http://www.newtheory.org ISSN: 2149-1402

New Theory

Received: 25.11.2017 Year: 2017, Number: 19, Pages: 1-19
Published: 13.12.2017 Original Article

A MATRIX REPRESENTATION OF A GENERALIZED
FIBONACCI POLYNOMIAL

Ashok Dnyandeo Godase'™ <ashokgodse2012@gmail.com>
Macchindra Baburao Dhakne? <ijntindia@gamil.com>

!Department of Mathematics, V. P. College, Vaijapur, Maharashtra, India
2Department of Mathematics, Dr. B. A. M. University, Aurangabad, Maharashtra, India

Abstaract — The Fibonacci polynomial F,(z) defined recurrently by Fj,11(z) = o F,,(z)+F,_1(x),
with Fy(xz) = 0, F1(0) = 1, for n > 1 is the topic of wide interest for many years. In this article,
generalized Fibonacci polynomials F,41(z) and Ly 1 (z) are introduced and defined by F,;,(z) =
2P, (2)+F,_1(x) with Fy(z) =0, Fy(z) = 2244, for n > 1 and L1 () = 2L, (2)+Ly_1 (z) with
Lo(z) =222 +8, Lyi(x) = 23 +4a, for n > 1. Also some basic properties of these polynomials are
obtained by matrix methods.
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1 Introduction

Horadam [9] introduced and studied the generalized Fibonacci sequence W, =
W.(a; b; p; q) defined by W, = pW,,_1 — ¢W,, o with Wy=a, W;=0b forn>1
where a; b; p and ¢ are arbitrary complex numbers with ¢ # 0. These numbers were
first studied by Horadam and they are called Horadam numbers. In [7] Silvester
shows that a number of the properties of the Fibonacci sequence can be derived
from a matrix representation.

In [27] Demirturk obtained summation formulae for the Fibonacci and Lucas se-
quences by matrix methods. In [28] the authors presented some important relation-
ship between k-Jacobsthal matrix sequence and k-Jacobsthal-Lucas matrix sequence.
In [22] Godase and Dhakne described some properties of k- Fibonacci and k-Lucas
numbers by matrix terminology.

In [18] Catarino and Vasco introduced a 2 x 2 matrix for the k-Pell sequence
with its nth power. The well-known Fibonacci polynomial is studied over several
years. Many authors are dedicated to study this polynomial. The most research
on Fibonacci polynomials are dedicated to study the generalizations of Fibonacci
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polynomials [4],[5], [20], [19], [21], [28]. The main aim of the present paper is to
study other generalized Fibonacci polynomial by matrix methods.

Somnuk Srisawat and Wanna Sriprad [1] investigated generalization of Pell and
Pell-Lucas numbers, which is called (s,t)-Pell and (s, t)-Pell-Lucas numbers, also
they defined the 2 x 2 matrix

W [f 2(s? + t)}

5 S
using this matrix they established many identities of (s, t)-Pell and (s, t)-Pell-Lucas
numbers. Hasan Huseyin Gulec, Necati Taskara [2] established a new generalizations
for (s,t)-Pell (s,t)- Pell Lucas {g,(s,t)}n € N sequences for Pell and Pell Lucas
numbers. Considering these sequences, they defined the matrix sequences which have
elements of {p,(s,t)}n € N and {g,(s,t)}n € N.

Yuan, Yi, and Wenpeeg Zhang [3] introduced different methods to calculate the
summations involving the Fibonacci polynomials. Fikri Koken and Durmus Bozkurt
[6] defined the Jacobsthal Lucas E-matrix and R-matrix alike to the Fibonacci Q-
matrix. Using this matrix representation they found some equalities and Binet-like
formula for the Jacobsthal and Jacobsthal-Lucas numbers.

