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Abstract — In this paper, we define the upper and lower inverse of a fuzzy soft multifunction and
prove some basic identities. Then by using these ideas we introduced the concept of fuzzy soft con-
tinuity and obtain many interesting properties of upper and lower fuzzy soft continuous multifunctions.

Keywords — Fuzzy soft sets, Fuzzy soft multifunction, Fuzzy soft continuity.

1 Introduction

Engineering, physics, computer sciences, economics, social sciences, medical sciences and many other
diverse fields deal with the uncertain data that may not be successfully modeled by the classical math-
ematics. There are some mathematical tools for dealing with uncertainties; two of them are fuzzy set
theory, developed by Zadeh [24], and soft set theory, introduced by Molodtsov [19], that are related
to this work. At present, works on the soft set theory and its applications are progressing rapidly.
Maji et al [14] defined operations of soft sets to make a detailed theoretical study on the soft sets.
By using these definitions, soft set theory has been applied in several directions, such as topology
[5, 17, 22, 23, 25], various algebraic structures [2, 3, 7, 11], operations research [4, 9, 10] especially
decision-making [6, 8, 13, 15, 20]. In recent times, researchers have contributed a lot towards fuzzifi-
cation of soft set theory. Maji et al. [16] introduced the concept of fuzzy soft set and some properties
regarding fuzzy soft union, intersection, complement of a fuzzy soft set, De Morgan Law etc. These
results were further revised and improved by Ahmad and Kharal [1]. Tanay and Kandemir [23] intro-
duced the definition of fuzzy soft topology over a subset of the initial universe set. Later, Roy and
Samanta [21] gave the definition of fuzzy soft topology over the initial universe set. There are various
types of functions which play an important role in the classical theory of set topology. A great deal
of works on such functions has been extended to the setting of multifunctions. A multifunction is a
set-valued function. The theory of multifunctions was first codified by Berge [26]. In the last three
decades, the theory of multifunctions has advanced in a variety of ways and applications of this theory,
can be found for example, in economic theory, noncooparative games, artificial intelligence, medicine,
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information sciences and decision theory. Papageorgiou [27], Allbrycht and Maltoka [28], Beg [29],
Heilpein [30] and Butnairu [31] have started the study of fuzzy multifunctions and obtained several
fixed point theorems for fuzzy mappings.

In this paper our purpose is two fold. First, we define upper and lower inverse of a fuzzy soft
multifunction and study their various properties. Next, we use these ideas to introduce upper fuzzy
soft continuous multifunctions and lower soft continuous multifunctions. Moreover, we obtain some
characterizations and several properties concerning such multifunctions.

2 Preliminary

Throughout this paper X denotes initial universe, E denotes the set of all possible parameters which
are attributes, characteristic or properties of the objects in X, and the set of all subsets of X will be
denoted by P(X).

Definition 2.1. [24] A fuzzy set A of a non-empty set X is characterized by a membership function
pa s X — [0,1] whose value pa(x) represents the ”grade of membership” of z in A for z € X.

Let IX denotes the family of all fuzzy sets on X. If A, B € I, then some basic set operations for
fuzzy sets are given by Zadeh as follows:

(1) A< B & pa(x) < pp(x), for all z € X.
2) A=B < ua(z) = pp(x), for all z € X.
3)C=AVB<& uc(x) =palx)Vug(x), for all z € X.
4) D=AANB & up(x) = pa(r) ANup(z), for all z € X.
(5) E = A® & up(r) =1 — pa(z), for all v € X.

A fuzzy point in X, whose value is & (0 < o < 1) at the support « € X, is denoted by z,, [24]. A
fuzzy point z, € A, where A is a fuzzy set in X iff o < pu(x) [24]. The class of all fuzzy points will
be denoted by S(X).

Definition 2.2. [18] For two fuzzy sets A and B in X, we write AgB to mean that A is quasi-
coincident with B, i.e., there exists at least one point x € X such that pa(x) + pp(x) > 1. If A is not
quasi-coincident with B, then we write AgB.

