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Abstaract — In this paper, we introduce new types of double connected topological spaces. The
first one depends on the separated double sets and the other one depends on the quasi-coincident
separated double sets. The properties and the relation between them have investigated. Also, we
defined and study the component of each type and the properties of these types of component have
obtained.
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1 Introduction

Atanassov [1, 2, 3, 4] introduced the concept of intuitionistic fuzzy sets as a gener-
alization of fuzzy sets. Coker [5] generalized topological structures in intuitionistic
fuzzy case. The concept of intuitionistic sets and the topology on intuitionistic sets
was first given by Coker [7, 6].

In 2005, the suggestion of J. G. Garcia et al. [8] that double set is a more
appropriate name than flou (intuitionistic) set, and double topology for the flou (in-
tuitionistic) topology. In 2007, Kandil et al. [10] proved the 1 — 1 correspondence
mapping f between the set of all double sets and the set of all intuitionistic sets
defined as: f(A;, Ag) = (A4, A5), AS is the complement of A,. Kandil et al. [9, 10]
introduced the concept of double sets, (D-set, for short), double topological spaces,
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(DTS, for short), continuous functions between these spaces and the concept of dou-
ble point, (D-point, for short).

In this paper, we define (g-)separated double sets, (q)double connected, DC; —connected,
strongly double connected, (q)double components and quasi-hyperconnected in dou-
ble topological spaces. Moreover, we give some related results to these notions.

2 Preliminary

In this section, we collect some definitions and theorems which will be needed in the
sequel. For more details see [9, 10].

Definition 2.1. [10] Let X be a non-empty set.
1. A D-set A is an ordered pair (A4;, Ay) € P(X)xP(X) such that A; C A,.
2. D(X) = {(A},Ay) € P(X)xP(X), A; C Ay} is the family of all D-sets on X.

3. Let n1,my € P(X). The product of n; and 7, denoted by n; X 12, defined by:
mxne = {(A1, As) : Ay € my, Ay € 2, Ay € Ao}

4. The D-set X = (X, X) is called the universal D-set.
5. The D-set 0 = (0, 0) is called the empty D-set.
Definition 2.2. [10] Let A = (A1, A3), B = (B, By) and C = (C4,C,) € D(X).
1. A=B& A = By, Ay = Bs.
2. ACB< A, C By, Ay C B,.

3.

[

uﬁz (Al UBl,AQ UBQ)
4.

[

NB= (A NBy, AN By).

5. A° = (AS, A7), where A is the complement of A.

8. Let x € X. Then, the D-sets z; = ({«},{z}) and z; = (0,{x}) are said
to be D-points in X. The family of all D-points, denoted by DP(X), i.e.,
DP(X)={z,:zv € X,t € {5, 1}}.

9. xryeAs e Ay and$%§A<:>$EA2.

Definition 2.3. [9] Two D-sets A and B are said to be a quasi-coincident, denoted
by AgB, if Ay N By # () or Ay N By # (). A is not quasi-coincident with B, denoted
by A ¢B, if AyN By =0 and Ay N By = 0.
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Theorem 2.4. [9] Let A, B,C € D(X) and z, € DP(X). Then,
l.AJB& AC B
22 AdBCCB=A¢C.

Definition 2.5. [10] Let X be a non-empty set. The family 7 of D-sets in X is
called a double topology on X if it satisfies the following axioms:

1. @7&6777
2. f A,Bemn,then AN B €,
3. If {A, : s € S} Cn, then U, gA, €.

The pair (X, 7n) is called a DT'S. Each element of 7 is called an open D-set in X. The
complement of open D-set is called closed D-set.

Definition 2.6. [10] Let (X, n) be a DT'S and A € D(X). The double closure of A,
denoted by cl,(A) or A, defined by: cl,(A) =n{B:Be€n®and A C B}.

Theorem 2.7. [10] Let (X,n) be a DTS and let A, B, C € D(X). Then,
1. cl,(A) is the smallest closed D-set containing A.
2. cy(AN B) C cly(A) 0 cly(B).

3. AqC & cly(A) q cly(C), C .

Definition 2.8. [10] Let X be a non-empty set. The family 7 of D-sets in X is
called a stratified double topology on X if it satisfies the following axioms:

l.oer,Xerand (0,X) €T,
2. f A, Ber,then AN B €T,
3. If {A, : s € S} C 7, then U, ¢A, € T.
The pair (X, 7) is called a stratified DT'S.
Definition 2.9. [10] Let X be a non-empty set.
1. I(X)={0,X} is a DTS, which is called indiscrete DT'S.

2. i(X)xi(X) = {0,X,(0,X)} is a DTS, which is called indiscrete stratified
DTS, i(X) is the indiscrete topology on X.

3. D(X) = P(X)xP(X) is a DTS, which is called discrete DT'S.

Theorem 2.10. [10] Let 1 be a double topology on X. Then, the following collections
are ordinary topologies on X :

1. 7T1:{A12A€77}.
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2. WQZ{AQZAEU}.

Definition 2.11. [10] Let (X,n) be a DT'S and Y be a non-empty subset of X.
Then, ny = {A[)Y. : A€ nand Y = (Y,Y)} is a double topology on Y. The DT'S
(Y, ny) is called a double topological subspace of (X,n) (DT —subspace, for short).

