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Abstract – In this paper, we define a new idea of trapezoidal linguistic cubic hesitant fuzzy number. We 

discuss some basic operational laws of trapezoidal linguistic cubic hesitant fuzzy number and hamming 

distance of trapezoidal linguistic cubic hesitant fuzzy number.  Furthermore, we develop Trapezoidal 

linguistic cubic hesitant fuzzy TOPSIS method to solve the MCDM method based on trapezoidal linguistic 

cubic hesitant fuzzy TOPSIS method. Finally, an illustrative example is given to verify and demonstrate the 

practicality and effectiveness of the proposed method. 

 

Keywords  – Trapezoidal linguistic cubic hesitant fuzzy number, trapezoidal linguistic cubic hesitant fuzzy 
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1 Introduction 
 

Selecting a proper supplier amongst different suppliers is a grave substance for highest 

organization. In skills that are worried with huge gage production the raw resources and 

unit parts can equal up to 70% creation cost. In such circumstances the procurement 

department can presentation a vital role in cost reduction, and supplier selection is one of 

the most energetic functions of getting management [7]. So, by means of an fitting method 

for this purpose is a vital issue, supplier selection has been revealed to be a multiple criteria 

decision making (MCDM) problem [13]. In a typical MCDM problem, multiple and 

usually incompatible criteria are instantaneously booked into description for making a 

decision. A wide-ranging review and organization of the MCDM approaches for vendor 

                                                 
*
Corresponding Author. 

 

 



Journal of New Theory 19 (2017) 27-47                                                                                                           28 
 

selection has been carried out in [5]. Torra [25] defined the Hesitant fuzzy sets. Xia et al. 

[26] defined hesitant fuzzy information aggregation in decision making. 

 

(MCDM) is apprehensive with arranging and explaining decision and development 

problems relating multiple criteria. Typically, there does not exist an inimitable optimal 

solution for such problems and it is necessary to use decision maker's performance to 

differentiate between solutions. MCDM has been an active area of research since the 

1970's. Different methods have been offered by many researchers, including the Analytic 

Hierarchy Process (AHP), Technique for Order Preference by Similarity to Ideal Solution 

(TOPSIS) and MCDM. Some of the most broadly used multi-criteria decision exploration 

methods is the TOPSIS method, which was proposed by Hwang and Yoon in 1981 [8], and 

extended by Yoon in 1987 [15], as well as by Hwang et al. in 1993 [16]. In the TOPSIS 

method, the optimal alternative is nearest to the positive ideal solution (PIS) and farthest 

from the negative ideal solution (NIS). When control inaccurate and imprecise date, mostly 

modelling social Judgments, it is more representative and instinctive to use linguistic 

assessments instead of numerical evaluations. Thus, in many former studies, the TOPSIS 

method was used in concurrence with fuzzy logic. Numerous fuzzy TOPSIS methods and 

applications have been established since the 1990s, e.g., for supplier selection [17] [18], 

finance [19] [20], power industry [21] [22], and negotiation problems [23]. In our study, we 

employ a fuzzy extension of the TOPSIS method presented by Chen [24]. 

 

Cubic sets introduced by Jun et al. [9], are the generalizations of fuzzy sets and 

intuitionistic fuzzy sets, in which there are two representations, one is used for the degree 

of membership and other is used for the degree of non-membership. The membership 

function is hold in the form of interval while non-membership is thought over the normal 

fuzzy set. Aliya et al. [2] defined the cubic TOPSIS method and cubic grey ananlysis set. 