Definition 2.3. [19] Let X be the initial universe set and E be the set of parameters. A pair (F, A)
is called a soft set over X where F' is a mapping given by F': A — P(X) and A C E.

In the other words, the soft set is a parametrized family of subsets of the set X. Every set F(e),
for every e € A, from this family may be considered as the set of e-elements of the soft set (F, A).

Definition 2.4. [16] Let A C E. A pair (f, A) is called a fuzzy soft set over X if f: A — [X is a
function.
We will use F'S(X, E) instead of the family of all fuzzy soft sets over X.

Roy and Samanta [21] did some modifications in above definition analogously ideas made for soft
sets.

Definition 2.5. [21] Let A C E. A fuzzy soft set f4 over universe X is mapping from the parameter
set E to IX ) ie., fa: E — I where fa(e) # 0x ife € A C E and fa(e) = Ox if e ¢ A, where Ox
denotes empty fuzzy set on X.

Definition 2.6. [21] The fuzzy soft set fy € F.S(X, E) is called null fuzzy soft set, denoted by O, if
foralle € E, fy(e) = 0x.

Definition 2.7. [21] Let fp € FS(X, E). The fuzzy soft set fr is called universal fuzzy soft set,
denoted by 1g, if for all e € E, fr(e) = 1x where 1x(z) =1 for all z € X.

Definition 2.8. [21] Let fa,gp € FS(X,E). fa is called a fuzzy soft subset of gp if fa(e) < gp(e)
for every e € E and we write f4 C gp.
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Definition 2.9. [21] Let fa,95 € FS(X,E). fa and gp are said to be equal, denoted by f4 = gp if
faCgp and gp C fa.

Definition 2.10. [21] Let fa,g9p € FS(X, E). Then the union of f4 and gp is also a fuzzy soft set
he, defined by he(e) = fa(e) V ggp(e) for all e € E, where C = AU B. Here we write he = fa U gp.

Definition 2.11. [21] Let fa,g95 € F.S(X, E). Then the intersection of f4 and gp is also a fuzzy soft
set he, defined by ho(e) = fa(e) Aggs(e) for all e € E, where C = AN B. Here we write he = falgg.

Definition 2.12. [23] Let f4 € FS(X, E). The complement of fa, denoted by f§, is a fuzzy soft set
defined by f§(e) =1 — fa(e) for every e € E.

Let us call f§ to be fuzzy soft complement function of f4. Clearly (f4)¢ = fa, (1g)¢ = 0 and
(0p)¢ =1g.

Definition 2.13. [12] Let FS(X,E) and FS(Y, K) be the families of all fuzzy soft sets over X and
Y, respectively. Let u : X — Y and p : E — K be two functions. Then f,, is called a fuzzy soft
mapping from X to Y and denoted by f,, : FIS(X,E) — FS(Y, K).

(1) Let fa € FS(X, E), then the image of f4 under the fuzzy soft mapping f,, is the fuzzy soft
set over Y defined by f.,(fa), where

e —1 ~1 :

fup(fA)(k) (y) _ { Vaeu L(y) (\/EEpO;(k)ﬂAfA(e»(x) if u (y) #Ogléfwm(ek) nA 7& I,

(2) Let gp € FS(Y, K), then the preimage of gp under the fuzzy soft mapping f,, is the fuzzy
soft set over X defined by f,.!(gp), where

prl(gB)(e)(x) _ { gs(p(e))(u(z)) for p(e) € B;

Ox otherwise.

If w and p are injective then the fuzzy soft mapping f,, is said to be injective. If u and p are
surjective then the fuzzy soft mapping fy, is said to be surjective. The fuzzy soft mapping f., is called
constant, if v and p are constant.

Theorem 2.14. [12] Let fa,€ FS(X,E), {fa,}ics C FS(X,E) and gp € FS(Y,K), {9B,}ics C
FS(Y, K), where J is an index set.

