl + Wi Wy Wy Wy +Wis W g W Wi K +Wie Wi Wy Wy S WoWaW, Y v Wowaw, y
Xq 5\ W Wal +Wig Wy Wy W ]+ W Wy Wy Woy 5312)... WW1234q 1727374

Zp

e[W1W2W3W4 2 y+wlw2W3w4w5x+w5w4w2w3i HF W W, Wy Wy j +w5w4wlw2k +w5w3wlw25] t

T (y)

4 ) )
i Z Z Z (_1)i+j+k+s+y+l y lew2w3w4(l+w5y)+w5w4w2w3|+w5w4wlw3j+w5w4w1w2k+w5w3wlw25

h(w1w2w3w4(l +Wg y)+w5w4w2w3i HFWE W, Wy Wy j +w5w4le2k +w5w3wlwzs)

e[Wlwzw?’w4 2(I +W5y)+W1W2W3W4W5X+W5W4W2W3i FWEW, Wy Wa j +w5w4wlwzk +w5W3wlwzs}qt

Note that the Eq. (2.2) is invariant for any permutation o €S;. Therefore, we obtain the
following theorem.

Theorem 1 Let w, e N with w, =1(mod2) and i €{1,2,3,4,5} . Then the following

W I —lwa o) —1WO_ ®) —1WU ) -1

Z Z Z Z (_1)i+j+k+s

i=0  j=0 k=0 s=0

XWWa(s)Wa(4)Wo(2)Wa(3)”Wa(5)Wa(4)Wa(1)Wa(3) 0o (5)Wor (4) Wor (1) Vor (2) K+ Wor (5) Vor (3) Wor (1) Wor (2)

h[Wa(5>Wa(4)Wa(2)Wa(3)i+Wa(5)Wa<4>Wa(1)Wa(3)"+Wa(5)Wa(4)Wa<1)Wa(2>k+Wa(5>Wa(s>Wa(1)Wa(2)S]
xq
y I WWa(l)Wa<2)Wa(3)Wa(4)('*Wa(S)V)qhWa(l)Wa(Z)Wa(3)Wa<4)('+Wa(5)y)

Z

xeXp([ ey Wo) Wo3) 0(4)2y+ o)) Wor 2 Wor (3) Wor () Wor ) X T Wos (5) Wor () Wor ) a(s)

W, 6 Woy ) W 1y Wor gy Wo 5y Wy Wor 0y W ) K W 5 W ) W, 0y W, S, t)d/‘ (Y)
holds true for any o €S,.
By Eqg. (1.5), one can easily see that

[V W, VW, 2+ VW, W W, W X+ W W W W + W W, W W -+ W W, W, WK -+ W Wo W W, S ]q (2.3)
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W, W. . W W,
:[W1W2W3W4]q|:2y+wsx+—5|+_5J+_5k+_55} .
W W, W, W, Wy WoWaWy

From Eqgs. (2.1) and (2.3), we obtain

h [W1W2W3W4 2 y+WlW2W3W4W5X+W5W4W2W3I +W5W4W1W3 j +W5W4W1W2k +W5W3V\ﬁ_W2 }
.[z WW1""2""3""4Vq VWY o du,(y) (2.4)
P
S (h) W W . W, w, |t"
[w,w,w,w, | T WX+—i+— j+—=Kk+—=5 [—.
W WoWaWy Wy W Wy 5
pry ng W w,oow," w, w, /n!
By Eqg. (2.4), we have
J’ lewzw3w4thwlwzw3w4y (25)
z

X [ VWV, W5 W, 2+ W W, W W, VW X+ VW, W, Wi+ VW, W W  + VW, Wo WL K -+ W W W, W, S ]: dz,(y)

(h)

[wwww] T wx+%i+%j+%k+%s}(n20).

5
ng 1"2"3% ,"1"2"3"a ( W, W, W, W,
Thus, from Theorem 1 and (2.5), we have the following theorem.

Theorem 2 For w, e N with w, =1(mod2) with i {1,2,3,4,5}, the following

Wor (1) " Wor(2) Mir(3) Wora) 2

[ W W Woo W, (4)] Z Z(; Z ; (1)

Yo 6) Vo (4) Vo (2) Vor (3) Vo (5) o () Wor(2) o(s)J*Wo(S)Wa(zt)Wa(l)Wa(Z)"*Wa<5>Wo(3)Wa(1)Wa(2)3

“(Wo(S)Wa(A)Wa<2>Wa(3>i+Wa(5)Wa(4)Wa(l)Wa<s> W (5) Yo () Wor(1) Vor(2) X Wor(5) Wa(s)Wo(l)Wa(Z)s)

xq

(h) Woe) . Woi . Ws W, )
Yo W)Yo @)V @) Vo @) Vo 1) Vo (2) Vo (3) Vo (4) Woi X + I+ J+ K+ S
n.q W Wcr(l) Wo‘(Z) Wa(s) Wo‘(4)

holds true forany o €S;.