Definition 2.12. [10] Let (X,n) be a DTS, ' € D(X) and Y be a non-empty
subset of X. Then, the D-subset over Y, denoted by F'Y', defined by: FY = F DX.

Definition 2.13. [10] Consider two ordinary sets X and Y. Let f be a mapping from
X into Y. The image of a D-set A in D(X) defined by: f(A) = (f(A1), f(As)). Also
the inverse image of a D-set B € D(Y) defined by: f~%(B) = (f~'(B1), f'(Bs)).

Definition 2.14. [10] Let f : X — Y be a mapping and let (X,n) and (Y,n*) be
DTS. Then, f is called a D-continuous if f~!(B) € n, whenever B € n*.

Theorem 2.15. [10] Let (X,n) and (Y,n*) be two DT'S and let f : X — Y be a
mapping, A € D(X) and B € D(Y'). Then, the following conditions are equivalent:

1. f is a D-continuous,
2. f7H(B) en’, VB €y,
3. [(cly(A)) € cly-(f(4)), VA € D(X),

S

ey (f7UB)) € SNl (B), VB € DY),

o

S~ (inty-(B)) C inty(f71(B)), VB € D(Y').

Definition 2.16. [10] Let (X,n) and (Y,n*) be two DT'S and let f : X — Y be a
mapping and A € D(X).

1. f is called D-open if f(A) € n*, VA € n.
2. f is called D-closed if f(A) € n*, VA € n°

Theorem 2.17. [10] Let (X,n) and (Y,n*) be two DTS and let f : X — Y be a
mapping and A € D(X). f is D-closed iff ¢l,-(f(4)) C f(cl,(4)), VA € D(X).

Definition 2.18. [9] Let (X,n) be a DT'S. and let A € D(X). A is said to be:
1. D-dense if ¢f,(A) = X.
2. D-nowhere dense if int,(cl,(A)) = 0.
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3 Connectedness in DTS

Definition 3.1. Let (X,7n) be a DT'S and let A, B € D(X).

1. A, B are said to be separated double sets (separated D-sets, for short) if
Cln(A) nB= Q and AD Cln(ﬁ) - @

2. A, B are said to be quasi-coincident separated double sets (q-separated D-sets,
for short) if ¢l,,(A) ¢B and A ¢ cl,,(B).

Proposition 3.2. Let (X,n) be a DTS and let A, B € D(X). Then,
if A, B are separated D-sets, then AN B = {).

Proof. Suppose A, B are separated D-sets, then cl,(4) N B = 0 and A N cl,,(B) = 0.
But A C cl,(A), then AN B = 0. Hence, the result.

The following example shows that the converse of Proposition 3.2 is not true in
general.

Example 3.3. Let X = {a,b,¢,d}, n={0, X, ({a},{a,b}), (0,{a,b}), {b,c,d}, X)}
and n° = {0, X, ({c,d}, {b,c,d}), ({c,d}, X), (@ {a})}. Then, (X,n) is a DT'S. Now,
((D{a}v{% b)a{c}, {e,d}) = 0, but X = ely({a}, {a,b})0({c}, {¢,d}) = ({c}, {e, d}) #

Proposition 3.4. Let (X,n) be a DTS and let A, B € D(X). Then,
if A, B are g-separated D-sets, then A ¢B.

Proof. Suppose A, B are g-separated D-sets, then cl,,(A) ¢4 B and A 4 cl,(B). But
A Ccl,y(A), then A ¢ B. Hence, the result.

The following example shows that the converse of Proposition 3.4 is not true in
general.

Example 3.5. Let X = {a,b,c} and n = {0, X, (0, {a}), (0,{b}), (0, {a,b})}. Then,
A({a},{a}), ({0}, {b}) € D(X) such that ({a},{a}) ¢ ({0}, {b}). But, cly({a}, {a}) =
({a, ¢}, X) ¢ ({0}, {0}) and el ({0}, {b}) = ({0, ¢}, X) q ({a}, {a}).

Proposition 3.6. Let (X,7n) be a DTS and let A, B € D(X). Then,
if ANB =0, then A ¢ B.

Proof. Suppose that (A;,A3) = AN B = (By,By) = 0, then A, N By = () and
As N By =0, but A; C Ay, By C By, then Ay N By = (0 and Ay N By = (). Therefore,
AdB.

The following example shows that the converse of Proposition 3.6 is not true in
general.

Example 3.7. Let X = {a,b} and n = {0, X, ({a},{a}), (0,{b}), ({a}, X)}. Then,
(@,{b}) 4({a}, X), but (0,{0}) 0 ({a}, X) = (0, {b}) # 0.

Proposition 3.8. Let (X,n) be a DT'S and let A, B € D(X). Then,
if A, B are separated D-sets, then A, B are g-separated D-sets.
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Proof. Straightforward.

The following example shows that the converse of Proposition 3.8 is not true in
general.

Example 3.9. In Example 3.7, we see that: (0,{b}) ¢ cl,({a}, X) = ({a}, X) and
cly(0,{b}) = (0,{0}) ¢ ({a}, X), but (0, {b}) = ¢l (0, {b}) 0 ({a}, X) = (@, {b}) # 0.

Remark 3.10. AN B =04 cl,(A) ¢ Band A ¢ cl,(B).

Example 3.11. 1. In Example 3.3, we see that: ({a},{a,b})0({c},{c,d}) =0,
but X = cly({a},{a,b}) ¢ ({c}, {c,d}).