(1) If (fAl) C (fA2)a then fup(fAl)
If (gBl) C (932)7 then fu_pl(gBl)
fup(Uics (fa,)) = Uics fup(fa,)-
Sup(Mies(fa,)) E Mies fup(fa,)-
f D (l—IiEJ(gBi,)) = uiEJprl(ngi)'
fop (Mies(gB,)) = I_liGJf:LZpl (98:)-
for (k) = 1p and f,!(Ox) = 0.

fAz)'
(932)'

P

Jup(
for

IR

I
-

Theorem 2.15. [32] Let fa,€ FS(X,E), {fa,}ics C FS(X,E) and gp € FS(Y,K), {9B,}ics C
FS(Y,K), where J is an index set.
(1) fup(DiGJ(fAi)) = rlileup(fA,;) if fup is injective.

(2) fup(1g) = 1k if fup is surjective.
(3) fup (F2) = (fup (fa))"-

2.1 Soft quasi-coincidence

Definition 2.16. [32] The fuzzy soft set f4 € FS(X,E) is called fuzzy soft point if A = {e} C E
and fa(e) is a fuzzy point in X, i.e., there exists x € X such that fa(e)(z) = a (0 < a < 1) and
fale)(y) =0 for all y € X — {x}. We denote this fuzzy soft point fa = el = {(e,z4)}

Definition 2.17. [32] Let €2, fa € FS(X,E). We say that e2€f4 read as e belongs to the fuzzy
soft set f4 if for the element e € A, a < fa(e)(x).

Proposition 2.18. [32] Every non null fuzzy soft set f4 can be expresssed as the union of all the
fuzzy soft points which belong to fa.
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Definition 2.19. [32] Let z, € S(X) and f4 € FS(X, E). We say that z, € fa read as z, belongs
to the fuzzy soft set fa whenever z, € fa(e), i.e., a < fa(e)(x) for all e € A.

Definition 2.20. [32] Let fa, g € FS(X, E). fa is said to be soft quasi-coincident with gp, denoted
by faqgs, if there exist e € E and x € X such that fs(e)(z) + gp(e)(z) > 1.

If fa is not soft quasi-coincident with gg, then we write faqgp.

Definition 2.21. [32] Let 2, € S(X) and fa € FS(X,E). x, is said to be soft quasi-coincident with
fa, denoted by znqfa, if and only if there exists an e € F such that a + fa(e)(x) > 1.

Proposition 2.22. [32] Let fa, gg € FS(X, E), then the followings are true.
(1) fa Egp & faqgp-

)
) xanA & To € ff\

) faqfs.

) fa E g5 = zaqfa implies z0qgp.

) faqgp <there exists an e2€ f4 such that efqgp.

) €2 fa < eXESS.

) faC gp < If e¥qfa, then e2qgp for all e¥ € FS(X, E).

Definition 2.23. (see [23], [21]) A fuzzy soft topological space is a pair (X, 7) where X is a nonempty
set and 7 is a family of fuzzy soft sets over X satisfying the following properties:

(1) Og,lg €T

(2) If fa, g €7, then faNgp €T

(3) If fa; €7, Vi€ J, then Ujcsfa; €7.
Then 7 is called a topology of fuzzy soft sets on X. Every member of 7 is called fuzzy soft open. gp
is called fuzzy soft closed in (X, 7) if (¢g)¢ €7 .

Theorem 2.24. [32] Let (X, 7) be a fuzzy soft topological space and 7" denotes the collection of all
fuzzy soft closed sets. Then

(1) Og,1g € T

(2) If fa, g € 7', then faUgp €7

(3) If fAi c T/, Vi € J, then rlileAi er.

Definition 2.25. [23] Let (X, 7) be a fuzzy soft topological space and fa4 € FS(X, E). The fuzzy soft
closure of f4 denoted by ¢l (f4) is the intersection of all fuzzy soft closed supersets of f4.

Clearly, cl (f4)is the smallest fuzzy soft closed set over X which contains f4.

Definition 2.26. [23] Let (X, 7) be a fuzzy soft topological space and f4 € FS(X, E). The fuzzy soft
interior of f4 denoted by f3 is the union of all fuzzy soft open subsets of f4.

Clearly, f§ is the largest fuzzy soft open set over X which contained in f4.

