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1. Introduction

Prabpayak and Leerawat [10,11] introduced a new algebraic structure which is called KU-
algebras. They studied ideals and congruences in KU-algebras. Also, they introduced the
concept of homomorphism of KU-algebra and investigated some related properties.
Moreover, they derived some straightforward consequences of the relations between
quotient KU-algebras and isomorphism. Mostafa et al. [7]introduced the notion of fuzzy
KU-ideals of KU-algebras and then they investigated several basic properties which are
related to fuzzy KU-ideals .The hyper structure theory (called also multi-algebras) is
introduced in 1934 by Marty [6] at the 8th congress of Scandinvian Mathematiciens.
Around the 40's, several authors worked on hyper groups, especially in France and in the
United States, but also in Italy, Russia and Japan. Hyper structures have many applications
to several sectors of both pure and applied sciences, since then numerous mathematical
papers [2,3,4,8] have been written investigating the algebraic properties of the hyper BCK /
BCI- KU algebras. Jun and Xin [3] considered the fuzzification of the notion of a (weak,
strong, reflexive) hyper BCK-ideal, and investigated the relations among them. In [8],
Mostafa et al. applied the hyper structures to KU- algebras and introduced the concept of a
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hyper KU-algebra which is a generalization of a KU-algebra, and investigated some related
properties. They also introduced the notion of a hyper KU-ideal, a weak hyper KU-ideal
and gave relations between hyper KU-ideals and weak hyper KU-ideals. Mostafa et al [9]
the bipolar fuzzy set theory to the (s-weak-strong) hyper KU-ideals in hyper KU-algebras
are applied and discussed. In this paper, we define cubic (strong, weak, s-weak) hyper KU-
ideals of hyper KU-algebras and related properties are investigated.

2. Preliminaries

Let H be a nonempty set and P*(H)= P(H)\{¢} the family of the nonempty subsets of
H . A multi valued operation (said also hyper operation) "o" on H is a function, which
associates with every pair (x,y)e HxH =H” a non empty subset of H denoted xo y.An

algebraic hyper structure or simply a hyper structure is a non empty set H endowed with
one or more hyper operations.

We shall use the xoy instead of xo{y}, {x}oy or {x}o{y}.

Definition2.1[ 8]. Let H be a nonempty set and "o " a hyper operation on H , such that
o:HxH — P*(H).Then H is called a hyper KU-algebra if it contains a constant "0" and
satisfies the following axioms: for all x,y,ze H

(HKU,) [(yez)e(xoz)]<<xoy

(HKU,) x00=1{0}

(HKU,) 0ox={x}

(HKU ,) if x<<y, y<<ximplies x=1y.

where x <<y is defined by O€ yox and forevery A,BC H , A << B is defined by
VYae A,dbe B such that a <<b . In such case, we call “<<” the hyper order in H .

Note thatif A,Bc H ,thenby Ao B we mean the subset Ua ob of H.

ac A,be B

Example 2.2. [8 ] Let H ={0,1,2,3} be a set. Define hyper operation o on H as follows:

o [0 1 2 3

0y | {1}/ {2} ] {3}
{0} | {0} | {1} ] {3}
{0} | {0} | {0} | {0.3}
{0} [ {0} J {1} ] {03}

W=D

Then (H,0,0)is a hyper KU-algebra.

Proposition 2.3. [8 ]Let H be a hyper KU-algebra. Then for all x, y,ze H , the following
statements hold:
(B)A c Bimplies A << B, for all nonempty subsets A, B of H.
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(P,) 000={0}.
(P) 0<<x.

(P) z<<z.

(Py) xoz<<z

(B)A°0=1{0}.

(P)0ocA=A.

(F) (020)ox={x} and (x°(00x))={0}.
(Pg)xoxz{x}(:)sz

Lemma 2.4. [ 8] In hyper KU-algebra (X ,0,0), the following hold:

x<<y imply yoz<<xoz forall x,y,ze X .
Lemma 2.5. [ 8] In hyper KU-algebra (X ,0,0) , we have
zo(yox)=yo(zox) forall x,y,ze X .
Lemma 2.6. [8] For all x,y,ze H, the following statements hold:

(1) xoy<<z& zoy<<x,
(i) 0<< A= 0€ A,
(111) ye (Oox) = y << x.