Aliya et al. [1] defined the idea of triangular cubic fuzzy set and hamming distance. Due to 

the motivation and inspiration of the above discussion in this paper we generalized the 

concept of trapezoidal linguistic hesitant fuzzy sets, trapezoidal linguistic intutionistic 

hesitant fuzzy sets, interval-valued trapezoidal linguistic intuitionstic hesitant fuzzy 

number, trapezoidal linguistic hesitant fuzzy TOPSIS method, interval-valued trapezoidal 

linguistic hesitant fuzzy TOPSIS method, interval-valued trapezoidal linguistic intuitionstic 

hesitant fuzzy TOPSIS method and introudce the concept of trapezoidal linguistic cubic 

hesitant fuzzy sets. If we take only one element in the membership degree of the 

trapezoidal linguistic cubic hesitant fuzzy number, i.e.instead of interval we take a fuzzy 

number, than we get trapezoidal linguistic intuitionistic hesitant fuzzy numbers, similarly if 

we take memebrship degree as hesitant fuzzy number and nonmembership degree equal to 

zero, than we get trapezoidal linguistic hesitant fuzzy numbers. 

 

In section 2, we firstly introduced some basic definitions of the fuzzy set and cubic set. In 

section 3, we develop trapezoidal linguistic cubic hesitant fuzzy number and hamming 

distance. In section 4, we develop trapezoidal linguistic cubic hesitant fuzzy TOPSIS 

method different steps in the proposed trapezoidal linguistic cubic hesitant fuzzy TOPSIS 

method are presented. A numerical example of the proposed model is presented in section 

5. In section 6, we discuss comparison to different method. The paper is concluded in 

section 7. 
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2 Preliminaries 

 
Definition [14] 2.1. Let  H   be a universe of discourse. The idea of fuzzy set was presented 

by Zadeh and defined as following: }.|)(,{ HhhhJ J ∈Γ=   A fuzzy set in a set  H   is 

defined  ,: IHJ →Γ   is a membership function,  )(hJΓ   denoted the degree of 

membership of the element  h   to the set  H  , where  ]1,0[=I  . The collection of all fuzzy 

subsets of  H   is denoted by  HI  . Define a relation on  HI  as follows:  

 

))).()()(()(,( hhHhI H ηηη ≤Γ∈∀⇔≤Γ∈Γ∀  

 

Definition [4] 2.2. An Atanassov intuitionistic fuzzy set on  H   is a set   

 

}:)(),(,{ HhhhhJ ∈Γ= η  

 

where  JΓ   and  jη   are membership and non-membership function, respectively  

 

]1,0[)(],1,0[:)(];1,0[)(],1,0[:)( ∈→∈→∈Γ→∈→Γ hHhhhhHhhh JJJJ ηη  

 

and   

 

1)()(0 ≤+Γ≤ hh JJ η   for all  Hh ∈  . ).()(1)( hhh JJJ ηπ −Γ−=  

 

Definition [9] 2.3. Let  H   be a nonempty set. By a cubic set in  H   we mean a structure  

}:)(),(,{ HhhhhF ∈= βα   in which  α   is an IVF set in  H   and  β   is a fuzzy set in  

.H   A cubic set  }:)(),(,{ HhhhhF ∈= βα   is simply denoted by  ., 〉〈= βαF   Denote 

by  
H

C   the collection of all cubic sets in  .H   A cubic set  〉〈= βα ,F   in which  0)( =hα   

and  1)( =hβ  (resp.  1)( =hα   and  0)( =hβ   for all  Hh ∈   is denoted by 0 (resp. 1). A 

cubic set  〉〈= ξλ,D   in which  0)( =hλ   and  0)( =hξ   (resp.  1)( =hλ   and  1)( =hξ  ) 

for all  Hh ∈    is denoted by 0 (resp. 1). 

 

Definition [9] 2.4. Let  H    be a non-empty set. A cubic set  ),( λCF =   in  H   is said to 

be an internal cubic set if  )()()( hChhC +− ≤≤ λ   for all  .Hh ∈   

 
Definition [9] 2.5. Let  H    be a non-empty set. A cubic set  ),( λCF =   in  H   is said to 

be an external cubic set if  ))(),(()( hChCh +−∉λ   for all  .Hh ∈   

 

 

3. Trapezoidal Linguistic Cubic Hesitant Fuzzy Number 
 

Definition 3.1. Let  b
~

  be the trapezoidal linguistic cubic hesitant fuzzy number on the set 

of real numbers, its interval value trapezoidal linguistic hesitant fuzzy set is defined as: 
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where  1)(0,1)(0 ~~ ≤Γ≤≤≤ hh
bb