Falcon and Plaza[l(0] presented the derivatives of Fibonacci polynomials in the
form of convolution of k-Fibonacci polynomials and many relations for the derivatives
of these polynomials are proved. R R

We denote the Fibonacci and Lucas polynomial by F,(x) and L, () respectively.
Most of the identities for Fibonacci and Lucas polynomials can be found in the
articles [11], [12], [13], [14], [15], [16], [17], [23], [24], [25], [26] on Fibonacci and Lucas
sequences and their applications. The ultimate aim of this paper is to introduce new
generalization F),(x) and L, (z) of Fibonacci and Lucas polynomials and establish a

~

collection of identities for the F,(z) and L, (z) using matrix method.

2  Generalized Fibonacci polynomials F),(z) and L, (z)

In [§] the Fibonacci polynomial F),(x) defined recurrently by F,.i(z) = zF,(z) +
F,—1(z), with Fy(z) =0, F1(0) =1, for n > 1. In this paper we defined generalized
Fibonacci polynomials F),(z) and L, (z).

Definition 2.1. The generalized Fibonacci polynomial ]/T\n(x) is defined by the re-
currence relation

~

Foii(z) = 2Fy(z) + Fyq(z) with Fo(z) =0, Fi(z)=2>+4, forn>1 (1)

Definition 2.2. The generalized Lucas polynomial En(x) is defined by the recurrence
relation

Loyi(2) = 2Ly(2) + Lu_1(z) with Lo(z) =222 +8, Ly(z) =2®+ 4z, for n > 1
(2)
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Polynomial Initial value | Initial value Recursive Formula
Go(z) = a(z) | Gi(2) = b(x) | Gnr(2) = a(z)Gn(z) + b(x)Gn1(2)
Fibonacci 0 1 nt1(x) = Fn(x) + Fooq(2)
Lucas 2 X Lyy1(x) = Ly(x) + Lyp—1(x)
Pell 0 1 Poii(x) =22P, () + Ppoi(2)
Pell-Lucas 2 2x Qnt1(x) = 22Q, (7)) + Qn_1(x)
Jacobsthal 0 1 Jnt1(x) = Jp(x) + 22 J5—1(z)
Jacobsthal-Lucas 2 1 Jnt1(x) = jn (@) 4 22jn—1(2)
Generalized Fibonacci 0 2 +4 Fn+1(x) = ﬁn( )+ Fp_1(x)
Generalized Lucas 222 + 8 3 + 4w Lp1(z) = 2Ly () + Lp_1(2)

Table 1: Recurrence relation of some GFP.

Characteristic equation of the initial recurrence relation (1l and 2) is,

r?—ar—1=0
Characteristic roots of (3) are

r+Var+4 r— Va2 +4

ri(z) = 5 ro(x) =

Characteristic roots (4) satisfy the properties

r(x) —ro(x) = Va2 +4=+/A x)+ro(x) =z, ri(x)ry(x) =—1

Binet forms for both F\n(x) and Zn(z) are given by
Fo(z) = r1(z)" — ro(2)"

Lin = [r(z)” 4+ 7a(2) + 2] [r1(2)" + ro(2)")]

The most commonly used matrix in relation to the recurrence relation(3)) is

o =7 o)

Using Principle of Mathematical induction the matrix M can be generalized to

where, n is an integer
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3 Auxiliary Results

Several identities for ﬁn(x) and Zn(x) can be established using (6), (7). Some of
these are listed below

Lo(z) = Foa(2) + Fya(2) (9)

A(@)Fy(x) = Fopa(z) + Lo () (10)
A@)F2(x) = Fa(x) = 2A(x)(—1)" (11)
Fo(2)Lo (%) = AFpin(7) = A@)(=1)" Lo-m(x) (12)
Fop(2)Fo(2) = Lonn(@) = (1) L (2) (13)

