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Abstaract − In this paper we introduce a new generalization of Fibonacci polynomial and vectors
of length d are defined for these Polynomials. Using these vectors some properties for Generalized
Fibonacci Polynomial (GFP) are established.
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1 Introduction

The Generalized Fibonacci Polynomial (GFP) is a natural generalization of the Fi-
bonacci polynoial Fn(x) which defined recurrently by Fn+1(x) = xFn(x) + Fn−1(x),
with F0(x) = 0, F1(0) = 1, for n ≥ 1. Fibonacci Polynomial is the topic of wide
interest, for the literature of these Polynomials one can refer to articles by many
authors like [1, 5, 6, 7, 11, 13, 14, 15, 16, 17, 18, 19, 20, 21, 25, 27, 28, 29, 30, 31,
32, 33, 34, 35, 36, 2, 3, 4, 10, 9]. The study of properties for Fibonacci polynomials
and Lucas polynomials have received less attention than numerical sequences. The
identities involving Fibonacci and Lucas sequences extend naturally to the GFP that
satisfy closed formulas similar to the Binet formulas satisfied by Fibonacci and Lu-
cas sequences. We denote the GFP of Lucas type and Fibonacci type by F̂n(x) and

L̂n(x) respectively. We adapt some known identities given for Fibonacci or Lucas

polynomials to the F̂n(x) and L̂n(x). Most of the identities for Fibonacci and Lucas
polynomials that we extend to GFP can be found in the books, articles on Fibonacci
and Lucas sequences and their applications, [2, 3, 4, 8, 9, 10, 22, 23, 24, 26, 12]

The ultimate aim of this paper is to introduce new generalization F̂n(x) and L̂n(x)
of Fibonacci and Lucas polynomials and establish a collection of identities for the
F̂n(x) and L̂n(x) using vector method.

*Corresponding Author.
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2 Generalized Fibonacci Polynomial (GFP)

In this section we introduce the new generalized Fibonacci polynomials F̂n(x) and

L̂n(x).

Definition 2.1. The generalized Fibonacci polynomial F̂n(x) is defined by the re-
currence relation

F̂n+1(x) = xF̂n(x) + F̂n−1(x) with F̂0(x) = 0, F̂1(x) = x2 + 4, for n ≥ 1 (1)

Definition 2.2. The generalized Lucas polynomial L̂n(x) is defined by the recurrence
relation

L̂n+1(x) = xL̂n(x) + L̂n−1(x) with L̂0(x) = 2x2 + 8, L̂1(x) = x3 + 4x, for n ≥ 1
(2)

Polynomial Initial value Initial value Recursive Formula
G0(x) = a(x) G1(x) = b(x) Gn+1(x) = a(x)Gn(x) + b(x)Gn−1(x)

Fibonacci 0 1 Fn+1(x) = Fn(x) + Fn−1(x)
Lucas 2 x Ln+1(x) = Ln(x) + Ln−1(x)
Pell 0 1 Pn+1(x) = 2xPn(x) + Pn−1(x)

Pell-Lucas 2 2x Qn+1(x) = 2xQn(x) + Qn−1(x)
Jacobsthal 0 1 Jn+1(x) = Jn(x) + 2xJn−1(x)

Jacobsthal-Lucas 2 1 jn+1(x) = jn(x) + 2xjn−1(x)
Generalized Fibonacci 0 x2 + 4 F̂n+1(x) = xF̂n(x) + F̂n−1(x)

Generalized Lucas 2x2 + 8 x3 + 4x L̂n+1(x) = xL̂n(x) + L̂n−1(x)

Table 1: Recurrence relation of some GFP.