Theorem 2.27. [32] Let (X, 7) be a fuzzy soft topological space and fa, gp € F/S(X, E). Then,
(1) (fa)° T (f2)°
(2) (f2)° C (fa)-

Definition 2.28. [32] A fuzzy soft set f4 in FS(X, E) is called Q-neighborhood (briefly, Q-nbd) of
gp if and only if there exists a fuzzy soft open set ho in 7 such that ggghc T fa.

Theorem 2.29. [32] Let €2, fa € FS(X,E). Then e2€f4 if and only if each Q-nbd of e is soft
quasi-coincident with f4.

Definition 2.30. [23] Let (X, 7) be a fuzzy soft topological space and 3 be a subfamily of 7. If every
element of 7 can be written as the arbitrary fuzzy soft union of some elements of 3, then 3 is called a
fuzzy soft basis for the fuzzy soft topology 7.
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Proposition 2.31. [32] Let (X, 7) be a fuzzy soft topological space and § is subfamily of 7. § is a
base for 7 if and only if for each ¢¥ in F.S(X, E) and for each fuzzy soft open Q-nbd fa of e2, there
exists a gp € § such that e%qgp C fa.

Definition 2.32. [23] A fuzzy soft set gp in a fuzzy soft topological space (X, 7) is called a fuzzy soft
neighborhood (briefly: nbd) of the fuzzy soft set fa if there exists a fuzzy soft open set h¢o such that
faChe Cygp.

Theorem 2.33. [32] gp is fuzzy soft open if and only if for each fuzzy soft set f4 contained in gp,
g is a fuzzy soft neighborhood of f4.

Definition 2.34. [32] Let (X,71) and (Y, 72) be two fuzzy soft topological spaces. A fuzzy soft
mapping fup : (X,71) — (Y, 72) is called fuzzy soft continuous if f_'(g95) € 7 for all gp € 7.

Theorem 2.35. [32] Let (X, ) and (Y, 72) be fuzzy soft topological spaces. For a function f,, :
FS(X,E) — FS(Y, K), the following statements are equivalent:

(a) fup is fuzzy soft continuous;

(b) for each fuzzy soft set f4 in F'S(X, E), the inverse image of every nbd of f,,(fa) is a nbd of
fa;

(c) for each soft set f4 in F'S(X, E) and each nbd h¢c of fup(fa), there is a nbd gg of fa such
that fup(9B) C he.

Theorem 2.36. [32] A mapping f,, : (X, E) — (Y, K) is fuzzy soft continuous if and only if corre-
sponding fuzzy soft open Q-nbd gp of kj in FS(Y, K) there exists a fuzzy soft open Q-nbd fa of e
in F'S(X, E) such that fu,(fa) C gp, where fu,(es) = ky.

Theorem 2.37. [32] Let (X, 1) and (Y, 72) be two fuzzy soft topological spaces and f,, : FS(X,E) —
FS(Y, K) be a fuzzy soft mapping. Then the followings are equivalent:

)
) f;pl(hC) E ( fvjpl(hC))oa VhC € T2

) fup(cl (fa)) C el (fup(fa)), Vfa € FS(X, E);
) el (fup (98)) E fup (cl(9B)), Ygp € FS(Y, K);
) fup (9%) E (fi, (9B))°, Vg € FS(Y, K).

3 Continuity of Fuzzy Soft Multifunctions

Let Y be an initial universe set and F be the non-empty set of parameters.

Definition 3.1. A soft multifunction F' from an ordinary topological space (X, 7) into a fuzzy soft
topological space (Y, 0, E) assings to each = in X a soft set F(z) over Y. A fuzzy soft multifunction
will be denoted by F : (X,7) — (Y,0,E). F is said to be onto if for each fuzzy soft set gg over Y,
there exists a point € X such that F(z) = gp.

Definition 3.2. For a fuzzy soft multifunction F : (X,7) — (Y, 0, E), the upper inverse F'™(gg) and
the lower inverse F~(gg) of a fuzzy soft set gg over Y are defined as follows: FT(gg) = {z € X :

F(x)Cgp} and F~(gp) = {z € X : F(x)gp # S)} Moreover, for a subset M of X, F(M) = 0{F(z) :
re X}

Definition 3.3. [27] Let (X, 7) be an ordinary topological space and (Y, d) be a fuzzy topological
space. F': (X,7) — (Y,9) is called a fuzzy multifunction iff for every z € X, F(z) is a fuzzy set in Y.