λ   and  ,,,, utsr   are real numbers. The values of  +− bb
ωω ,   

consequently the maximum values of interval value hesitant fuzzy set and  �b�  minimum 

value of hesitant fuzzy set. Then the TrLCHFN  
∼

b   basically denoted by   

 

b
~ +−〈= bbutsrs ωωθ ,[)];,,,[(,    .], ~ 〉

b
η  

 

Further, the TrLCHFN reduced to a TLCHFN. Moreover, if  1,1 == +−
bb ωω   and  0~ =

b
η , if 

the TrLCHFN  
∼

b   is called a normal TLCHFN denoted as   

 

b
~

.)]0()],1,1([)];,,,[(, 〉〈= utsrsθ  

 

Therefore, the TrLCHFN considered now can be regarded as generalized TrLCHFN. Such 

numbers remand the doubt information in a more flexible approach than normal fuzzy 

numbers as the values  ]1,0[,, ~ ∈+−

bbb ηωω   can be interpreted as the degree of confidence in 

the quantity characterized by  .,,, utsr   Then  b
~

  is called trapezoidal linguistic cubic 

hesitant fuzzy number (TrLCHFN). 

  

Definition 3.2.  Let 
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are three TrCLHFNs, which can be described as follows:   
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 Example 3.3. Let 
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 Definition 3.4. Let 
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be two TrLCHFNs. The hammimg distance between  1b   and  2b   is defined as follows:  
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reduces to a TrLCHF 
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Example 3.5. Let   
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4 Trapezoidal Linguistic Cubic Hesitant Fuzzy TOPSIS Method 
 

In this section we apply trapezoidal cubic fuzzy set to linguistic hesitant TOPSIS method. 

We define a new extension of trapezoidal linguistic cubic hesitant fuzzy TOPSIS method 

by using trapezoidal cubic fuzzy set. 

 

Step 1: Suppose that a trapezoidal linguistic cubic hesitant fuzzy TOPSIS method decision-

making problem under multiple attributes has  m   students and  n   decision attributes. The 

framework of trapezoidal linguistic cubic hesitant decision matric can be exhibit as 

follows: 
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Step 2: Construct normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS decision 

matrix  ].[ ijR β=   The normalized value  ijr   is calculated as: 
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Step 3: Make the weighted normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS 

decision matrix by multiplying the normalized trapezoidal linguistic cubic hesitant decision 

matrix by its associated weights. The weight vector  ),...,( 21 nwwwW =   collected of the 

isolated weights  ),...3,2,1( njw j =   for each attribute  jC   satisfying  .1
1

=∑
=

j

n

j

W   The 

weighted normalized value is deliberate by  jijj wvB =    where  10 ≤≤ jB    mi ....,3,2,1=   

and  ....,3,2,1 nj =   

 

Step 4: Identify positive ideal solution  )( ∗α   and negative ideal solution  ).( −α   The 

trapezoidal linguistic cubic hesitant fuzzy TOPSIS method positive-ideal solution 

(TrLCHFPIS, ∗α ) and the trapezoidal linguistic cubic hesitant fuzzy negative-ideal solution  

(TrLCHFNIS,  −α  ) is shown as 
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Step 5: Estimated separation measures, using the n-dimensional euclidean distance. The 

separation of each candidate from the TrLCHPIS  〉〈 +−∗ η],,[ BBqi   is given as   
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The separation of each candidate from the TrLCHNIS  〉〈 +−− η],,[ BBqi   is given as   
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Step 6: Calculate similarities to ideal solution. This progression comprehends the 

similitudes to an ideal solution by Eqs.  .
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T rap e zo id a l lin gu istic  cu b ic  

