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1 Introduction

Let f: I C R — R, be a mapping differentiable in 7° and a,b € I with a < b. If
|f(x)] < M, for all z € [a,b], then the following inequality holds

1) - L i < 300 - + T2 ” 1)

for « € [a,b]. This inequality is known in the literature as the Ostrowski inequality
([8]), which gives an upper bound for the approximation of the integral average
ﬁf:f(t)dt by the value f(z) at the point = € [a,b]. For some results which
generalize, improve and extend the inequality (1), we refer the reader to recent
papers (see [9, 10]) and the references therein.

Definition 1.1. A function f: I C R — R is said to be convex function, if

fAz+ (1= Ny)) < Af(z) +m(l =) f(y)
for all z,y € I and X\ € [0,1]. We say that f is concave if —f is convex.

In recent years several extensions and generalizations have been considered for
classical convexity. A significant generalization of convex function is that of invex
functions introduced by Hanson in [4]. Weir and Mond [13] introduced the concept
of preinvex functions and applied it to the establishment of the sufficient optimality
conditions and duality in nonlinear programming. Pini [12] introduced the concept
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of prequasiinvex functions as a generalization of invex functions. Later, Mohan and
Neogy [9] obtained some properties of generalized preinvex functions.

In [1], I. A. Baloch et. al. introduced the concept of the p-preinvex functions
which is generalization of preinvex and harmonically preinvex functions. They also
defined the notion of p-prequasiinvex function.

The aim of this paper is to establish some Ostrowski type inequalities for the
functions whose derivative in absolute value are p-preinvex. Now, we recall some
notions in invexity analysis which will be used through out the paper (see [2,8,14]
and references therein).

Definition 1.2. A set S C R" is said to be invex with respect to the map 7 :
S x S — R if for every z,y € S and t € [0, 1], we have

x+1tn(y,x) € S.

Note that definition of invex set has a clear geometric interpretation.This defini-
tion essentially says that there is a path starting from a point x which is contain in
S.We do not require that the point y should be the one of the end points of path.
This observation plays an important role in our analysis. Note that, if we demand
that y should be an end point of the path for every pair of points, x,y € S, then
n(y, x) = y—x and corresponding invexity reduces to convexity. Thus, it is true that
every convex set is also an invex set with respect to n(y,z) = y — x, but converse is
not necessarily true, see [15],[18] and references therein.

Definition 1.3. Let S C R”™ be an invex set with respect to eta : S x S — R". A
function f : S — R is said to be preinvex with respect to 7 if for every z,y € S and
t € [0,1], we have

flx+tn(y,z)) <tf(x)+ (1 —=1t)f(y).

Note that every convex function is a preinvex function, but converse is not true
(see [8]). For example, f(z) = —|z|,z € R, is not a convex function, but it is a
preinvex function with respect to

me—{y_% vy < 0

We also need the following assumption regarding the function 1 which is due to
Mohan and Neogy [9].

Condition C: Let S C R be an open invex subset with respect ton: S xS — R.
For any x,y € S and any t € [0, 1],

n(y,y +tn(y,z)) = —tn(y, )

Note that for every x,y € S and ty,t; € [0, 1], from Condition C, we have

n(y +ton(y, x),y +tin(y, ) = (t2 — t1)n(y, ).
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There are many vector functions that satisfy condition C (see [8]), besides the trivial
case n(z,y) = v —y. For example, let S = R/{0} and

r—y, v>0,9>0
n(@,y) =4 y—z, ©<0,y<0
-, otherwise.

Then S is an invex set and 7 satisfies condition C.
In [3], I.Iscan established the Ostrowski type inequalities for the preinvex function
as follow:

Theorem 1.4. Let S C R be an invex set with respect ton : Sx S — Rand a,b € S
with a < a 4+ n(b,a). Suppose that f : S — R is a differentiable function and |f’|
is preinvex function on S. If f’ is integrable on [a,a + n(b,a)]. Then the following
inequality holds:

n(b, a)

<
)

- | T

n(b,a
{eGra) —2Gaa) + (=) e
o) ~Gwa) Jrory ®

for all z € [a,a + n(b,a)]. The constant ¢ is best possible in the sense that cannot
be replaced by a smaller value.