2. In Example 3.7, we see that: (0, {b}) ¢ cl,,({a}, X) = ({a}, X) and cl,,(0, {b}) =
(@,{0}) 4 ({a}, X), but (§,{b}) 0 ({a}, X) = (0,{b}) # 0.

Theorem 3.12. Let (X,n) be a DTS and let A, B,C, D € D(X) such that C C A
and D C B. Then, if A, B are separated D-sets, then C, D are separated D-sets.

Proof. Suppose A, B are separated D-sets, then cl,(4) N B = 0 and A N ¢l,,(B) = 0.
Since C € A and D C B, then cl,(C) C CZW(A) and cl,(D) C cl,(B). Implies,
DNl (C) =0 and cl,,(D) 0 C = 0. Hence, C, D are separated D-sets.

Theorem 3.13. Let (X,7n) be a DTS and let A, B,C, D € D(X) such that C C A
and D C B. Then, if A, B are g-separated D-sets, then C, D are g-separated D-sets.

Proof. Suppose A, B are g-separated D-sets, then cl,,(4) ¢ B and A ¢ cl,(B). Since
C C Aand D C B, then cl,(C) C ¢l,,(A) and cln(Q) C cl,(B). Implies, D ¢ cl,(C)
and C ¢ cl,,(D) [by Theorem 2.4]. Hence, C, D are g-separated D-sets.

Definition 3.14. Let (X,n) be a DTS, and let E be a nonempty subset of X.

1. If there exist two non-empty separated D-sets A, B € D(X) such that AU B =
E, then the D-sets A and B form a D-separation of E and it is said to be double
disconnected set (D-disconnected set, for short). Otherwise, E is said to be
double connected set (D-connected set, for short).

2. If there exist two non-empty g-separated D-sets A, B € D(X) such that
A U B = E, then the D-sets A and B form a gD—separation of E and it
is said to be quasi-coincident double disconnected set (qD—disconnected set,
for short). Otherwise, E is said to be quasi-coincident double connected set
(¢D—connected set, for short).

Remark 3.15. The D-point z, in any DT'S (X, ) is a ¢D—connected set, provided
that z1 ¢ cln(g%).

Example 3.16. Let X = {a,b}, n={0,X, (0,{a}), ({0}, X)} and n° = {0, X, (0, {a}),
({b}, X)}. Then,

L (0,{a}) = cl(@,{a}) 4 (0,{a}) and (0,{a})U(0,{a}) = (,{a}). Therefore,

(0,{a}) is not ¢D—connected set.
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2. ({b},X) = cl(0,{b}) q (0,{b}) and (0,{b})U(D,{b}) = (0,{b}). Therefore,
(0,{b}) is gD—connected set.

Definition 3.17. Let (X,n) be a DT'S.

1. If there exist two non-empty separated D-sets A, B € D(X) such that AU B =
X, then A and B are said to be double division (D-division, for short) for DT'S
(X,n). (X,n) is said to be double disconnected space (D-disconnected space,
for short), if (X, 7n) has a D-division. Otherwise, (X, ) is said to be double
connected space (D-connected space, for short).

2. If there exist two non-empty q-separated D-sets A, B € D(X) such that
AU B = X, then A and B are said to be a double quasi division (¢D—division,
for short) for DT'S (X, n). (X,n) is said to be quasi-coincident double discon-
nected space (¢D—disconnected space, for short), if (X, n) has a ¢D—division.
Otherwise, (X, n) is said to be quasi-coincident double connected space (¢D—
connected space, for short).

Corollary 3.18. 1. Each indiscrete (stratified) DTS is D-connected (¢D—connected).
2. Each discrete DT'S is D-disconnected (¢D—disconnected).
Proof. 1. It is obvious.

2. Suppose that (X,n) is a discrete DTS, then x; € DP(X). Implies, X =
x, Uas, xy =cly(z;) N a5 =0 and 2§ = cl,,(zf) 0 z; = 0. Therefore, (X,n) is
a D-disconnected. Similarly, (X, n) is a gD —disconnected.

Theorem 3.19. Let (X,n) be a DT'S. Then, the following are equivalent:
1. (X,n) has a D-division,

2. There exist two disjoint closed D-sets A and B such that AU B = X,

3. There exist two disjoint open D-sets A and B such that AU B =

[><

Proof. (1 — 2) Suppose that (X, n) has a D-division A and B, then AU B = X and
c,(A) 0 B = (. Implies, cl,(4) € B°=X\B C A but A C cl,(4), so that
A = cl,(A). Therefore, A is a closed D-set. Similarly, we can see that B is also a
closed D-set. Since A = cl,(A), cl,(A) 0 B =0, then AN B = 0. Hence, the result.
(2 — 3) Suppose that (X,n) has a D-division A and B such that A and B are
closed D-sets, then A° and B¢ are open D-sets, A = B and B = A°. Therefore,
A°U B°= X and A°N B° = (). Hence, the result.