It is easy to show by using the definition of [x]q that

n

W.. W, . W, W,
{2y+w5x+—5|+—51+—5k+—55 (26)

A W, W, A M2y

n—-m
) n (n [ 5]q . . n-m
=2 m W [ W W Wi+ W W, W, WK -+ W, WS | wg
m=0

xq

M Wiz W g Wey Wiyl +Win W g Wi Wey J Wiz W4 Wa Woy K -+ Wi Wi W Wy S m
(g i+ g g g 5312)[2y+W5X]q%W2W3W4.
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Taking J; w'2"s" g2y (y) on the both sides of Eq. (2.6) gives
p

n
[ wesagrey {2y+w5x+%i + 2%y T +%s} du,(y) (@7)

P W, W, W, A
n—m
_Z”:(nj [Ws]q [WWWi+WWWj+WWWk+WWWS]n_m
= L T 23V 173" 1o Wy W, WSS | v
m=0\M [W1W2W3W4]q
m i H K s )
g SIS [\ [y X g A2 (Y)
p
n—-m
_ (YDl N
B mZ;) m W [W2W3W4I TWWEW, J + W W, W, +W1W2W35] 0%

m(w5w4w2W3i+w5w4wlw3j+w5w4wlwzk+w5w3wlw25) (h) (W X)
m ’quW2W3W4 ‘WW1W2W3W4 57"

xq

By the Eq. (2.7), we have

£

1W2 1W31W41
n T K S « o Wi Wy W Wi Wi W0 Wa Wy 4+ Wi Wy Wi Wo K+ Wi W Wa Wiy S

[W1W2W3W 2:2:2:( 1)+J++ 5 \Wig Woy W+ Wi W g Wi Wi J + Wi W g W Wiy KW W Wy Woy (2.8)
q

j=0 k=0 s=0

T}
o

h (W5W4W2W3i +FWEW, Wy Wy j +w5W4wlw2k +W5W3W1W25)

xq

n
o We. W, . W, W,
x[ R e | oy wex+ 2= j+ ks dua(y)
z woow, W, Wy | mwpwawy

(" m n-m (h) w 1w, -1
= Z m [W1W2W3W4]q [WS ]q Tm'qW1W2W3W4 R (W5X) ;JZO
Wy —w, -1
32 42 ( 1)'+ Irks WW5W4W2W3'+W5W4W1W3J+W5W4wlw2k+w5W3W1W23
k=0 s=0

M-+h ) W W W Wagl Wi W g Wa Wiy -+ Wiz Wy Wa Woy K+ Wi W Wa Wi S . . n-m
g™ g kg )X[W2W3W4I VWG, -+ VWL WK W W, WS | g

_ 0 n m n-m — (h)
- mzzo(mj [WlWZWSWA]q [WS ]q T m,qW1W2W3W4 ,WW1W2W3W4 (WSX)CnquS ,WW5 (Wl’ W2 ’ W3 ’ W4 I m):

where
G g (Wi, Wy, Wy, W, | m) (2.9)
wy 1w, —Iwg —1w, —1
_ Z Z Z z( 1)|+j+k+5 W2W3W4|+\N1W3W4J+W1W2W4k+WlW2W3S
i=0 j=0 k=0 s=0
m+h i j k S . - -
g [ W WoW i -+ MWW, -+ W, WK -+ s s

As aresult, by (2.9), we arrive at the following theorem.
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Theorem 3 Let w, e N with w; =1(mod2) with i{1,2,3,4,5}. For n>0, the following
expression

nin m n-m
Z;) m [wa(l)wg(z)w[f@wa@)}q [WG(S)]q
m=

(h) (
X w X)C W_ ..\, W_ o, W_ o, W m
m’qwo_(1)wo_(z)wo_(s)wo_(‘l) YWWo-(l)Wo-(Z)Wo(3)Wa(4) o (5) n,qWU(S) 'WWO'(S) ( o(1) a(2) a(3) o(4) | )

holds true for some o € S..
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