Characteristic equation of the initial recurrence relation (1 and 2) is,

r2 − xr − 1 = 0 (3)

Characteristic roots of (3) are

r1(x) =
x +

√
x2 + 4

2
, r2(x) =

x−√x2 + 4

2
(4)

Characteristic roots (4) satisfy the properties

r1(x)− r2(x) =
√

x2 + 4 =
√

∆(x), r1(x) + r2(x) = x, r1(x)r2(x) = −1 (5)

Binet forms for both F̂n(x) and L̂n(x) are given by

F̂n(x) = r1(x)n − r2(x)n (6)

L̂n(x) =
[
r1(x)2 + r2(x)2 + 2

]
[r1(x)n + r2(x)n)] (7)
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Definition 2.3. (Generalized Fibonacci polynomial vector of length d )

For all integers n, Generalized Fibonacci polynomial vector
→
F d

n (x) and Generalized

Lucas polynomial vector
→
Ld

n (x) of length d are defined as follows

→
F d

n (x) =




F̂n(x)

F̂n+1(x)

F̂n+2(x)

...

F̂n+d−1(x)




and
→
Ld

n (x) =




L̂n(x)

L̂n+1(x)

L̂n+2(x)

...

L̂n+d−1(x)




Definition 2.4. (Reverse Generalized Fibonacci polynomial vector of length
d)

For all integers n, Reverse Generalized Fibonacci polynomial vector
→
fd

n (x) and Re-

verse Generalized Lucas polynomial vector
→
ldn (x) of length d are defined as follows

→
fd

n (x) =




L̂n+d−1(x)

L̂n+d−2(x)

L̂n+d−3(x)

...

L̂n(x)




and
→
ldn (x) =




L̂n+d−1(x)

L̂n+d−2(x)

L̂n+d−3(x)

...

L̂n(x)




Definition 2.5. (Vectors
→
a ,

→
b ,

→
c and

→
d)

For all integers n, the vectors
→
a ,

→
b ,

→
c and

→
d of length d are defined as follows

→
a=




1

r1(x)

r2
1(x)

...

rd−2
1 (x)

rd−1
1 (x)




,
→
b=




1

r2(x)

r2
2(x)

...

rd−2
2 (x)

rd−1
2 (x)




,
→
c=




rd−1
1 (x)

rd−2
1 (x)

rd−3
1 (x)

...

r1(x)

1




and
→
d=




rd−1
2 (x)

rd−2
2 (x)

rd−3
2 (x)

...

r2(x)

1
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Definition 2.6. Define d× d matrix T by




0 1 0 0 0 · · · 0
0 0 1 0 0 · · · 0
0 0 0 1 0 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 0 0 1
0 · · · 0 1 0 1 x




d×d

Definition 2.7. Define d× d matrix S by




x 1 0 0 0 · · · 0
1 0 0 0 0 · · · 0
0 1 0 0 0 · · · 0
· · · · · · · · · · · · · · · · · · · · ·
0 · · · 0 0 1 0 0
0 · · · 0 0 0 1 0




d×d

The matrices T and S have characteristic polynomial r(m−2)(r2 − xr − 1). The non
zero eigenvalues of both are r1(x) and r2(x) and eigenspace associated with r1(x)

and r2(x) for T are spanned respectively by
→
a ,

→
b and for S are spanned respectively

by
→
c and

→
d .

3 Auxiliary Results

Theorem 3.1. ( Binet form for
→
F d

n (x),
→
Ld

n (x),
→
fd

n (x) and
→
ldn (x) ) For all integers

n,

→
F d

n (x) = [r1(x)− r2(x)][rn
1 (x)

→
a −rn

2 (x)
→
b ] (8)

→
Ld

n (x) = [r1(x)− r2(x)]2[rn
1 (x)

→
a +rn

2 (x)
→
b ] (9)

→
fd

n (x) = [r1(x)− r2(x)][rn
1 (x)

→
c −rn

2 (x)
→
d ] (10)

→
ldn (x) = [r1(x)− r2(x)]2[rn

1 (x)
→
c +rn

2 (x)
→
d ] (11)

Theorem 3.2. For all integers n

→
F d

n+1 (x) = T
→
F d

n (x)
→

Ld
n+1 (x) = T

→
Ld

n (x)
→

fd
n+1 (x) = S

→
F d

n (x)
→

ldn+1 (x) = S
→
F d

n (x)
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Theorem 3.3. For all integers t ≥ n + 1
→

F d
n+1 (x) = T (n−t+1)