(=1)" " F (2)? = Fovgn () Fp (@) = Fo(w)? (14)
(—1)" " Fu(2)* = Lintn(2) Ly (7) — Ly (2)? (15)
For(2) Ftrm(7) = Fopion (@) Frgom () = (= 1) Fo(2) F () (16)
2A(2) Lim1yn (%) = Lonn () L (%) + A(@) Fyun () F (2) (17)
20 () Fns1yn (%) = Frun (%) Ln(2) + Linn(2) F () (18)
A(@) Fanm(2) Fn (%) = Lynsn(2)? + (=1)" ' Ly (2)? (19)
A(@) Fyn () Fn(2) = Ln () Ln(@) + (= 1) Ly (2) L () (20)
Fyriynsm () Fn (%) = Frvsarn () Fanm (2) + (1) Fyp (@) Fan(z) - (21)
Flon() = (=1)""Fy () (22)

Fopa(z) = (=1)"Foi(2) (23)

4 Main Results

Lemma 4.1. If X is a square matrix with A(z)X? = zX + I, then A(z)X" =
Fo(2)X + F,—1(z)], for alln € Z

Proof. For n = 0 the result is true
Forn=1

Hence result is true for n = 1. R R
Assume that, A(z) X" = F,,(z) X+F,_1(z)I, and prove that, A(z) X" = F,, 1 (z) X+
F.(x)I
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Consider,

Foir(2)X + Ep(2)] = (Fy(2)x 4 Fo_y(2))X + Fy(z)]
= (X + )Fy(2) + XF_y ()
= X?F,(2) + XF,_(x)
— X(XF,(z) + F,_1(2))
= X(A(z)X™)
= A(z) X"

Hence, A(z)X™' = Fo(2)X + F,(2)1

We now show that, A(z)X " = F_,(2)X + F_,_1(z)I, for all n € Z*
Let, Y =zl — X, then

Y%= (2l — X)?

=227 — 22X + X?
=2l — 22X +xX +1
— 2l —aX +1
=zl - X)+X+1
=xY +1

This shows that AY"™ = F,(2)Y + F,,_1(2)]

A) (=X N = Ep(2)(x] — X) + Fy1(z)]
A@)(—1)"X ™" = —F,(2)X + Foor ()]
A@@)X ™" = (=1)" Fy(2) X + (=1)" Frpa ()T

Using equations (22 and 23), it gives that A(z)X ™ = F_,(2)X + F_,_(z)I, for all

nezt [
¢ AR Pn(x) ABL(2)

Corollary 4.2. Let, S(z) = { 1 2 }7 then A(z)S(z)" = P2(w) P 2(:v) , for
2 2 B 2

every n € Z

Proof.

Using Lemma (4.1), it is clear that

A(2)S(z)" = F(2)S(x) + Fp_y(2)1
[ ab,(z) A@)P,(x)

2 2
2

[a)
=)

()

[ Pn(z)  A(x)Pa(2)
— 2 2
b, (x) R, (2)
) 2
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O
Lemma 4.3.
L2 () — A(@)F2(z) = 4A(2)*(=1)*  forall, neZ (24)
Proof.
Since, det(S(x)) = —1
det(S(z)") = (-1)"
B.(x) AP, (x)
Moreover since, A(z)S(z)" = [ pnz(m) Enz(m) ]
We get,  det(A(z)S(x)") = L’%f) - A@)f ()
Thus it follows that, L2(z) — A(z)F2(z) = 4A(z)%(=1)"  forall, ne Z
]
Lemma 4.4.
2A(2) Ly (€) = Lo () Lin(2) + A(2) Fy () Fp(z) forall nomeZ  (25)
A () Eym () = Fp(2) Lo () + Ly(2)Ey(z) forall n,me Z (26)
Proof.
Since, A(z)2S(z)™™™ = A(z)S(z)".A(z)S(z)™