h e s ita n t fu zzy  T O P S IS  m e th o d  

C o n stru ct n o rm alize d  tra p ezo id a l 

lin g u istic  cu b ic  h e s itan t  fu zzy  

T O P S IS 

M ak e  th e  w e ig h te d  n o rm a lize d  

trap e zo id a l lin g u istic  c u b ic  

h e s itan t  fu zzy  T O P S IS  

T h e  tra p e zo id a l lin gu ist ic  cu b ic  

fu zzy  h e sita n t T O P S IS  p o sit ive -

id e a l so lu tio n  a n d  th e  

tra p e zo id a l lin g u ist ic  cu b ic  

fu zzy  h e sita n t T O P S IS  n e g at ive -

id e a l so lu tio n  
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fro m  th e  T rLC H FP IS  an d  
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C a lcu la te  s im ila rit ie s to  id ea l 

so lu tio n  

Flow chart of the extended trapezoidal linguistic

cubic hesitant fuzzy TOPSIS method
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5 Numerical Example 

 
Assume that an automotive company is in a decision-making situation for purchasing one 

of the main items for their newly introduced automobile. A committee of three decision-

makers  },,{ 321 DDD  want to select the most promising vendor for supplying the item. 

After a preliminary screening, three alternatives  nBBB ,...,, 21   remain for further 

evaluations.  

 

Linguistic variables of ratings of alternatives by decision-maker 1 

 
Linguistic variables of ratings of alternatives by decision-maker 2 
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  5.0,3.0,2.0 321 === ννν   

 

Step 1: In this step we aggregated TrLCHF-decision matrix  321 ,, DDD   based on opinions 

of the experts after weights values for the experts are obtained, the evaluating values 

provided by different experts can be aggregated based on the TrLCHFWG operator as 

below: The aggregated TrLCHF-decision matrix can be defined as follows: 

Table 3. The aggregated TrLCHF-decision matrix 

 

C1 C2 C3

B1

s1.5157 ,

0.1365,

0.1893,

0.2483,

0.3157

;

0.0635,

0.0773
,

0.4751

s1.8661 ,

0. 1976,

0. 2701,

0. 3482,

0. 4339

;

0. 0938,

0. 1136
,

0.3274

s3.4641 ,

0.1202,

0.1753,

0.2331,

0.2943

;

0.3291,

0.5417
,

0.3464

B2

s2.0476 ,

0.0521,

0.0564,

0.0607,

0.0652

;

0.1159,

0.2247
,

0.6309

s2.1074 ,

0.0644,

0.0999,

0.1382,

0. 1800

;

0.3031,

0. 4706
,

0.6968

s4.8989 ,

0.2692,

0.3366,

0.4100,

0.4921

;

0.2651,

0.4067
,

0.2345

B3

s1.3195 ,

0.0853,

0.1329,

0.1848,

0.2421

;

0.0854,

0.1039
,

0.5457

s2.1074 ,

0.0739,

0.1092,

0.1472,

0.1887

;

0.2131,

0.3738
,

0.5293

s3.4641 ,

0.1051,

0.1609,

0.2196,

0.2816

;

0.4522,

0.6535
,

0.5477
  

 

 

Step 2: Construct normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS decision 

matrix  ].[ ijR β=  The normalized value  ijr   is calculated as: 
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Table 4. The normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS decision 

matrix 

 

C1 C2 C3

B1

s0.9142 ,

0. 0823,

0. 1141,

0. 1497,

0. 1904

;

0. 0383,

0.0466
,

0. 2865

s0.9292 ,

0.0984,

0.1345,

0.1733,

0. 2161

;

0. 0467,

0.0565
,

0. 1630

s0.9717 ,

0.0337,

0.0491,

0.0653,

0. 0825

;

0. 0923,

0. 1519
,

0. 0971

B2

s0.9476 ,

0. 0241,

0. 0261,

0. 0281,

0. 0301

;

0. 0536,

0.1039
,

0. 2921

s0.9149 ,

0.0279,

0.0433,

0.0600,

0. 0781

;

0. 1315,

0.2043
,

0. 3025

s0.9821 ,

0.0539,

0.0674,

0.0821,

0. 0986

;

0. 0531,

0. 0815
,

0. 0471

B3

s0.8948 ,

0. 0578,

0. 0901,

0. 1253,

0. 1641

;

0. 0579,

0.0704
,

0. 3700

s0.9442 ,

0.0331,

0.0489,

0.0659,

0. 0845

;