Definition 2.7. [8 ] For a hyper KU-algebras H , a non-empty subsets I < H , containing 0
are called :

1- A weak hyper KU-ideal of H if ac(boc)cland be I imply accel.

2- A hyper KU-ideal of H ifac(boc)<<land bel imply aocel.

3- A strong hyper KU-ideal of H if (Vx,ye H )((ao(boc)(NI#¢)and be I imply
aocel.

Example 2.8. [ 8] Let H ={0,a,b,c}be a set with the following Cayley table

0 a b c

{0} | {a} | {b} | {c}
{0} | {0.a} | {O,b} | {b,c}
{0} 1 {0b} ) {0} | {a}
{0} | {0.b} | {0} |{O,a}

(el K=all E- "N Keo) e}

Then H is a hyper KU-algebra. Take I ={0,b}, then [ is a weak hyper ideal, however, not a
weak hyper KU-ideal of H as bo(boc)c I, bel, but boc=a¢ I.

Example 2.9. [8 ] Let H ={0,a,b} be a set with the following Cayley table:
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0 a b
o} | {a} | {b}
o} | {0.a} | {p}
o} | by | {o.0}

Tw | Slo

Then H is a hyper KU-algebra. Take I ={0,b}. Then I is a hyper ideal, but not a hyper
KU-ideal, since Ooc(boa)<<I and belbutaegl

Here I =10,b}is also a strong hyper ideal but it is not a strong hyper KU-ideal of H , since
Oc(boa)={b}NnI#¢ and be I butae I .

Definition 3.10. [1] An interval number is @ =[a,,a, ], where 0<a, <a, <1.
Let D[O, 1] denote the family of all closed subintervals of [0, 1], i.e.,
Dl0J1={d =[a,.a,):a, <a, fora,,a,cl}.

We define the operations <, =, =,rmin and rmax in case of two elements in D[0, 1]. We

consider two elements a =[a,,a, ]and b = [b, ,b, 1in D[O, 1]. Then

1-a<b iff a, <b,,a, <b,;
2-a>b iff a, 2b,,a, 2b,;
3-G=b iff a, =b,,a, =b,;
4- rmim{&",l;}: [min{aL,bL},min{aU,bU}] ;
5- rmax{c?,l;}z [max{aL,bL }, max{aU b, }]

Here we consider that 0 =[0,0] as least element and 1 =[1,1]as greatest element.
Let @, € D[0,1],where i€ A . We define

rinf Eil = inf(ai)L 7inf(a,')U and r sup Zil = Sup(ai)L’Sup(ai)U
ieA [N ieA ieA ieA ieA

An interval valued fuzzy set (briefly, i-v-f-set) Z on a set X is defined as

a={x. fut @t @) xe x)}

where fi: X — D[0,1] and u"(x)< uY(x), for allxe X . A cubic fuzzy set A over a set
X (see [5 ]) is an object having the formA={(x,[,(x),4,(x))lxe X}, where
f,(x)cD[0]]and A,(x)€[0,1] Jun et al. [5 ], introduced the concept of cubic sets
defined on a non-empty set X as objects having the form: A= {<x,,ZZA(x),/1A(x)> 1XE X},
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which is briefly denoted by A=<&A,1A>, where the functions &, :X — D[0,1] and
A, X —[0,1].

3. Cubic Hyper KU-ideals

Now some fuzzy logic concepts are reviewed .A fuzzy set x4 in a set H is a function
M:H—[0,1]. A fuzzy set 4 inaset H is said to satisfy the inf (resp. sup) property if for
any subset 7' of H there exists x,€ T such that u(x,)= ing M(x) (resp. p(x,) =sup p(x)).

xeT
For a fuzzy set 4 in X and a € [0, 1] the set U(u; a):={x € H, u (x) > a}, which is
called a level set of .

Definition 3.1. A fuzzy set p in H is said to be a fuzzy hyper KU-subalgebra of H if it
satisfies the inequality: inf u(z) 2 min{u(x), u(y)} Vx,ye H .