Enz(:c) A(x>fn(x> EmQ(m A(:c>§m(:c>
| b.@) B, (x) | Bn() B, (x)
L 2 2 2 2
[ Dn(x)bmu)ﬁ(as)m(x)bm(x) A(I)[pn@)pm(j)mn(x)pm(x)
- Enu)l@m(m)fn(mbm(z) pn(@pm(z)ﬁ(m)pn(x)pm(z)
n i En%—;ﬂ(@ A(x)pg-&-m(x)
But, A(z)S(x) = 5w B, ()
L 2 2
It gives that 2A(%)Lnym (%) = Ln(2)Lin(z) + A(z)E,y(z) Fp(z) forall n,m e Z
OA(2) Eymn () = F(2) Lo (2) + Ly(2) Fp(z)  for all n,m € Z
0
Lemma 4.5.
2(—1)"A(2)?* Lo (7) = Lp(2)Lin(z) — A(z)Fp(2)Ep(z) forall n,m e Z (27)
2(—1)"A(2)*Fpn (1) = Fp(2) L (2) — Ln(x)Fp(z) forall nomeZ  (28)
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Proof. Since

A(@)*S(2)" ™ = A) S ()" Aw)S ()™
= A(2)S(2)".A)[S(z)]
Em(a:) 7A(I)pM(I)
= A(x)S(x)".(-1)™ Jvi(x) Emz(w) ]
)

Br(z)  —A@@)Bn(x)
2 2
| =B (2) P, (z)
2 2

pn@)pm(x);Apn(x)pm(x) A(m)[bnw)bm(f)fbn(x)bm(m)
T | B@Pu@) P @Bu(@  Ra@)Bin(@)-A@) P (@) P ()
4

But
Lnm(@)  A@Fam(@)
A(z)?S ()" = [ Fon(®)  Lun() ]
It gives
2(=1)"A(2)?* L (2) = Lp(2)Ln(z) — Alz)Ep(2)Ep(z) forall n,m € Z
2(—1)"A(2)*Fyn (1) = Fp(2)Lin(2) — Ln(2)Fyu(z) forall n,me Z
0
Lemma 4.6
(_1)mA(x)Zn—m(x) + A(x)inwn(x) = Zn<x>im(x) (29)
(D)™ A(2)Fyn (@) + A@) By (2) = Fo(2) L () (30)

Proof.
A@)?S (@)™ + (1) A(x)*S (z)" ™
[A(x)bn+m<x>+(—1>’m<x>bn_m<x> A@)[Posm(@)+(=1)™ Py (@) ]

2 2
A@Py (@D A@ Py (@) A@)Raim (@) (D)™ A@) B ()
2 2

On the other hand
A(56)25(@ T (=)™ A(2) S ()
A(z)S(z)"Az)S(x)™ + (=1)"A(z)S(z)"Az) S(z) ™
A(z)S(2)"[A(z)S(x)™ + (=1)"A(z)S(z) "]

L 2 2 i 2 2 2 2
[ B, (x Az) B, (z) ] T
_ 2( ) A( )2 (z) Ln(2) R 0
b, (z) B, (z) 0 L ()
L 2 2 A
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It gives

(1) A(2) Fy(2) + A(@) () = Fy(2)Lyn ()
Il

Lemma 4.7.
8A(2)?Frpyr-(2) = Ly(x)Ly(2) Fo(2) + Fy(z)Ly(2)L.(x) (31)
+Ly(2)Ey(2)L.(x) + A(z)Fy(x) F, (2) F.(2) (32)

8A(2)? Loty () = Ly(x)Ly(x)La(z)  (33)
+A(z) [Lt@)ﬁy(x)ﬁz(xHFt( )Ly (2)F.(x )+ﬁt(x)ﬁy<x)zz<x>} (34)

Proof. Since

A@)Ltty+s() A(w)ZFt+y+z(x>]

2 t+y+z __
Az)7S(x)™ = [ A@Fryia) ALy =)
2 2

On the other hand

A(z)*S ()" = Ax)S (iﬁ)”yA (z)*
[ Eter (z) pt+y(33 b.(x) pZ(l")
— 2
o thry(m Eter z(w 17)
L 2 2