(3 — 1) Since X = A U B such that AN B = and A, B are open D-sets, then
A and B¢ are closed D-sets, A = B and B = A°. This implies that, A = cl,(A).
Therefore, cl,,(A) N B = . Similarly, we have A 0 ¢,,(B) = (. Hence, (X,n) has a

D-division.
Theorem 3.20. Let (X,n) be a DT'S. Then, the following are equivalent:
1. (X,n) has a ¢D—division,
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2. There exist two non quasi-coincident closed D-sets A and B such that AU B =
X

==

3. There exist two non quasi-coincident open D-sets A and B such that AU B =
X.

Proof. (1 — 2) Suppose that (X,n) has a ¢gD—division A and B, then AU B = X

and cl,(A) ¢ B, Implies, cl,(A) € B°=X\B C A but A C cl,(A), so that
A = cl,)(A). Therefore, A is a closed D-set. Similarly, we can see that B is also a
closed D-set and A 4 B [by theorem 3.4]. Hence, the result.

(2 — 3) Suppose that (X,n) has a gD—division A and B such that A and B
are closed D-sets, then A° and B¢ are open D-sets, A = B and B = A°. Therefore,
A°U B°= X and A° 4 B°. Hence, the result.

(3 = 1) Since X = A U B such that A 4 B and A, B are open D-sets, then
A C X\ B This implies that, cl,,(A) € X \ B. Therefore, cl,(A) ¢ B. Similarly,

we have A ¢ cl,(B). Hence, (X, n) has a ¢D—division.
Theorem 3.21. Let (X,n) be a DT'S. Then, the following are equivalent:
1. (X,n) is D-connected,
2. X cannot be written as the union of two disjoint non-empty closed D-subsets,
3. X cannot be written as the union of two disjoint non-empty open D-subsets.
Proof. 1t follows from Theorem 3.19.
Theorem 3.22. Let (X,7n) be a DT'S. Then, the following are equivalent:
1. (X,n) is gD—connected,
2. X cannot be written as the union of two non quasi-coincident closed D-subsets,
3. X cannot be written as the union of two non quasi-coincident open D-subsets.
Proof. 1t follows from Theorem 3.20.

Theorem 3.23. Let (X,7n) be a DT'S and let Y be a non-empty subset of X. Then,
if A and B are D-sets in Y, then A and B are separated D-sets in Y if and only if A
and B are separated D-sets in X.

Proof. cl,(A)nB=Y Ncl,(A)NB, BCY

Similarly, we have: cl,(B) 0 A= 0.
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Conversely, cl,, (A)0B=Y nc,(A)0B=Y N (cl,(A)0B)=YNn0=0.

Similarly, we have: cl,, (B) 0 A = ). Hence, the result.

Theorem 3.24. Let (X,7n) be a DT'S and let Y be a non-empty subset of X. Then,
if A and B are D-sets in Y, then A and B are g-separated D-sets in Y if A and B
are g-separated D-sets in X.

Proof. Suppose that A and B are ¢SD—sets in Y, then cl,(A) ¢ B and cl,(B) ¢ A.
So that, ¢, (A) € B°. Thus, Y N cl,,(A) C Y 0 B°. It follows that, cl,, (4) C B“.
Therefore, cl,,, (A) ¢ B.
Similarly, we have: cl,,. (B) ¢ A. Hence, the result.

Lemma 3.25. Let (Y, ny) be a DT —subspace of a DT'S (X, n). Then, if (Y,ny) is
a D-connected, then for every pair A and B of a separated D-subsets of X such that
Y = AU B, we have either A =0 or B = ().

Proof. Let A# () # Band Y = AU B. Since A, B CY and separated D-sets in X,
then they are separated D-sets in Y [by Theorem 3.23]. This implies that, (Y, 7y) is
D-disconnected, which a contradiction. Hence, the result.

Lemma 3.26. Let (Y, ny) be a DT —subspace of a DT'S (X, n). Then, if (Y,ny) is
a gD—connected, then for every pair A and B of a g-separated D-subsets of X such
that Y = A U B, we have either A = () or B = {).

Proof. Let A # () # Band Y = A U B. Since A,B C Y and g-separated D-sets
in X, then they are g-separated D-sets in Y [by Theorem 3.24] This implies that,
(Y, ny) is ¢D—disconnected, which a contradiction. Hence, the result.

Theorem 3.27. Let (X,n) be a DT'S and let Y be a non-empty subset of X such
that (Y,ny) is D-connected. Then, if A and B are separated D-subsets of X such

Theorem 3.23, Y N A and Y N B are separated D-sets of Y. Since (Y, ny)
connected, then Y N A =0 or Y N B = [by Lemma 3.25]. Therefore, Y C A or
Y CB.

Theorem 3.28. Let (X,7) be a DTS and let Y be a non-empty subset of X such
that (Y,ny) is ¢gD—connected. Then, if A and B are g-separated D-subsets of X

Theorem 3.24 and Theorem 2.4, Y N A and Y N B are g-separated D-sets of Y.
Since (Y, ny) is ¢D—connected, then Y N A =0 or Y N B = () [by Lemma 3.26].

Therefore, Y C Aor Y C B.

Theorem 3.29. Let {(X,,nx,) : @ € J} be a family of non-empty D-connected
subspaces of DTS (X,n). Then, if M o, Xo # 0, then (U,e; Xa:n°,_, x,) 18 D-
connected subspace of a (X, n).
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Proof. Let Y = UaeJ X4. Choose a D-point z,€Y. Let A and B be D-division of
(Uaes Xas 775&6, x, ). Then, z,€A or x,€B without loss of generality, we may assume
that z,€A. For each a € J, since (X,,nx,) is D-connected. It follows from Theorem
3.27 that, X, € A or X, C B. Therefore, we have ¥ C A, since z,€A, and then
B = (), which a contradiction. Hence, (U,e; Xa»7°,_, x,) is a D-connected subspace
of the DT'S (X,n).