Proposition 3.2. Let pu be a fuzzy hyper KU-sub-algebra of H. Then u(0) > u(x) for all
xe H.

Proof. Using Proposition 2.3 (£,)), we see that 0 € x o x for all x € H . Hence
inf £1(0) > min{z(x), t(x)}= p(x) forallx € H .

Example 3.3. Let H ={0,a,b}be a set. Define hyper operation o on H as follows:

of O a b
0 {o}] fa {p}
a|fo}| {0.a} | {ab}
b| {0} {0,a} | {0.,a,b}

Then (H,0,0)is a hyper KU-algebra. Define a fuzzy set p : H —[0, 1] by
u(0) = p(a)=a; > a = p(b)
Then p is a fuzzy hyper sub-algebra of H . A fuzzy setv: H —[0, 1] defined by
v(0) = 0.7, v(a)=0.5 and v(b)=0.2
is also a fuzzy Hyper sub-algebra of H .

Definition3.4. Let X be nonempty set .A cubic set A in X is structure

A={{x.1,(x),4,(0),xe X}
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which is briefly denoted by A = <,22A (x),/iA(x)> , where fi,(x)= [,uj ,,L/gU ]is an interval
value fuzzy set in X and A, is an fuzzy set in X.
Definition3.5. For a hyper KU-algebra H , a cubic A = < y7, A(x),lA(x)> ”1in H is called:
(I)  Cubic hyperideal of H jif K, : x<<y implies fi(x)2 fi(y),

L)<, A @z rmin{ - inf Z,G0) . B, ]

and

() < maX{ sup ﬂ(a),ﬂ(y)}

ae(yoz)

(IT) Cubic weak hyper ideal of H” if, for any x;y; z € H

B,0)2 ()2 rmin{ inf Z,60).7,(y) |

,0)<2,(2)< max{ sup ﬂA(a),ﬂA(y)}

ae(yoz)

(IIT) Cubic strong hyper ideal of H ” if, forany x;y; z € H

inf 2,2 E@zrmin inf 2,640 |

sup 4, () <4, (2) < max{ sup A, (w),4,(y) }
ue( yoz) ue(yoz)

Definition3.6. For a hyper KU-algebra H , a cubic A = < a,(x),4, (x)> ”in H is called:
(I)  Cubic hyper KU-ideal of H ,if K,: x<<y implies fi(x)2= fi(y),

L) S, Ay(xonyzrmin| - inf 7). 1) |

and

ﬂA(xoz)Smax{ sup ﬂ(a),ﬂ(y)}

aexo(yoz)

(IT) Cubic weak hyper KU-ideal of H” if, forany x; y; z € H

B2 A, (o) zrmin| inf Z,G0).A0) ]
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4A<0>sﬂA<xoz)Smax{ sup Mam(y)}

aexo(yoz)

(IIT) Cubic strong hyper KU-ideal of H ” if, forany x; y; z€ H

A P02 @z rmi i AOB0)

sup A, () <A, (2)< max{

uexo(yoz)

sup /?’A(u)’/?’A(y) }

uexo(yoz)

Example 3.7. Let H ={0,a,b}be a set with a binary operation o as Example 3.3.
Then (H ,0,0) is a hyper KU-algebra. . Define f,(x) as follows:

[0.2,0.9]

) if x={0,1)
A= 10.1.0.4]

otherwise

H 0 1 2 3
A, (x)

It is easy to check that A =(jI,(x),4,(x)) is cubic hyper KU-ideal of H .

Example 3.8. Let H ={0,a,b}be a set. Define hyper operation o on H as follows:

o O a b
0] {0} fa} | 1}
a| {0} {0} b}
b|{o}| {a} {0,0}

Then (H, ° ) is a Hyper KU-algebra. Define a cubic set A= <,ZZ A(x),/lA(x)> in H by

J1,(0) =[0.4,0.9], fI,(a)=[0.50.7], i1,(b) =[0.2,0.3]

and

H 0 1 2 3
A,(x)

It is easy to check that A = <,22 A(x),ﬂA(x)> is a cubic strong hyper KU-ideal of H
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Definition 3.9. A cubic set A = < o, (x),/lA(x)> in H is called a cubic s-weak hyper KU-
ideal of H if

() g,0=24a,(x),A4,0)<A(x) Vxe H,
(i1) for every x,y,ze H there exists ae€ xo(yoz) such that

Aonzrmin inf (0., ]

(iii) ﬂA(xoz)Smax{ sup ﬂA(a),ﬂA(y)}.

acxo(yoz)

Theorem 3.10. Any cubic (weak, strong) hyper KU-ideal is a cubic (weak, strong) hyper
ideal.