Theorem 1.5. Let S C R be an open invex set with respect to eta : S xS — R and
a,b € S with a < a + n(b,a). Suppose that f : S — R is a differentiable function
such that |f’|? is preinvex on [a,a + 1(b, a)], for some fixed ¢ > 1. If f’ is integral
on [a,a + n(b,a)] and n satisfies condition C, then for each = € [a,a + n(b,a)], the
following inequality holds

o [ o

() gy (e

(a+n(b,a) — ) [/ (a+n(b, )| + | f(x)[) *
AT ( 2 ) }

(3)
1,1 _
where 5—1—5— 1.

Theorem 1.6. Let S C R be an open invex set with respect to eta : S xS — R and
a,b € S with a < a+ n(b,a). Suppose that f : S — R is a differentiable function
such that |f’|? is preinvex on [a,a + n(b, a)], for some fixed ¢ > 1. If f" is integral
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on [a,a + n(b,a)] and n satisfies condition C, then for each = € [a,a + n(b,a)], the

following inequality holds
1 a+n(b,a) 1 1—% Tr—a 2(1—%)
- < Z Z =
- [ el <ea(3) {(555)

n(b,

. [(a: - a>2(36nn(§&i)a>_ 220 o (;”(b—;) ) | (b)'q} %+ (a £l - w) 201-1)
e s (o =) )

(4)

for each = € [a,a + n(b, a)].

Now, we recall the class of the p-preinvex functions [1] which is a generalization
of preinvex functions, harmonically preinvex functions and also recall the class of
p-prequasiinvex functions :

Definition 1.7. Let p € R/{0}.The set A, , C (0,00)is said to be p-invex with
respect to 7(.,.), if for every z,y € A and t € [0, 1], we have

(1= t)a? +t(z +n(y,2))"]» € A.
The p-invex set A, , is also call a (p, n)-connected set.

Remark 1.8. Note that for p = 1, p-invex set becomes invex set and for p = —1,
p-invex set become to harmonic invex-set.

Definition 1.9. Let p € R/{0}. The function f on the p-invex set A, , is said to
be p-preinvex function with respect to n if, where p € R/{0}, , if

f([(l Pttt n(y,x»pﬁ) < tf() + (-1 f () (5)
for all z,y € A, , and t € [0, 1].

Remark 1.10. Note that for p = 1 p-preinvex functions becomes preinvex functions
and for p = —1, p-preinvex functions become harmonically preinvex functions.

Theorem 1.11. [1] Let f : S = [a,a + n(b,a)] — (0,00) be a p-preinvex function
on the interval S° and a,b € S° with a < a + n(b,a). Then the following inequality
holds:

f([ap+ (azn(b, a))p] fl’) < [(a+n(b,pa))p - /aa+n(b,a) ﬁﬁdm < M

Definition 1.12. Let p € R/{0}. The function f on the p-invex set A, , is said to
be p-prequasiinvex function with respect to 7 if, where p € R/{0}, , if

f ([(1 — )" + iz +n(y, 93))”];> < max{f(z), f(y)}, (6)

for all z,y € A, , and t € [0, 1].



Journal of New Theory 16 (2017) 68-79 72

2 Main Results

Lemma 2.1. Let S be an open invex set with respect to n and a,a + n(b,a) € S
with @ < a + n(b,a). Suppose that f : S — R is differentiable function. If f’ is
integrable on [a, a + 1(b,a)] Then, we have following identity

2 P a+n(b,a)m .,
1) = T, a))p—ap]/a el

P _ 4P % £
_ (a+77(b,pa)) a {/( T = Ha? + Ha + (b, @)y
0

< /([“ —t)a” +t(a +n(b, a))pJé)dt
! (¢ DI~ 0 + a+ (b)) 7

zP —aP
(@Fn(b,a)P—aP

x f! ([(1 — t)a? + t(a + n(b, a))p]é) dt}

for all z € [a,a +n(b,a)] and p € R/{0}.

Proof. Let
no— R [ 0 g ddat a0
< (10 =)0+ tla + (0. 0)1

2P _aP
(a+n(b,a))P —aP

_ ([(1 — )@ + t(a + (b, a))p];>

0
zP —aP

- /OWW_GP f([(l —t)a” + t(a + n(b, a))p];)dt

2P _aP

(atn(b,a))P—aP » " . p%
- @ (10— 00+ (a5 nt0, 0 Y
B xP — aP N p If(u) .,
= ity o'W @i ay—a ), wr’