Theorem 3.30. Let {(X,,7x,) : @ € J} be a family of non-empty ¢D—connected
subspaces of DT'S (X, n). Then, if (,c; Xo # 0, then (U,e; Xa,n°,_, x.) is ¢D-
connected subspace of a (X, n).

Proof. Straightforward.

Theorem 3.31. Let {(X,,7nx,) : @ € J} be a family of non-empty D-connected
subspaces of DTS (X,n). Then, if X, Xz # 0 for arbitrary o, € J, then
(Uaes Xarm°,_, x,) is D-connected subspace of a (X, 7).

Proof. Fix an «a, € J. For arbitrary § € J, put Az = X,, | X3. By Theorem 3.29,
each (Ag,na,) is D-connected. Then, {(Ag,n4,) : B € J} is a family non-empty
D-connected subspaces of DT'S (X,n) and (\;.; Ag = Xa, # 0. Obvious, we have
Uaes Xa = Uges Ap- Tt follows from Theorem 3.29 that, (e, Xa,7° ) is D-
connected subspace of the DT'S (X, 7).

acJ acJ Xa

Theorem 3.32. Let {(X,,7x,) : @« € J} be a family of non-empty ¢D—connected
subspaces of DTS (X,n). Then, if X, X3 # 0 for arbitrary «,5 € J, then
(Uaes Xarn®_, x,) i ¢D—connected subspace of a (X, 7).

Proof. Straightforward.

Theorem 3.33. Let (X,n) be a DT'S and let Y be a non-empty subset of X such
that (Y, ny) is D-connected. Then, if Y C A C cl,(Y), then (A, n4) is a D-connected
subspace of (X, n). In particular, (cl,(Y’), 7., )) is a D-connected subspace of (X, 7).

Proof. Suppose that (A,n4) is a D-disconnected subspace of (X,7), then A has a
D-separation F and G Implies, Y C F or Y C G [by Theorem 3.27]. Without loss of
generality, we may assume that Y C F, so cl,(Y) C cl,,(F), cl,(F) 0 G = 0. Thus,
c,(Y) N G = 0. Otherwise, G C A C ¢l,(Y). Therefore, (cl,(Y))* 0 G = 0, which
a contradiction with ¢l,(Y) 0 G = 0. Also, Y C ¢l,(Y) C ¢l,,(Y). This complete the

proof.

Theorem 3.34. Let (X,n) be a DTS and let Y be a non-empty subset of X
such that (Y,ny) is gD—connected. Then, if ¥ C A C cl,(Y), then (A,7n4) is a
gD —connected subspace of (X, 7). In particular, (cl,,(Y'), 1, )) is a ¢D—connected
subspace of (X, n).

Proof. Suppose that (A,n4) is a ¢D—disconnected subspace of (X, 7), then A has a
gD—separation F' and G. Implies, Y C F or Y C G [by Theorem 3.28]. Without
loss of generality, we may assume that ¥ C F, so cl,(Y) C cl,(F),cl,(F) 4 G.
Thus ¢l,,(Y) 4 G. Otherwise, G C A C cl,(Y), Therefore, (cl,,(Y))® 4 G, which a
contradiction with ¢l,(Y) ¢ G. Also, Y C ¢l,(Y) C ¢l,(Y'). This complete the proof.
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Theorem 3.35. The image of D-connected under a D-continuous map are D-
connected.

Proof. Let (X,n) and (Y, 7) be two DTS, where (X,7) is a D-connected and let f
be a D-continuous from X onto Y.

Suppose that (Y, 7) is a D-disconnected Space then 3 A B € 7 suchthat AN B =10
and AU B =Y. Implies A C B, thus f~'(A) C f~Y(B°) = (f_l( ))¢. So that,
FUA) O F(B) = Dand fH (AU B) = f(Y). It follows that f~1(4) U f~1(B) =
X, ie, (X,n) is a D-disconnected, which a contradiction. Hence, (Y,7) is a D-
connected.

Theorem 3.36. The image of ¢D—connected under a D-continuous map are qD-
connected.

Proof. Let (X,n) and (Y, 7) be two DTS, where (X,n) is a ¢D—connected and let
f be a D-continuous from X onto Y.

Suppose that (Y, 7) is a ¢D—disconnected Space then 3 A, B € Tsuchthat A ¢ B
and A U B =Y. Implies, A C B°, thus f 1(A) C F7Y(B )— (f’l( ))¢. So that,

Y A4) 4 fYB) and f~ (AUB)—f LY). Tt follows that f~'(4) U f~Y(B )
X, ie., (X,n) is a gD—disconnected, which a contradiction. Hence, (Y,7) is

qD—connected.

Theorem 3.37. Let (X,n) be a DT'S. Then, if (X,n) is a D-disconnected space,
then (X, m;), (i = 1,2) are disconnected spaces.

Proof. Let (X,n) be a D-disconnected. Then, 3 A, B € n such that (A4, As) =
ANB=(B;,B)=0and AU B =X.Thus, AiNB; =0,A;NBy =0, A;UB; = X
and A; U By = X. Therefore, A,NB; =0, A;UB; = X and A;, B; € m;, (i = 1,2).
Hence, (X, m) and (X, m) are disconnected spaces.