Proof. Let A= < a,(x), A, (x)> be cubic a hyper KU-ideal of H, we get for any x;y;z € H,
f,(x02)> rmin] inf 1, (). 2L,() | Put x=0
ue xo(yoz

we get
ﬂA(Ooz)Zrmini inf )ﬂA(u) , 1, (y) i

ue0o(yoz

which gives,
Az rmin{ inf 7, . ZL0) |

And
/IA(xoz)Smax{ sup A, (u),A,(y) }

uexo(yoz)

Take x=0,we get

ﬂA(Ooz)SmaX{ sup A, (u) , A4,(y) }

ue0o( yoz)
which gives,
(D)< maX{ sup A, (u) , 4,(y) }
ue(yez)

Ending the proof.

Theorem 3.11. Every cubic s-weak hyper KU-ideal of H is a cubic weak hyper KU-ideal.

Proof. Let A= < a,(x), A, (x)> be a cubic s- weak hyper KU-ideal of H, then there exists
a,be xo(yoz) such that
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Ao zrmin inf (0., ]

ﬂA(xoz)Smax{ sup ﬂA(b),/iA(y)}

be xo(yoz)

Since fi,(a) 2 il}f )ﬂA(c) and4,(b)< sup A,(d), it follows that
cexo(yoz

dexo(yoz)

Ao zrmind inf Z,0.8,() ]

Ay(x07) < max{ sup AA(d)’ﬂA(y)}
de xo(yoz)
Proposition 3.12. Let A=(fi,(x),4,(x)) be a cubic weak hyper KU-ideal of H. If
A= < H,(x), 4, (x)> satisfies the inf-sup property, then A = < i, (x), 4, (x)> is a cubic s-weak
hyper KU -ideal of H.

Proof. Since A= < H,(x), 4, (x)> satisfies the inf property, there exists a, € xo(y o z),such
that 7,(a,) = in(fv ),ZZA (a,) . It follows that

H,(xo0z)2 rminia@i({goz) d(a), @,(y) }

And since A= <,22A(x),/1A(x)> satisfies the sup property, there exists b, € xo(yeoz),such
that 4,(b,)= sup A,(a,) It follows that

bye xo(yoz)

ﬂA(xoz)SmaX{ sup /IA(b),/iA(y)}

be xo(yoz)

Proposition 3.13. Let A= < a,(x),A A(x)> be a cubic strong hyper KU-ideal of H and let x;
y; z € H. Then

(1) ;[ZA(O) 2 ﬂA(x) s Z’A O)< Z’A(x)
(i) x <<y implies f,(x)=@,(y) .
(iii) 2, (xoz)2rmin{@, (a),Z,(»)},Vae xo(yeoz)
(V) x <<y implies A,(x)<A,(y)
@iv) iA(xoz)Smax{ sup A, (b), 4,(y) }
bexo( yoz)

Proof. (i) Since 0 xox Vxe H , we have

1(0) > inf u(a) > u(x), A(0) < sup A(b) < A(x)
aexox be xox
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which proves (i).

(i1) Let x; y € H be such that x <<y. Then O€ yox Vx,ye H and so
bi(nf : a,(b)< i, (0),it follows from (i) that,
e(yox

A0z rmin{ inf 7,(a). 1,(y) 2 rmin{fL, (0).2,(»)}= 2,(»)

Ay (x) < max{ sup A,(b),A,(y) } < maX{ﬂ’A (0)’/114()’)}: A ()

be(yox)

(i) fZ,(x02)> rminibeiggoz)m(axm(y)}z rmin{fi, (a), 1, ()} Vae xo(yez),
Axoz)< max{ sup /l(b),/l(y)} < max{u(b), 4(y)} Vbe xo(yo2)
be xo(yoz)
we conclude that (iii), (v), (iv) are true. Ending the proof.