[ Piiy(2)P:(x )+A fv)pt+y(r - (2) A(x)[Et+y(x)p( )+Pry(2)B: (2)
k. ($)pt+y (m)‘f‘pz (x)Dter(m) Eter (m)Ez ($)+A($)pt+y (x)pz (z)
4 4

Using equations (25) and (26), it gives that

(x) = Ly(2)Ly(x) F.(x) + Fy(x)Ly(2)L.(x)

BA(@) Fray
L F,(@)F.(x)

+Li(2) By(2) () + Alz) Fy() F,

+A(@) | Lilw) Fy(a) () + E(mﬁy(x)F (2) + Fi(a)Fy (@) L-(2)|

Theorem 4.8.

~

L7 (x) — (=1 E_y(2) Loy (2) Fypa () — Ale)(—1)F () F2,(2)
= (1) L%, (x) (35)
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A(@)L}, (@) = (—1)"Loey(2) Ly (2) Lypa () + (1" A(2) L2, (2)
= (1) HA() F2 (2) (36)

A(@)F2 (2) = Lo () Foyy (2) Fypa (@) + Alw) (—1)"F2, ()

= (~1)"HA(x) F2, (37)
forallt,y, z€ Z, t # 2
Proof.

Consider the matrix multiplication

v 20 T ) | [ AL ()
bw k@ || F) | | Al)F.()

2 2 —
() P.(2) 4
2 2 _

Bi@) A@P(2) ] =
det[ Li(z)L.(v) — A(z) FyF. ()

=2

2
#0
Hence
L | [ 2017 [ s
@) |7 A ke AN Fsa(2)
B 1922(9;) fA(IQ)pt(l”) A(@)Lysy(2)
TR|hw b A(z) Fyia(x)
7 (@) = EV @)Ly (2) = AFFy (o)
szt(x)
o) = EV B (@) — E@)lye()]
Lz—t<x)
Since
L} (@) = A@)F} (x) = 4A(2)*(~1)"
We get

~

L. (2) Lesy () — A(z)Fy(2) By ()] — A(@)[Li(2) Fopy(2) — Fu(@) Lyse(2))?
= 4(—1)VA(2)?L%,

)
)
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Using equations (27), (28), (31) and (33)

(L3(x) L2, (2) — 2A(2) L. (2) Fryy(2) Fya(2)
Aw)(L¥ (@) F2, () — 2Ly(2) F.(2) . ()

It gives that

~

L2, (x) = (1) EL Ly (2) Liyy (0) Fyra () — Al2) (=) By, (2) = (1) L2 ()
forall t,y,zeZ
O
Proof of (36) and (37) is similar to (35).
Theorem 4.9. For n € N and m,t € Z with m # 0

n ~

A(2)Li(x) = A@) Dnnsmo(@) + (= 1) A@) (Lnns (&) = Li-m ()

[
Il

2 Pt = A@) + (~1)"A@) — Ln(@)
| (38)
$25 oy = AR = A Paniniala) + ()" A Pones(a) = Fron(o)
= Ax) + (=1)"A(x) = Lin(2)
(39)
Proof.
Since A(2) T — A(2)*(S(z)™)" = (A(x)] — A(z)S(2)™) ._ A(x)(S(z)™)

From Lemma (4.3) it is clear that det(A(x)I — A(z)S(x)™) # 0, therefore we get

1] A@) = En@) A e ]

(A(x)I = A(z)S(x)™) " = D ( zbm(x)) ? A(x() )_ (Ezm(z))
_ 1 (Ln(2)),, (Fu(@))
-5 (A(x) — 5 )+ 5 R




Journal of New Theory 19 (2017) 1-19 11

It gives that,

(A@)*S(2)" = Alw)*S ()™ )

(A@)] = A2)S(@)") 7 (A(2)*S(@)" = Az)*S(2)™ )