The following Example shows that the converse of Theorem 3.37 is not true in
general.

Example 3.38. Let X = {a,b,c} and m = {0, X, {a},{b,c}}, m = {0, X, {b},{a, c}}.
Then, (X,m) and (X, ms) are topological spaces and disconnected spaces. Since

n = (77'1777'2> = {Q7X7 (Q)? {b})7<@7X)7<®7 {a,c}),({a},{a,c}),({b,c},X),({a},X)},

then (X, n) is not D-disconnected.

Theorem 3.39. Let (X,n) be a DT'S. Then, if (X,n) is a ¢D—disconnected space,
then (X, ) is disconnected space.

Proof. Let (X,n) be a ¢gD—disconnected space. Then, 3 A, B € nsuch that (A, Ay) =
A gﬁ: (Bl,Bg) andégﬁzi ThUS, AlﬂBg :@and A1UBl :X,Bl g BQ.
So that AyNB; =0 and A;UB; = X, Ay, By € . Hence, (X, m) is a disconnected.

The following Example shows that the converse of Theorem 3.39 is not true in
general.
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Example 3.40. In Example 3.38, we see that: (X, m) is topological space and
disconnected. But, (X, 7) is not ¢D—disconnected.

Theorem 3.41. Let (X, n), (X,n*) be two DT'S. Then, if (X, n) is D-connected and
n* <mn, then (X,n*) is also D-connected.

Proof. Suppose that (X,n*) is a D-disconnected and n* < n, then 3 A, B € n* such
that AN B =@ and AU B = X. Implies, A, BenANB=0and AUB = X.
Therefore, (X,n) is a D-disconnected, which a contradiction. Hence, (X,n*) is D-
connected.

Theorem 3.42. Let (X,n), (X, n*) be two DT'S. Then, if (X,n) is ¢D—connected
and n* < n, then (X, n*) is also ¢D—connected.

Proof. Suppose that (X,n*) is a gD—disconnected and n* < 7, then 3 A, B € n*
such that A 4 B and A U B = X. Implies, A,B € n,A 4 Band AU B = X.
Therefore, (X,n) is a ¢D—disconnected, which a contradiction. Hence, (X,n*) is
qD—connected.

B
B

Theorem 3.43. Every qD—connected space is D-connected.

Proof. Suppose that (X,7n) is a D-disconnected space, then 3 A, B € D(X) such
that cl,(A) N B =0, Anecl,(B) =0 and AU B = X. It follows from Propo-
sition 3.6 that c¢l,,(A) 4 B, A 4 cl,(B) and A U B = X. Therefore, (X,7) is a

gD—disconnected space, which a contradiction. Hence, (X, ) is D-connected space.
Definition 3.44. The DTS (X,n) is said to be:

1. DCj—disconnected, if (X, n) has a proper open and closed D-set in X.

2. DCy—connected, if (X, n) is not DC}—disconnected.

Corollary 3.45. Let (X,n) be a DT'S or stratified DT'S. Then, if the only open and
closed D-sets are (), X in (X,7n) and (), X and (0, X) in stratified DTS, then (X, n)
is ¢D—connected.

Proposition 3.46. Every D(C}—connected space is ¢D—connected.

Proof. Suppose that (X,n) is a ¢gD—disconnected space, then 3 A # (0, B # ) €
n such that A 4 B and A U B = X. Implies A C B and B° C A so that
A = BC¢. Therefore, A is a proper open and closed D-set in X. Thus, (X, n) b
DC)—disconnected, which a contradiction. Hence, (X,n) is DC;—connected.

The converse of Proposition3.46 is not true in general.

Example 3.47. Let X = {a,b,c} and = {0, X, (0, {b}), ({a}, {a}), ({a}. {a,b}),
({c}{ch), Heh 4, e}), ({a, ¢} {a, e}), ({a, ¢}, X)} 0 = {0, X, ({a, ¢}, X), ({b, ¢}, {b, ¢}),
({c},{b,c}), ({a, b}, {a,b}), ({a}, {a,b}), ({0}, {b}), (0, {b})}. Then, (X,n) is a DT'S
and g D—connected space. But, (X, n) is not DC;—connected because, 3 (0, {b}), ({a},
{a,b}), ({c},{b,c}) and ({a,c}, X) are open and closed D-sets.
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Example 3.48. Let X = {a,b,c} andn = {0, X, (0, {a}), (0, {b}), (0,{c}), (D, {a,b}),
(@, {a,c}), (0,{b, c}), (0, X), ({a}, {a}), ({a} {a, b}), ({a}, {a, c}), ({a}, X), ({0}, {0}),
({6}, {a,0}), ({6}, {b, c}), ({b}, X), ({a, b}, {a, b}), ({a, b}, X)},

n° ={0, X, ({b,c}, X), ({a, ¢}, X), ({a, b}, X), ({c}, X), ({b}, X), ({a}, X), (0, X),
({6, c}, {b,c}), ({c}. {b. c}), ({b}, {b, c}), (0, {b, c}), ({a, ¢} {a, c}), ({c}. {a, c}),
({a},{a,¢}), @,{a, c}), ({c}, {c}), (0, {c})}-

Then, (X,n) is stratified DTS and gD—connected space. But, (X,n) is not
DCy—comected because, 3 (0, {c}), ({a}, X), ({a}, {a, c}), (0, {a,}), (0, {b,c}),
({b},4{b,c}), ({b}, X), and ({a,b}, X) are open and closed D-sets.