Proposition 3.14. Every cubic strong hyper KU-ideal is both a cubic s-weak hyper KU-
ideal and a cubic hyper KU-ideal.

Proof. Straight forward.

Proposition 3.15. Let A=(fI,(x),4,(x)) be a cubic hyper KU -ideal of H and let
x,y,z€ H . Then,

(1) ;[ZA(O) 2 ﬂA(x) > Z’A 0)< Z’A(x)

(1) if A= < b,(x),4, (x)> satisfies the inf -sup property, then

Mxoz)zrmin%(a),m(y)},wexo(yoz),ﬂA<xoz)Smax{ sup ﬂA<b>,ﬂA<y>}

be xo(yoz)

Proof. (i) Since 0 << x for each xe€ H ; we have f,(0)>f,(x), 4,(0)<4,(x)by
Definition 3.6(I) and hence (i) holds.

(i1) Since A= <,L7A(x),/1A(x)> satisfies the inf property, there is a, € xo(y o z), such that

H(a,)= in(f ),ZZA(a).Hence
agxo(yoz
By(xon)zrmin{ inf 71,(a). 7,(y) f=rmin{ Z,(a) . B,(y) }

Since A= <,L7A(x),/1A (x)> satisfies the sup- property, there is b, € xo(yoz), such that
A(b,)= sup A,(b),Hence

be xo(yoz)
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4A<xoz>Smax{ sup /h(b),ﬂA(y)}:max{ 24(by) s A, () }

be xo(yoz)
which implies that (ii) is true. The proof is complete.
Proposition 3.16. Let A= < a,(x),A A(x)> be a cubic strong hyper KU -ideal of H, then

Hy(x02) 2 rmini aeggoz) dy(a), @,(y) } and A,(xo0z) < max{ sup A,(b), 4,(y) }

bexo(yoz)

Vx,y,ze H.
Proof. For any x,y,ze H, we have

sup g, (a)= n}f )ﬂA(a) and hen}f )lA(b)S sup  A,(D)

aexo(yoz) be xo(yoz)

It follows from the definition, we get

Hy(xo0z)2 rmin{ sup f,(a), @,(y) }2 rmin{ aei{}gcz) dy(a), fg,(y) }

agxo(yoz)

and

A (x07) < max{beigfo : A,(b), 4,(y) }S max{ sup A,(b) , 4,(y) }

be xo(yoz)

Corollary 3.17. (i) Every cubic hyper KU-ideal of H is a cubic weak hyper KU-ideal of H.
(i) IfA= < a,(x),4 A(x)> is a cubic hyper KU -ideal of H satisfying inf-sup property, then

A= <,ZZA(x),/1A(x)> is a cubic s-weak Hyper KU -ideal of H.

Proof. Straightforward.

Theorem 3.18 . If A= <,L7A(x),/1A(x)>is a cubic strong hyper KU-ideal of H, then the set
U= {xe H.ji,(x)>7,2,(x)< s}
is a strong hyper KU-ideal of H , when u, . #®, for t € D[0,1],s€[0,1].

Proof. Let A= <,Z2 (0,4, (x)> be a cubic strong hyper KU-ideal of H and
U, #P, for i € D[0,1],s€[0,1] .Then there a€ 4, andsojl,(a)>7,4,(a)<s .

By Proposition 3.13 (i), &,(0)> fi,(a)>7,A(0)> A(a)<sand so Oe U, Let x,y,ze H
such that xo(yoz)Nu,  #Pand ye 4, , Then there exist
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ay€ xo(yoz)Nu, and hence fi,(a,)= 7,/1A (a,) < s By Definition 3.6(B) (III), we have
Ay(xox)zrmin| inf 7,(a).2,(y) 2 rminZZ, (@), 21,(y)}2 rmin{f. 7}=T

and

ﬁAxoz)Smax{ sup ﬁA<a),zA<y>}=max{ A4(ay) s A,(y) }=max{ s,5) }=s

aexo(yoz)

So (xoz)e u, . Itfollows that x, is a strong hyper KU-ideal of H .
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