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Abstract – In [11], Ryoo introduced the Carlitz’s-type twisted (h,q)-Tangent numbers and polynomials. In 

this paper, we consider some new symmetric identities involving Ryoo’s Carlitz’s-type twisted (h,q) Tangent-

type polynomials arising from the fermionic p-adic invariant integral on pZ  under 5S  termed symmetric 

group of degree five.  
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1 Introduction 
 

In the complex plane, the Euler polynomials are defined by 
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When = 0x , then we get  0 :=n nE E  is called the n -th Euler numbers, see [5], [7], [14]. 

As well-known that the Tangent numbers 2 1nT    1n   are defined as the coefficients of the 

Taylor expansion of tan x : 
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Kim et al. [10] obtained the following relation between Tangent numbers and Euler 

numbers:  
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Ryoo [14] introduced Tangent-type polynomial ( )nT x  which is different from original 

definition, as follows: 
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Letting = 0x  in the Eq. (1.2) reduces to (0) :=n nT T  that is called n -th Tangent-type 

number (see, e.g., [11], [14]). 

 

Ryoo’s Tangent polynomial holds the following equality (see [14]) 

 

 
2 1

2 1 2 1
= .

2

n

n n

T
E



 
 (1.3) 

 

Note that the Eq. (1.3) is different from the Eq. (1.1). Further we have 

 

  2 1 2 1= 1 .
n
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Because of (1.4), we call  nT x  and nT  as Tangent-type polynomials and Tangent-type 

numbers, respectively. 

 

Let p  be chosen as a fixed odd prime number. Along this paper pZ , Q , pQ  and pC  will 

denote topological closure of Z , the field of rational numbers, topological closure of Q  

and the field of p -adic completion of an algebraic closure of pQ , respectively. Let 

 = 1,2,3,N  and  = 0 N N . 

 

For d  an odd positive number with  , =1d p , let 

 

 1:= = / and  =lim
N

d p
n

X X dp XZ Z  Z  

and 

   = | mod N N

pt dp x X x t dp  Z  

 

where tZ  lies in 0 < Nt dp . See, for more details, [1 11 ]. 

 

The normalized absolute value according to the theory of p -adic analysis is given by 
1=

p
p p . The notation " q " can be considered as an indeterminate, a complex number 
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qC  with < 1q , or a p -adic number 
pqC  with 1/( 1)1 < p

p
q p   and 

 = exp logxq x q  for 1
p

x  . It is always clear in the content of the paper. 

 

For any x , let us introduce the following notation (see [1-14]) 
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known as q -number of x . Note that as 1q  , the notation  
q

x  reduces to the x . For 
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Kim [7] defined the p-adic invariant integral on pZ  as follows:  
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From Eq. (1.6), we get 
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where ( )nf x  means ( )f x n . For more details about the p -adic invariant integral on pZ , 

see the references, e.g., [5], [7], [11], [12], [13], [14]. 

 

Let hZ  and 
1

= = limNp N Np p
N
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, where  = : =1
Np

Np
C w w  is the cyclic group of 

order Np . For pw T , we indicate by :w p pC Z  the locally constant function xx w . 

For pq C  with 1 <1
p

q  and pw T , the h -extension of Carlitz’s-type twisted q -

Tangent-type polynomials are defined by the following p -adic invariant integral on pZ , 

with respect to 1 , in [11]: 
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If we let = 0x  into the Eq. (1.7), we then have 
   

, , , ,(0) :=
h h

n q w n q wT T  called n -th h -extension 

of Carlitz’s-type twisted q -Tangent-type number. These numbers can be generated by the 

following recurrence relation: 
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with the usual convention about replacing 
  ,

n
h

q wT  by 
 

, ,

h

n q wT . 

 

When 1q   and =1w  in the Eq. (1.7), it gives 
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Recently, symmetric identities on some special polynomials, e.g. Bernoulli polynomials, 

Euler polynomails, Genocchi polynomials etc., have been studied by many mathematicians. 

For instance, Agyuz et al. [1] obtained a further investigation for the q -Genocchi numbers 

and polynomials of higher order under third Dihedral group 3D  and established some 

closed formulae of the symmetric identities. They also established some known identities 

for the classical Genocchi numbers and polynomials by using fermionic p -adic q -integral 

on 
pZ . Duran et al. [2] investigated some new symmetric identities for q -Genocchi 

polynomials which are derived from the fermionic p -adic q -integral on 
pZ . Duran et al. 

[3] derived symmetric identities involving weighted q -Genocchi polynomials using the 

fermionic p -adic q -integral on 
pZ . Araci et al. [5] performed to get some new symmetric 

identities for q -Frobenius-Euler polynomials under symmetric group of degree five, which 

are derived from the fermionic p -adic q -integral over the p -adic numbers field. Kim et 

al. [9] introduced new symmetry identities for Carlitz’s q -Bernoulli polynomials under 

symmetric group of degree five. Kim et al. [7] investigated some new properties of 

symmetry for the Carlitz’s-type q -Euler polynomials invariant under the symmetric group 

of degree five. Kim [8] considered new properties of symmetry for the higher-order 

Carlitz’s q -Bernoulli polynomials which derived from p -adic q-integral on 
pZ  under the 

symmetric group of degree five. 

 

In the present paper, we investigate some not only new but also interesting identities for h -

extension of Carlitz’s-type twisted q -Tangent-type polynomials arising from the fermionic 

p -adic invariant integral on 
pZ  symmetric group of degree five. 

 

 

2  Symmetric Identities Involving  
, , ( )
h

n q wT x  under 5S  

 

For iw N  with 1( 2)iw mod  with  1,2,3,4,5i , by the Eqs. (1.6) and (1.7), we get 
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on the both sides of Eq. (2.1) gives 
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Note that the Eq. (2.2) is invariant for any permutation 5S  . Therefore, we obtain the 

following theorem. 

 

Theorem 1 Let iw N  with 1( 2)iw mod  and  1,2,3,4,5i . Then the following 
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holds true for any 5.S    

 

By Eq. (1.5), one can easily see that 
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From Eqs. (2.1) and (2.3), we obtain 
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By Eq. (2.4), we have 
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Thus, from Theorem 1 and (2.5), we have the following theorem. 
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By the Eq. (2.7), we have 
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As a result, by (2.9), we arrive at the following theorem. 
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Theorem 3 Let 
iw N  with 1( 2)iw mod  with  1,2,3,4,5i . For 0n  , the following 

expression 
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holds true for some 5.S    
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