1 (Ln()) 260t 2.G(gr)

= 5 [(Al) = =) (A@)*S(2) = A)*S(x) )_
1| (Fu(2)) 2 (.t 2G(g)mntmtt

5 |5 RA@)S(2)' — A2)’S(x) )_

From Corollary (4.2) and (4.3)), we get

R(A(x)?S(z)" — A(x)?S(z)mmmt) =
(pt(x)_pmn+m+t( ) (Et (z)— Emn+m+t (z))
A(:L‘) A((Jj@)( b B A(x)
()= Prmntmie(x)) (x) (By(z)— pmn+m+t($ )
2
Hence, we get
A L
(AW - A@)S(E)") (A@PS () - Aw)s(ay ) = 20 () - Lnlt),
A(Jf) (Dt(m)_pszrmH(m)) A( )(pt( x)— pmn+m+t( ) N A(I’)F\m(l')
(Be(2)— Ewm+m+t(96)) 2D

(pt (CC) —pmn+m+t (J}))
2
A(z) (B (z)— Pmn+m+t(w)) A(x)

b pmii(@))

P (2)—Prnimii(@)) ]
2

2
Dtm—Emnmth‘ ptﬂ?—
(Be(z) 2++()) A(az)(() .

Hence, it gives that

> Egeel®)
 A(x)? L(2), ~ - Fru() -
=~ [(A@) = TELe(@) = L)) + =5 (Fi(a) an+m+t<x>]
> Eugeel®)
_ A(x)? Ln(x),, A - Fr() -
= =57 |(A@) = TE)E() = B (1)) + =5 (L) Lmnmﬂ(x)]

Using (31) and (33), we get
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j=n =

> A(@)Ly(®) = A@) Lnnoms1(®) + (=1 A@) (Linn14(x) = Ly ()
Lmj+t r) =
2 @ A@) + (=1)mA(w) = L ()

S B @) = SR =A@ Fonimielw) + (D" A@) Fonsila) = Fionz)
= A(@) + (=" A(e) = L)
O

Theorem 4.10. Forn € N and m,t € Z
oy A@EL(@) = A@) Lunemse(@) + (=) A@) Lo (x) = Lio(2))
2 b = D)+ (1) AE) — Ln(x)
| (40)
S CVE () — A@E() = A@) e () + ()" A) Faes () = Fi(2))
Lot A@)+ (~1)"A@) — Ln(2)

(41)

Proof. Case: 1 If n is an even natural number then we have

A(x)2T + A(2)?(S(z)™)" = (A(x)] + Az Z (—1)7

Jj=

=0
From Lemma (4.3) it is clear that det(A(z)I + A(z)S(x)™) # 0, therefore we get

A(x)I + Az)(S(2)™) " (A@)] + Az ") (2)™)" DA (2)S ()

332020 (— 1Y (Lingal) 55 Z 0 (1) (Fngae(a)
520 (D (Fuge(@)) 53050 (1) (L))

For m # 0 take d = A(z) + A(x)(—1)™ +L m(x), then we get
(B

1 1 x)) _A 5 (z))
(A(z)] + A(x)S(z)™) " = 8 Al () ;:n( ) A(w)(—z (B, ()
1 Ln(2),, (Fu(2))

== |(A@) + =) 5 R

Thus, it is seen that
(A(2)] + A2)S(2)™) T (A(2)*S(2)" + A(z)?S () ™)

(A()*S(2)" + Az)*S(z)™ )
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By Corollary (4.2) and (4.3), we get

R(A(x)*S(x)" + Az)?S ()™ ™)
A@) (P (@) +Prngmit(2)) A@) Be(@)+Rrntmit(x))

— 2 2
= Al) E@)+brnime@) () Lot Prnsmie()
2 2

Thus, it follows that

(A + A)S() ") (A?S(@) + APy ) = 20 (a@) 4 Lnl))