0. 0954,

0.1674
,

0. 2371

s0.9572 ,

0.0291,

0.0444,

0.0606,

0. 0778

;

0. 1249,

0. 1805
,

0. 1513

  
 

 

Step 3: Make the weighted normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS 

decision matrix by multiplying the normalized trapezoidal linguistic cubic hesitant decision 

matrix by its associated weights.  .3079.0,3492.0,3427.0 321 === www   
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Table 5. The weighted normalized trapezoidal linguistic cubic hesitant fuzzy TOPSIS 

decision matrix 

 

C1 C2 C3

B1

s0.3132 ,

0.0282,0.0391,

0.0513,0.0652
;

0.131,

0.0159
,

0.0981

s0.3244 ,

0. 0343, 0. 0469,

0. 0605, 0.0754
;

0.0153,

0. 0197
,

0.0569

s0.2991 ,

0.0103,0.0151,

0.0201,0. 0254
;

0.0284,

0.0467
,

0.0298

B2

s0.3247 ,

0.0082,0.0089,

0.0096,0.0103
;

0. 0183,

0.0356
,

0.1001

s0.3194 ,

0. 0097, 0. 0151,

0. 0209, 0.0272
;

0.0459,

0. 0713
,

0.1056

s0.3023 ,

0.0165,0.0207,

0.0252,0. 0303
;

0.0163,

0.0251
,

0.0145

B3

s0.3066 ,

0.0198,0.0308,

0.0429,0.0562
;

0. 0198,

0.0241
,

0.1267

s0.3297 ,

0. 0115, 0. 0171,

0. 0231, 0.0295
;

0.0333,

0. 0584
,

0.0827

s0.2947 ,

0.0089,0.0136,

0.0186,0. 0239
;

0.0384,

0.0555
,

0.0465
  

 

 

Step 4: Identify positive ideal solution  )( ∗α   and negative ideal solution  ).( −α  The 

trapezoidal linguistic cubic hesitant fuzzy TOPSIS method positive-ideal solution 

(TrLCHPIS,  ∗α  ) and the trapezoidal linguistic cubic hesitant fuzzy negative-ideal 

solution (TrLCHNIS,  −α  ) is shown as 
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0465.0

,
0584.0

,0384.0

;
0562.0,0429.0

,0308.0,0198.0

,

,

0145.0

,
0713.0

,0459.0

;
0303.0,0252.0

,0207.0,0165.0

,

,

0298.0

,
0467.0

,0284.0

;
0754.0,0605.0

,0469.0,0343.0

, 3297.03247.03244.0 sss
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1267.0

,
0241.0

,0198.0

;
0239.0,0186.0

,0136.0,0089.0

,

,

0145.0

,
0251.0

,0163.0

;
0103.0,0096.0

,0089.0,0082.0

,

,

0981.0

,
0159.0

,131.0

;
0254.0,0201.0

,0151.0,0103.0

, 2947.03023.02991.0 sss

iα
 

 

 

Step 5: Estimated separation measures, using the n-dimensional euclidean distance. The 

separation of each candidate from the TrLCHPIS  〉〈 +−∗ η],,[ BBqi   is given as  

,2104.0],,[1 =〉〈 +−+ ηBBq   .6732.0],,[,3288.0],,[ 32 =〉〈=〉〈 +−++−+ ηη BBqBBq   

 

The separation of each candidate from the TrLCHNIS  〉〈 +−− η],,[ BBqi   is given as the 

separation of each candidate from the TrLCNIS  〉〈 +−− η],,[ BBqi   is given as  

.0345.0],,[1 =〉〈 +−− ηBBq   .1234.0],,[,2344.0],,[ 32 =〉〈=〉〈 +−−+−− ηη BBqBBq   

 

Step 6: Calculate similarities to ideal solution. This progression comprehends the 

similitudes to an ideal solution by Eqs.  