→
F d

n (x)
→

Ld
n+1 (x) = T (n−t+1)

→
Ld

n (x)
→

fd
n+1 (x) = S(n−t+1)

→
F d

n (x)
→

ldn+1 (x) = S(n−t+1)
→
F d

n (x)

Theorem 3.4. For k > 0

→
a · →a=

→
c · →c= ‖ →a ‖2 = ‖ →c ‖2 =





F̂n(x)rd−1
1 (x)

(r1(x)− r2(x))
, If d is even;

L̂n(x)rd−1
1 (x)

(r1(x)− r2(x))2
, If d is odd

→
b ·

→
b=

→
d ·

→
d= ‖ →b ‖2 = ‖ →d ‖2 =





−F̂n(x)rd−1
2 (x)

(r1(x)− r2(x))
, If d is even;

L̂n(x)rd−1
2 (x)

(r1(x)− r2(x))2
, If d is odd

→
a · →b=

→
c · →d =

{
0, If d is even;

1, If d is odd

Theorem 3.5. For all positive integer d and for all integers n1 and n2

→
F d

n1
(x)·

→
F d

n2
(x) =

→
fd

n1
(x)·

→
fd

n2
(x)

=





F̂d(x)F̂d+n1+n2−1(x)

(r1(x)− r2(x))2
, If d is even;

L̂d(x)L̂d+n1+n2−1(x)− (−1)n1L̂n2−n1(x)

(r1(x)− r2(x))
, If d is odd

→
Ld

n1
(x)·

→
Ld

n2
(x) =

→
ldn1

(x)·
→
ldn2

(x)

=





F̂d(x)F̂d+n1+n2−1(x), If d is even;

L̂d(x)L̂d+n1+n2−1(x)

(r1(x)− r2(x))2
+

(−1)n1L̂n2−n1(x)

(r1(x)− r2(x))
, If d is odd

→
F d

n1
(x)·

→
Ld

n2
(x) =

→
fd

n1
(x)·

→
ldn2

(x)

=





F̂d(x)L̂d+n1+n2−1(x), If d is even;

L̂d(x)F̂d+n1+n2−1(x)

(r1(x)− r2(x))2
+

(−1)n1F̂n2−n1(x)

(r1(x)− r2(x))
, If d is odd
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Theorem 3.6. For all positive integer d and for all integer n

‖
→

F d
n1

(x)‖2 = ‖
→
fd

n1
(x)‖2 =





F̂d(x)F̂d+2n−1(x), If d is even;

L̂d(x)L̂d+2n−1(x)− 2(−1)n

(r1(x)− r2(x))2
, If d is odd

‖
→

Ld
n1

(x)‖2 = ‖
→
ldn1

(x)‖2 =





F̂d(x)F̂d+2n−1(x), If d is even;

L̂d(x)L̂d+2n−1(x) +
2(−1)n

(r1(x)− r2(x))2
, If d is odd

4 Main Results

Theorem 4.1. For all positive integer d and for all integers n1 and n2

i=d−1∑
i=0

F̂n1+i(x)F̂n2+i(x) =





F̂d(x)F̂d+n1+n2−1(x), If d is even;

L̂d(x)L̂d+n1+n2−1(x)− (−1)n1L̂n2−n1(x)

(r1(x)− r2(x))
, If d is odd

i=d−1∑
i=0

L̂n1+i(x)L̂n2+i(x) =





(r1(x)− r2(x))2F̂d(x)F̂d+n1+n2−1(x), If d is even;

L̂d(x)L̂d+n1+n2−1(x) +
(−1)n1L̂n2−n1(x)

(r1(x)− r2(x))
, If d is odd

i=d−1∑
i=0

F̂n1+i(x)L̂n2+i(x) =





(r1(x)− r2(x))2F̂d(x)L̂d+n1+n2−1(x), If d is even;

L̂d(x)F̂d+n1+n2−1(x) +
(−1)n1F̂n2−n1(x)