A(z) (Et(z)+9n§n+m+t(z)) A(z) (pt(x)+p77;n+m+t(z)) 1
(P (@) + P 14(2)) (Be (@) +Prmn ()
2 2 i
_A(x)ﬁm(x) A(x)A(f)(pt($)+fmn+m+t(’£)) A(x)@t(w)+9n§n+m+t(z)) i
2d (Et(I)+Err§n+m+t($)) A(.Qf) (pt($)+prwz2n+m+t(f'7)) |
Thus, it gives that
(—=1) Linjie ()
=0
A(z)? Lo(2) ~ ~ E (2)A(z)  ~ N
= 200 @) + PN ) 4 L)) - O (B anw(x)]
(=1) Finjse()
=0
A(x)? Lo(2). ~ ~ E(2)A(z) ~ N
= 2O A @) + DY Ew) + Bumaeta) - R G ) Lmn+m+t<x>]
Using (31) and (33), we get
Jj=n .
(=1) Limji4 ()
=0

~

A(@)Li(x) = A@) Lnnsmee() + (—1)mA§E)(fmn+t(ﬂf) — Liw(2))
A(z) + (=1)™A(x) = Lin(2)

_ A@)F(@) = A Bneme(w) + (= 1) A@) (Fne(z) = Fio ()

Az) + (=1)"A(z) = L ()

Case: 2 If n is an odd natural number, we get

j:n j:n—l

(=1 Lonjse(@) = D (=1 Linja() = Lonnsa(2)

j=0 7=0
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Since n is an odd natural number then (n—1) is an even number, hence using case-I,
it follows that,

LTI A@)R(2) + A@) Brnne (@) + (~1)™A@) Bonnme (@) + Bi_m(2))
1) B (z) = —Prnii(=
sy @) A@) + (~DMA@) + B (@) ()
_ A@E(@) + ()" A@) Brnmit(@) + i (@) — (D)™ A@) Bt e(2) — A@) B () Brun s (x)

A(z) + (1) A(@) + B (@)

Using equations (31) and (33), we get

Y <_1)jimj+t($) _ A(x)Li(z) + A ) mn—m+t(T) + (= )mAE\x)(Lt—m(i) Lppnit(x))
j=0 Alz) + (=1)"A(2) + Lin ()
(1) Byg() = D@ = AW Lmaa(z) + (1" A@) Fin(x) = Fre()
p Alz) + (=1)"A(2) + Lin ()

[n T Pu@ [ Bn(@ \
[1 [ a+22 [ 4z + 23 \
| 2 | 42 +423 | 8+6a?+at \
| 3 | 4+52%+a* | 122 + 72 + 2° \
| 4 | 8z+623+2° | 8+ 1822 + 8z* + a6 \
| 5 | 4+ 1322 + 72 +aF | 20z + 2503 + 92° + 27 \
| 6 | 122+ 1923 + 825 4 27 | 8+ 382+ 332% +102° + 28 \
| 7 | 4+ 2522 +262% + 92° + 28 | 28z + 6323 + 4225 + 1127 4 29 \
| 8 | 16z + 4423 + 342° + 1027 + 29 | 8+ 6622 +962* + 5220 + 1228 + 210 \
| 9 | 4+ 4122 4 702* + 432° + 1128 + 210 | 36z +1292° 4 1382° + 6327 + 1327 + 211 \
| 10 | 20z + 8523 + 1042 + 5327 + 122° 4 =1 | 8410222 + 2252% + 19026 + 7528 + 14210 + 212 \
| 11 | 446122 4+ 1552* + 14726 4 6428 4 13212 4 212 | 44z + 23123 4 3632° + 25327 + 882% + 15211 4 213 \

| 12 | 242 + 14623 + 2592° + 20027 + 762 + 142 + 213 | 8 + 14622 + 4562* + 55325 + 32828 + 102210 + 16212 + 214 |

Table 2: First 12 terms of F,(z) and L, (z)
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