 

.1549.0,4161.0,1408.0
7966.0
1234.0

35632.0
0127.0

22449.0
0054.0

1 ====== ZZZ  
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6 Comparison Analyses 
 

In direction to verify the rationality and efficiency of the proposed approach, a comparative 

study is steered consuming the methods of cubic TOPSIS method [2] , which is special 

case of TrLCHTFNs, to the similar expressive example. 

 

6.1. A Comparison Analysis With The Existing MCDM Method Cubic TOPSIS 

Method 

 

[2] TOPSIS (Technique for Order Preference by Similarity to an Ideal Solution) method is 

a popular approach to multi-attribute decision making problems. Assuming that there are  

N   alternatives and  M   attributes, the procedure of TOPSIS starts from the construction 

of the scores matrix  ][ ijxX =   where  ijx   denotes score of the ith alternative with respect 

to the jth attribute and can be summarized as follows: The proposed method which is 

applied to solve this problem and the computational procedure are summarized as follows: 

Step 1: Set a number of alternatives and some attributes or criteria. There are 3 criteria used 

as a basis for decision making in academic scholarship. The criteria include: 
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Step 2: Calculation of normalized decision matrix 

 

Table 7 Normalized decision matrix

C1 C2 C3

B1

0.5234,

0.6281
,

0.5757

0.5232,

0.6279
,

0.5756

0.4767,

0.6674
,

0.5721

B2

0.2673,

0.8019
,

0.5346

0.4558,

0.6838
,

0.5698

0.5232,

0.6279
,

0.5756

B3

0.5234,

0.6281
,

0.5757

0.4767,

0.6674
,

0.5721

0.4558,

0.6838
,

0.5698

 
 

 

Step 3: Calculation of the weighted aggregated CF-decision matrix  

 

,5.0,2.0,3.0 321 === ννν  

 

 
  

Step 4: Determination of the score value 

 

.1912.0,1943.0,1916.0 321 === ZZZ  
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312

132

                                                  [2] method TOPSIS Cubic

   method TOPSISfuzzy hesitant  cubic linguistic lTrapezoida

Ranking                                                                            Method

9 Table methods existing with analysis Comparison

BBB

BBB

>>

>>
 

 

 

7 Conclusion 
 

In this paper, we define a new idea of trapezoidal linguistic cubic hesitant fuzzy number. 

We discuss some basic operational laws of trapezoidal linguistic cubic hesitant fuzzy 

number and hamming distance of trapezoidal linguistic cubic hesitant fuzzy number.  

Furthermore, we develop Trapezoidal linguistic cubic hesitant fuzzy TOPSIS method to 

solve the MCDM method based on trapezoidal linguistic cubic hesitant fuzzy TOPSIS 

method. Finally, an illustrative example is given to verify and demonstrate the practicality 

and effectiveness of the proposed method. We compared the proposed method to the 

existing methods, which shows the trapezoidal linguistic Cubic hesitant TOPSIS method 

are more fexible to deal uncertainties and fuzziness. In fact, this method is very simple and 

flexible. Hence, it is expected that proposed in this study may have more potential 

management applications. 
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T r a p e z o i d a l  l i n g u i s t i c  c u b i c  h e s i t a n t  f u z z y  n u m b e r  

H a m m i n g  d i s t a n c e  

T r a p e z o i d a l  l i n g u i s t i c  c u b i c  h e s i t a n t  f u z z y  T O P S I S  m e t h o d  

t r a p e z o i d a l  l i n g u i s t i c  c u b i c  h e s i t a n t  f u z z y  T O P S I S  m e t h o d  

p o s i t i v e - i d e a l  s o l u t i o n  ( T r L C H F P I S ,  a n d  t h e  t r a p e z o i d a l  l i n g u i s t i c  

c u b i c  h e s i t a n t  f u z z y  n e g a t i v e - i d e a l  s o l u t i o n  

S i m i l i t u d e s  t o  a n  i d e a l  s o l u t i o n  

A  N u m e r i c a l  E x a m p l e  f o r  E v a l u a t i n g  V e n d o r s  i n  a  S u p p l y  C h a i n  

U s i n g  t h e  P r o p o s e d  A p p r o a c h  

E n d  
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