(r1(x)− r2(x))
, If d is odd

Corollary 4.2. For all positive integer d and for all integer n

i=d−1∑
i=0

F̂n(x)
2

=





F̂d(x)F̂d+2n−1(x), If d is even;

L̂d(x)L̂d+2n−1(x)

(r1(x)− r2(x))2
− 2(−1)n, If d is odd

i=d−1∑
i=0

L̂n(x)
2

=

{
F̂d(x)F̂d+2n−1(x), If d is even;

L̂dL̂d+2n−1(x) + 2(−1)n1)(r1(x)− r2(x))2, If d is odd

Corollary 4.3. For all positive integer d and for all integer t and n

F̂n+d−2(x)F̂n+d−t−1(x) + F̂n−1(x)F̂n−t(x) =



(r1(x) + r2(x))F̂d−1(x)F̂d+2n−t−2(x), If d is even;

(r1(x) + r2(x))2

(r1(x)2 − r2(x)2)
L̂d−1(x)L̂d+2n−t(x)− 2(−1)n−tL̂t−1(x)

(r1(x)− r2(x))
, If d is odd
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L̂n+d−2(x)L̂n+d−t−1(x) + L̂n−1(x)L̂n−t(x) ={
(r1(x) + r2(x))(r1(x)− r2(x))2L̂d−1(x)L̂d+2n−t−2(x), If d is even;

(r1(x) + r2(x))L̂d−1(x)L̂d+2n−t(x) + 2(−1)n−1L̂t+1(x)(r1(x)− r2(x)), If d is odd

F̂n+d−2(x)L̂n+d−t−1(x) + F̂n−1(x)L̂n−t(x) ={
(r1(x) + r2(x))(r1(x)− r2(x))2F̂d−1(x)L̂d+2n−t−2(x), If d is even;

(r1(x) + r2(x))L̂d−1(x)F̂d+2n−t(x) + 2(−1)n−1F̂t+1(x)(r1(x)− r2(x)), If d is odd

5 Concluding Remarks

In this paper, we have generalized and derived some identities of F̂n(x) and L̂n(x)
using matrix method. In the future, we would like to continue working on the more
generalizations of these type of the polynomials.

6 Tables
n bFn(x) bLn(x)

1 4 + x2 4x + x3

2 4x + x3 8 + 6x2 + x4

3 4 + 5x2 + x4 12x + 7x3 + x5

4 8x + 6x3 + x5 8 + 18x2 + 8x4 + x6

5 4 + 13x2 + 7x4 + x6 20x + 25x3 + 9x5 + x7

6 12x + 19x3 + 8x5 + x7 8 + 38x2 + 33x4 + 10x6 + x8

7 4 + 25x2 + 26x4 + 9x6 + x8 28x + 63x3 + 42x5 + 11x7 + x9

8 16x + 44x3 + 34x5 + 10x7 + x9 8 + 66x2 + 96x4 + 52x6 + 12x8 + x10

9 4 + 41x2 + 70x4 + 43x6 + 11x8 + x10 36x + 129x3 + 138x5 + 63x7 + 13x9 + x11

10 20x + 85x3 + 104x5 + 53x7 + 12x9 + x11 8 + 102x2 + 225x4 + 190x6 + 75x8 + 14x10 + x12

11 4 + 61x2 + 155x4 + 147x6 + 64x8 + 13x12 + x12 44x + 231x3 + 363x5 + 253x7 + 88x9 + 15x11 + x13

12 24x + 146x3 + 259x5 + 200x7 + 76x9 + 14x11 + x13 8 + 146x2 + 456x4 + 553x6 + 328x8 + 102x10 + 16x12 + x14

Table 2: First 12 terms of F̂n(x) and L̂n(x)
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F̂
n
(x