Remark 3.4. Since every fuzzy set is a soft set, then every fuzzy multifunction is a soft multifunction.

Proposition 3.5. Let M be a subset of X. Then the follows are true for a fuzzy soft multifunction
Fi(X,7) - (Y,0,E);

(a) M C FH(F (M)). If F is onto M = FT(F (M)).

(by M C F~(F(M)). If Fis onto M = F~(F (M)).
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Proof. (a) Let z € M. Then F(2)CF (M) = U{F(z): 2 € M} and so z € F*(F (M)). Hence, M C
FH(F(M)).

(b) The proof is similar to (a). O
Proposition 3.6. Let g be a fuzzy soft set over Y. Then the followings are true for a fuzzy soft
multifunction F : (X,7) — (Y,0, F) :

(a) F*((g5)") = X — F~(gp)
(b) F~((98)°) = X — F*(gp).

Proof. (a) If + € X — F~(gp) then = ¢ F~(gp) which implies F(z)7(g95) = & and therefore
F(x)S(gp)°. Thus z € F*((¢p)°) and X — F~(95)SF " ((98)°).

Conversely, if = € FT((gp)°) then F(a:)é(gBlc which implies F(z)1(gg) = ® and therefore x ¢
F~(g). Thus z € X — F~(gp) and F((g95)°)CX — F~(gB)-

(b) If 2 € X — F™(gp) then ¢ F*(gp) which implies F(2)Z(gp) and therefore F(z)M((g9p)¢) # .
Thus z € F~((gp)¢) and X — F*(gg)CF~ ((98)°).

Conversely, if = € F~((gp)¢) then F(x)N((9p)°) # & which implies F(z) ¢ (gp) and therefore
x ¢ Ft(gp). Thus z € X — Ft(gp) and F~((g)°)CX — Ft(gp). O

Proposition 3.7. Let (gp;) be fuzzy soft sets over Y for each i € I. Then the follows are true for a
fuzzy soft multifunction F': (X,7) — (Y, 0, E) ;

() F~( 0 91) = U (F~(g31)).

() F*( Flgm) = 0 (F~(95))

Proof. (a) For every x € F‘(E}ggi), F(x)ﬁ(iIEIIgBi) + ®. There exists i € I such that F(x)N(gp;) # ®.
For the same i € I, x € F~(gp;). Therefore x € ig}(F‘(gBi). Thus F_(igng") C ig}(F‘(gBi).
Conversely, for every z € iIEII(F* (9Bi), there exists i € I such that z € F~(gp;). For the same i € I,
F(z)(gpi) # ®. Therefore, F(x)ﬁ(igllggi) #¢and x € F_(igIgBi). Thus iléll(F_(gBi) C F_<¢g193i)'
(b)The proof is similar of (a). O

Definition 3.8. Let (X, 7) be an ordinary topological space and (Y, o, E) be a fuzzy soft topological
space. Then a fuzzy soft multifunction F' : (X,7) — (Y, 0, E) is said to be;

(a) upper fuzzy soft continuous ( briefly: u.fuzzy soft c¢.) at a point x € X if for each fuzzy soft
open gp such that F (z) C(gg), there exists an open neighborhood P () of & such that F (z) Cgp for
all z € P(x).

(b) lower fuzzy soft continuous ( briefly: 1. fuzzy soft c.) at a point z € X if for each fuzzy soft open

gp such that F (x)MNgp # &, there exists an open neighborhood P () of x such that F (2)Mgp # o
for all z € P (z).
(c) upper(lower) fuzzy soft continuous if F' has this property at every point of X.

Proposition 3.9. A fuzzy soft multifunction F': (X,7) — (Y, 0, E) is upper fuzzy soft continuous if
and only if for all fuzzy soft open set gg over Y, F™(gp) is open in X.