Y
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and let

I, = (a+77(b,pa))p_ap . (t— 1)[(1_t)ap+t(a+n(b,a))p]l_7p

X f’ ([(1 — t)a? + t(a+ n(b, a))p]i)dt

1

P —aP
(atn(b.a)P—aP

. 1)f<[(1 )+ t{a+ (b a>>p1é)

1

- (- [ (1000 i) )a

(a+n(b,a))P—aP

B B 2P — aP . p a+n(b7a)M y
- (1 <a+n<b,a>>p—ap)f (@) <a+n<b,a>>p—ap/x w1

Now, by adding I; and I, we get required result. O

Theorem 2.2. Let S C R be an invex set with respect ton : SxS — Rand a,b € S
with a < a 4+ n(b,a). Suppose that f: S — R is a differentiable function and |f’| is

p-preinvex function on S with p =2k +1orp= =, n=2r+1, m = 2t + 1 where
k,r,t € N.If f'is integrable on [a,a 4 n(b,a)]. Then the following inequality holds:

a+n(b,a)
- [,

[(a+n(b,a))P — a?] ulp

< latnb,a) - a
D

[(51 LS (@) + (S + s4>|f’<b>|] , )

where

2P _aP

(atn(,a)P—aP 1-p
S1 = t°[(1 —t)a? + t(a + n(b,a))?] » dt
0

P —aP

So= [0 0100 - 0 4 tla b)) T
0

1

Sy = t(1—B)[(1 — t)a? + t(a +n(b,a))?) 7 dt
1 1—p
Sy = / =D =01 e + Ha+ (b, a)))  dt

TaFn(6,a)P—aP
Proof. Using Lemma 2.1 and |f’| is p-preinvex on S, we have

a+n(b,a)
PRI Y

[(a + (b, a))? — ar] ul?
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p_ P [ [Greranr—ar e
- (a+n(b,pa)) a [/( A — 10 + o+ (b))
0

X

f ([(1 —t)a? + t(a + n(b, a))p];) ‘dt
[ =Dt +ta+n(ba)?) T
(atn(b,a))P—aP

i ([(1 — t)a? + t(a + (b, a))p]fl’) ‘dt]

X

2P P
1—

_(atnboy—a [/OM t(1 — t)a? + t(a+ (b))’ 7

p
xGW@N+ﬂ—Mf@Qﬁ
" (t— 1)[(1 = )a® + t{a+ n(b.a)?) 7 (11 ()] + (1 - 0]F®)] )de
[ .. ( )
::”*”“j””‘“{wr+&nfmﬂ+a%+SMfwﬂ.
This completes the proof. Il

Theorem 2.3. Let S C R be an open invex set with respect to eta : S x .S — R and
a,b € S with a < a+ n(b,a). Suppose that f : S — R is a differentiable function
such that [f’|? is p-preinvex on [a,a + (b, a)] with p =2k +1orp= 2", n=2r+1,
m = 2t + 1 where k,r,t € N, for some fixed ¢ > 1. If f’ is integral on [a,a + n(b, a)]
and 7 satisfies condition C, then for each x € [a,a+ n(b, a)], the following inequality

holds
p 10
T) — —Zdu
V” el e

q—1

[(ststr + sisor)

< latnb,a)) —d]
2 (g + 1)

q—1

+0Mﬂwwﬂ+&uww“)q}
where

2P _aP

(a+n(b,a))P—aP (1—p)
55:/ ’ t(1 = t)a? + t(a + (b, a))P]»eD dt
0

2P _aP

(a+n(b,a))P—aP a(1-p)
si= | (1= 0)(1 = )aP + ta+ (b, a)7)55-
0

! —-P
Sy = H(L — t)a + t(a + (b, a))?]FaD dt

xP —aP
(atn(,a))P—aP



Journal of New Theory 16 (2017) 68-79 75

(1-p)
Sy = (1= = t)a” + t(a+ (b, )]0 dt
Proof. Using Lemma 2.1, Holder’s inequality and p-preinvexity of |f’ |q%1 on S, we
have

’“@Ka+mf§§—mﬂlwwm£$%4

1

UOW {1 — 1)a? + t(a + (b, a))7]+"
Nﬁ

f(Kl-oan+ua+nw¢wwﬁ)Lﬁ]

< (a+n(b,a))P —aP
p

3=

X

f@ﬂ—wf+aa+mawm

+/ 2P —aP (I—=t)[(1=t)a?+t(a+n(b, a))p]l,%p

2P _oP 1 zP —aP
b P _ P (a¥n(b,a))P—aP q (a+n(b,a))P—aP (1-p)
S (CL + 77( 7CL)) a |:(/ n tth> (/ n [(1—t)a,p+t((l+77(b, a))l”] Z(qfllz)
0 0

p

q q—1

=1\ @
)