Example 3.49. From Example 3.48 (X, n) is stratified DT'S and gD—connected,
but 3 (0, {c}),
({a}, X), ({a}.{a,c}), (0. {a,c}), (0, {b. c}), ({b}, {b, c}), ({0}, X), and ({a, b}, X), are

open and closed D-sets.

Corollary 3.50. For a DT'S (X, n) we have the following implication:
DCy—connected — ¢qD—connected — D-connected.

Definition 3.51. The DTS (X, n) is said to be:

1. Strongly double connected (strongly SD—connected, for short), if there exist
no non-empty closed D-sets A, B € X such that AN B = .

2. Strongly SD—disconnected, if (X, n) is not strongly SD—connected.

Proposition 3.52. (X,7) is strongly SD—connected if and only if there exist no
open D-sets A, B in X such that A# X # Band AUB = X.

Proof. Let A, B be open D-sets in X such that A # X # B. If we take C = A

D = B¢ then C and D become closed D-sets in X and C # () # D, C N D = 0,
which a contradiction.

Conversely, it is obvious.

Proposition 3.53. Strongly S D—connectedness does not imply DC' —connectedness,
and DC7— connectedness does not imply StD—connectedness.

Example 3.54. In Example3.7, we see that: (X, n) is strongly SD—connected, but
it is not DCy— connected, for 3 (0, {b}) is both open and closed D-set.

Example 3.55. In Example3.3, we see that: (X, n) is DC;—connected, but it is not
strongly S D—connected, for

3 ({a},{a,b}), ({b, ¢, d}, X) € n and ({a}, {a,0}) U ({b, ¢, d}, X) = X.

Definition 3.56. Let (X,7n) be a DTS and Y C X with z,€ DP(Y’). The union of
all D-connected subsets of Y containing the D-point z, is called double component
(D-component, for short) of Y with respect to z,, denoted by C(Y, z,), i.e.,
CY,z,) =U{ACY :z,€Aand Ais a D — connected set}.
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Remark 3.57. The D-component C(Y, z,) is the largest D-connected subset of YV
containing z,.

Definition 3.58. Let (X,n) be a DT'S and Y C X with z,€DP(Y),z1 ¢ cl,(z1).
Then, the union of all gD —connected subsets of Y containing the D—pointzgt is called
quasi-coincident double component (¢D—component, for short) of Y with respect to
z;, denoted by Cq(Y,z,), ie, Cq(Y,2,) = U{A C Y : z,€A and A is a qD —
connected set}. o

Remark 3.59. The ¢gD—component Cq(Y, z,) is the largest ¢D—connected subset
of Y containing z,.

Theorem 3.60. Every D-component of a DTS is a closed D-set.

Proof. Let (X,n) be a DT'S and let C(Y, z,) be a D-component of the DT'S (X, n)
with respect to an arbitrary D-point z, € DP(X). Then, C(Y, z,) is a D-connected
subset of X [Theorem 3.29]. Also, by Theorem 3.33 cl,,(C (Y, z,)) is D-connected sub-

set of X containing x,, then ¢/, (C(Y,z,)) € C(Y,z,). But, C(Y,z,) C cl,(C(Y, z,)).

Hence, C(Y, z,) = cl,(C(Y,z,)), which shows that the D-component C(Y, z,) is a
closed D-set.

Theorem 3.61. Every gD—component of a DTS is a closed D-set.

Proof. Let (X,n)bea DTS and let Cq(Y, z,) be a gD—component of the DT'S (X, n)
with respect to an arbitrary D-point z, € DP (X). Then, Cq(Y, z,) is a gD—connected
subset of X [Theorem 3.30]. Also, by Theorem 3.34 cl,(Cq(Y, z,)) is ¢D—connected
subset of X containing z,, then cl,(Cq(Y,z,)) € Cq(Y,z,). But, Cq(Y,z,) C
cl,(Cq(Y, z,)). Hence, Cq(Y, z,) = cl,(Cq(Y, z,)), which shows that the ¢ D-component
@(Z%) is a closed D-set. o

Theorem 3.62. Let (X,n) be a DT'S. Then, each D-point in X is contained in
exactly one D-component of X.

Proof. Let x,€X and consider the collection:

Then, we have:

1. C # 0, for the D-point z, is a D-connected subset of X. Then, z, € C.

2. WY CX:z €Y andY is a D—connected set} # (). Sincez, €Y, VY € C.

B NHY C Xz, €Y and Y is a D — connected set}, having non null double
intersection, is D-connected subset of X containing z,.

4. Y C X :z, €Y and Y is a D — connected set} is the largest D-connected
subset of X containing x,, which is the D-component C'(X, x,) of X with respect
to x, and containing z, from Definition 3.56.
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Now, suppose that C*(X, z,) be another D-component containing z,, then C* (X z,)
is D-connected subset of X containing z,. Since C'(X, z,) is D-component containing
z,, then C*(X, z,) € C(X, z,). Again, since C* (X, z,) is D-component containing z,,
then C'(X, z,) € C*(X, z,). Therefore, C'(X,z,) = C*(X, z,). Hence, z, is contained
in exactly one D-component of X.