)
F̂

1
(x

)
F̂

2
(x

)
F̂

3
(x

)
F̂

4
(x

)
F̂

5
(x

)
F̂

6
(x

)
F̂

7
(x

)
F̂

8
(x

)
F̂

9
(x

)
F̂

1
0
(x

)
x

=
1

5
5

10
15

25
40

65
10

5
17

0
27

5
x

=
2

8
16

40
96

23
2

56
0

13
52

32
64

78
80

19
02

4
x

=
3

13
39

13
0

42
9

14
17

46
80

15
45

7
51

05
1

16
86

10
55

68
81

x
=

4
20

80
34

0
14

40
61

00
25

84
0

10
94

60
46

36
80

19
64

18
0

83
20

40
0

x
=

5
29

14
5

75
4

39
15

20
32

9
10

55
60

54
81

29
28

46
20

5
14

77
91

54
76

74
19

75
x

=
6

40
24

0
14

80
91

20
56

20
0

34
63

20
21

34
12

0
13

15
10

40
81

04
03

60
49

93
93

20
0

x
=

7
53

37
1

26
50

18
92

1
13

50
97

96
46

00
68

87
29

7
49

17
56

79
35

11
17

05
0

25
06

99
50

29
x

=
8

68
54

4
44

20
35

90
4

29
16

52
23

69
12

0
19

24
46

12
15

63
26

01
6

12
69

85
27

40
10

31
51

47
93

6
x

=
9

85
76

5
69

70
63

49
5

57
84

25
52

69
32

0
48

00
23

05
43

72
90

06
5

39
83

61
28

90
36

28
98

06
07

5
x

=
10

10
4

10
40

10
50

4
10

60
80

10
71

30
4

10
81

91
20

10
92

62
50

4
11

03
44

41
60

11
14

37
04

10
4

11
25

40
48

52
00

x
=

11
12

5
13

75
15

25
0

16
91

25
18

75
62

5
20

80
10

00
23

06
86

62
5

25
58

35
38

75
28

37
25

79
25

0
31

46
56

72
56

25
x

=
12

14
8

17
76

21
46

0
25

92
96

31
33

01
2

37
85

54
40

45
73

98
29

2
55

26
63

49
44

66
77

70
17

62
0

80
68

50
84

63
84

x
=

13
17

3
22

49
29

41
0

38
45

79
50

28
93

7
65

76
07

60
85

99
18

81
7

11
24

47
05

38
1

14
70

41
08

87
70

19
22

77
88

59
39

1
x

=
14

20
0

28
00

39
40

0
55

44
00

78
01

00
0

10
97

68
40

0
15

44
55

86
00

21
73

35
88

80
0,

30
58

14
80

18
00

43
03

14
08

14
00

0
x

=
15

22
9

34
35

51
75

4
77

97
45

11
74

79
29

17
69

98
68

0
26

66
72

81
29

40
17

79
20

61
5,

60
53

35
53

73
54

91
20

21
09

80
92

5
x

=
16

26
0

41
60

66
82

0
10

73
28

0
17

23
93

00
27

69
02

08
0

44
47

67
25

80
71

43
96

63
36

0
11

47
48

22
86

34
0

18
43

11
56

24
48

00
x

=
17

29
3

49
81

84
97

0
14

49
47

1
24

72
59

77
42

17
91

08
0

71
95

17
43

37
12

27
39

75
48

09
20

93
77

10
06

09
0

35
71

68
46

85
83

39
x

=
18

32
8

59
04

10
66

00
19

24
70

4
34

75
12

72
62

74
47

60
0

11
32

88
08

07
2

20
45

45
99

28
96

36
93

15
66

80
20

0
66

68
13

66
23

64
96

x
=

19
36

5
69

35
13

21
30

25
17

40
5

47
96

28
25

91
38

11
08

0
17

41
03

73
34

5
33

17
10

90
46

35
63

19
91

75
61

41
0

12
04

10
14

45
71

42
5

x
=

20
40

4
80

80
16

20
04

32
48

16
0

65
12

52
04

13
05

75
22

40
26

18
01

70
00

4
52

49
09

15
23

20
10

52
43

63
21

64
04

21
10

12
17

34
80

40
0

T
ab

le
3:

F
ir

st
fe

w
te

rm
s

o
f

F̂
n
(x

)
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L̂
n
(x

)
L̂

1
(x

)
L̂

2
(x

)
L̂

3
(x

)
L̂

4
(x

)
F̂
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