([ u_wm05</lww AP

(a¥n(b,0)P—aP (a+n(b,a))P—aP

X

f ([(1 —t)a? + t(a + (b, a))ﬁ}i)

q g—1

)

2P P 1 zP —aP

b P _ 4P T(atn(b,a))P—aP q (atn(b,a))P—aP (1-p)

< (a+mn(b,a)) a {(/ K tth> </ K [(1—t)aP+t(a+n(b, a))P]Z(q—Z;)
b 0 0

X

f’([(l —t)aP + t(a + n(b, a))p]é)

q—1

x@ﬂ@w“+u—wuwwﬂugq

+(/1 o (1—t)th);

(atn(b,a))P—aP

g—1

1 » pr 20D s B o q
x(/m[(l—t)a +t(a4n(b,a))?]?@D (t|f(a)|7=T 4+ (1 —1)|f(b)] )dt) }

q—1 q—1

- et n P (s patesal o)+ (i@ sison) ]

21+4 (¢ + 1)%
The proof is completed. O]
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Theorem 2.4. Let S C R be an open invex set with respect ton: S x S — R and
a,b € S with a < a+ n(b,a). Suppose that f : S — R is a differentiable function
such that [f'|? is preinvex on [a,a + (b, a)] with p =2k +1orp =2, n = 2r 4 1,
m = 2t + 1 where k,r,t € N, for some fixed ¢ > 1. If f’ is integral on [a,a + n(b, a)]
and 7 satisfies condition C, then for each x € [a,a+ n(b, a)], the following inequality

holds
p g,
T) — —Zdu
‘f” el e

< Mmoo (sl + sulfo)r) + (Sulf@r+ selsor) .

2 (r + 1)7

where

P —aP
qa(1—p)

(a+n(b,a))P—aP
Sy = / t[(1 —t)a? + t(a + n(b,a))?] » dt
0

2P _aP
a(1—p)

sw= [T @010 00+ ta +n(ba)) 5
0

! (1-p)
S = t(1 = t)a? + t(a + n(b,a))?)" 7 dt
xP —aP
(a+n(b,a))P—aP

(1—p)
Sio = (1= [(1 = t)a? +t(a +n(b,a))?]" 7 dt
P —aP
(a+n(b,a))P—aP

Proof. Using Lemma 2.1, Holder’s inequality and p-preinvexity of | f’|9 on .S, we have

‘f @) = TGy = /() = d“‘

2P _oP
1—

_ ety - [ [T 0 e 4 tla 0y

p

X

i ([(1 — t)a? + t(a + (b, a))p]’l’) ‘dt

+ (1=t [(1—t)aP+t(a+n(b,a))?] 7"

zP —aP
(atn(b,a))P—aP

2P _aP 1 P _aP

b,a))P — aP @Fn(.a)P—a? v ([ @raGop=ar (1-p)

< I K/ " ’”’f) (/ T -t (v, a)y)
0 0

D
¢ N1
dt)

7 (10-t+ttants. a7 ) ]

X

P10 =0e + et oyt
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S

q(1—p)

(/1 o A =Ba” +t(atn(ba))]

(a+n(b,a))P—aP
1
7 \g
dt

zP —aP 1 P P
b P _ qgP (a7 (b,a))P—aP " (a¥n(6,a))P—aP q(1—p)
clatnba)l—a K / ’ t"‘dt) < / ' ((1=t)a?+t(a-+n(b, )75
0 0

p

+( / 1 (1—t)’"dt)

(atn(b,a))P—aP

X

f ([(1 — t)a” + t(a + n(b, a))p}é)

1

x@ﬂ@w+u—wvwwm§q

(. (1_tydt)i

(a¥n(b,a))P—aP

g(1—p)

X(/ o [“—ﬂ“+ﬂa+W@®V}P(ﬁﬂ@ﬁ+ﬂ—ﬂﬁwwﬂoq
(a+n(b,a))P—aP

1

Q=

_ [(a+n(b,a))” — a”] {(Sg‘f(a)]q + Slo\f(b)\q) + (Sulf(a)]q + Slzlf<b>!q> 1

21 (r + 1)7
The proof is completed. n
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