Theorem 3.63. Let (X,n) be a DT'S. Then, each D-point in X, z1qcl oz %) is
contained in exactly one gD—component of X.

Proof Let a:tEX and consider the collection:

Then we have.

1. Cq # @, for the D-point z, is a ¢D—connected subset of X, T1q cly(z
z, € Cq.

). Then,

Z1
2

2. WY CX:2, €Y andY is a gD—connected set} # (. Sincex, € Y, VY € C.

3. HY C Xz, €Y and Y is a gD — connected set}, having non null double
intersection, is ¢D—connected subset of X containing z,.

4. Y C Xz, €Y and Y is a gD—connected set} is the largest ¢ D—connected
subset of X containing x,, which is the ¢D—component Cq(X, z;) of X with
respect to z, and containing z, from Definition 3.58.

Now, suppose that Cq¢* (X, z,) be another ¢D—component containing z,, thus Cq*(X, z,)
is ¢D—connected subset of X containing z,. Since Cq(X, z,) is ¢D—component con-
taining z,, then Cq*(X, z,) € Cq(X, z,). Again, since C¢*(X, z,) is ¢D—component
containing z,, then Cq(X,z,) € Cq¢*(X,z,). Therefore, Cq(X,z,) = Cq* (X, z,).
Hence, z, is contained in exactly one ¢D—component of X. o

Theorem 3.64. Let (X,n) be a DT'S. Then, any two D-components with respect
to two disjoint D-points in X are either disjoint or identical.

Proof. Let C(X, z,) and C(X,y ) be two D-components of the DT'S (X, n) with re-
spect to the D-points z,,y in X. and z,0y = 0. Then, if C(X, :r:t) n C(X y) =0,

3.62]. Therefore Q (X, z,) and Q (X gr) are 1dentlcal. This CompTetes the proof.

Theorem 3.65. Let (X,n) be a DT'S. Then, any two ¢D—components with respect
to two disjoint D-points in X are either not quasi-coincident or identical.

Proof. Let Cq(X, z,) and Cq(X,y ) be two gD—components of the DT'S (X, n) with
respect to the D-points z,,y in X, z1q cln(gé), Y, q cly(y,) and 2,0y = 0. Then,
- 2 2 =

if

Cq(X,z,) 4 Cq(X,y ), then we are done. So let Cq(X,z,) ¢ Cq(X,y ). Then,
Cy(X,z)n - -

Cq(X, yr) # 0. We may choose z,€Cq(X, z,)N Cq(X, Y ). Clearly, z,€ Cq(X, z,)
and z.€ Cq(X, y ), thus Cq(X,z,) = Cq(X,y ) [from Theorem 3. 63]. Therefore,
Cq(X, x,) and C__q(_, y) are identical. This completes the proof.
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Definition 3.66. A DTS (X,n) is said to be a quasi-coincident hyperconnected
(q-hyperconnected, for short) if every pair of non null proper open D-sets A and B
are quasi-coincident, i. e.,

(X, n) is said to be g-hyperconnected if V A, B € n, we have A ¢ B.

Theorem 3.67. Every g-hyperconnected DTS is gD —connected.

Proof. Suppose that (X, n) is is ¢D—disconnected, then there exist two open D-sets
A and B such that A g4 B [Theorem 3.20]. Hence, (X,n) is not g-hyperconnected
DTS, which a contradiction. Thus, (X, n) is ¢D—connected.

Remark 3.68. The converse of Theorem 3.67 is not true in general, as shown in the
following Examples.

Example 3.69. In Example3.7, we see that: The DTS (X,n) is a ¢D—connected,
but it is not a g-hyperconnected, for ({a},{a}) « (0, {b}).

Example 3.70. Let X = {a,b} and n = {0, X, (0,{a}), (0,{b}), (0, X)}. Then, n
defines a stratified double topology on X. Hence, the DT'S (X, n) is ¢D—connected,
but it is not g-hyperconnected, for (0, {a}) ¢ (0,{0}).

Theorem 3.71. Let (X,n) be a DT'S. Then, the following are equivalent:
1. (X,n) is g-hyperconnected,
2. Ais D-dense, V A € n,
3. A is D-dense or D-nowhere dense, V A € D(X).

Proof. (1) — (2) Suppose that 3 B € n such that B is not D-dense in X, thus
cly(B) # X. Hence, X \ cl,,(B) and B are not quasi-coincident [by Proposition 3.3],
which a contradiction with g-hyperconnected of (X, 7).

(2) — (3) Suppose that B is not D-nowhere dense, then int,(cl,(B)) # 0. So by (2),
cl,(int,(cl,(B))) = X. Since cl,(int, (cl,,(B))) C cl,(B), then cl,(B) = X. Hence, B
is D-dense.

(3) — (1) Suppose that A 4 B, for some non-empty open D-subsets A, B of X,
then cl,(A) 4 B [by Theorem 2.7], and A is not D-dense. Since A € 7, then
0 # A Cint,(cl,(A)), which a contradiction with (3). Hence, the result.

Remark 3.72. If the DTS (X, n) is a stratified, then the Theorems 3.19, 3.20, ....,
3.71 and Propositions 3.2, ...., 3.53 are satisfied.
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