Proof. First suppose that F' is upper fuzzy soft continuous. Let gp is be fuzzy soft open set over Y
and x € FT(gp). Then from Definition 29, we know that there exists an open neighborhood P(z) of
such that for all z € P(z), F(z)CF*(gp) which means that F*(gg) is open as claimed. The direction
is just the definition of upper fuzzy soft continuity of F. O

Proposition 3.10. F: (X,7) — (Y,0,E) is lower fuzzy soft continuous multifunction if and only if
for every fuzzy soft open set gg over Y, F~(gp) is open set in X.
Proof. First assume that F is lower fuzzy soft continuous. Let gp fuzzy soft open over Y and z €

F~(gp). Then there is an open neighborhood P(x) of x such that F(2)1 gg # ® for all z € P(x).
So P(x) € F~(gp) which implies that F~(gp) is open in X. Now suppose that F~(gp) is open.
Let z € F~(gg).Then F~(gp) is an open neighborhood of = and for all z € F~(gg) we have F(z)1

g # ®. So, F' is lower fuzzy soft continuous. O
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Theorem 3.11. The followings are equivalent for a fuzzy soft multifunction F : (X,7) — (Y, 0, E);
(a) F' is upper fuzzy soft continuous

(b) for each fuzzy soft closed set gp over Y, F'~(gp) is closed in X.

(c) for each fuzzy soft set gg over Y, cl(F~(gp) C F~ (cl(g9B) -

(d) for each fuzzy soft set gp over Y, F*(Int(gp)) C Int(F*(gp).

Proof. (a)=(b) Let gp be a closed fuzzy soft over Y. Then propositionl implies (g5)° is fuzzy soft
open and F* ((g5)¢) = X — F~(gp), then since F~(gp) is open and so F~ (gp) is closed.

(b)=>(c) Let gp be any fuzzy soft set over Y. Then cl(gp) is fuzzy soft closed set. By (b)
F~ (cl(gp)) is closed in X. Hence, cl(F~(gg) C F~ (cl(gp)) and since F~(gp) C F~ (cl(gg)). Thus,
c(F~(gB)) € F~ (cl(gn))-

(¢)==(d) Let gp be any fuzzy soft set over Y. By (c), cl(F~((95)°) C F~ (cl(gp)®), X —
F~((int(gp)°) C int(X — F~((int(gp)°)), X — X — FT(int(gp)) C intF*(gp).

(d)==(a) Let gp be any fuzzy soft set over Y. By (d), F*(int(gp)) = F*(g9p) C int(F*(gp) and
so F*(gp) is open in X. They by proposition (1), F' is upper fuzzy soft continuous. O

Theorem 3.12. The following are equivalent for a fuzzy soft multifunction F': (X, 7) — (Y, 0, E);
(a) F is lower fuzzy soft continuous.
(b) for each fuzzy soft closed set gg over Y, FT(gp) is closed in X.
(c) for each fuzzy soft set gp over Y, cl(F(g5) C FT (cl(gp)).
(d) for each fuzzy soft set g over Y, F~(int(gp) C int(F~ (g9B).

Proof. 1t is similar the proof of Theorem 4. O

Definition 3.13. For a fuzzy soft multifunction F : (X,7) — (Y, 0, E), the graph fuzzy soft multi-
function Gp : X — X x Y is defined as follows: Gp(x) = {z} x F(z), for every z € X.

Lemma 3.14. For a fuzzy soft multifunction F' : (X,7) — (Y, 0, E), the followings are hold:
(a) GH(M x hg) = M N F*(hpg)
(b) Ga(M x hg) =M NF~(hp)

Proof. (a)Let M be any subset of X and let h be any fuzzy soft set over Y. Let x € GH(M X hg).
Then Gp(z)C(M x hg) that is ({z} x F(z))CM x hg. Therefore, we have x € M and F(z)Chg.
Hence x € M N F*(hp).

Conversely, let 2 € M N Ft(hg). Then € M and z € F(hg). Thus 2 € M and F(z)Chp that is
Gr(x)C(M x hg). Therefore x € GH(M x hp).

(b)Let M be any subset of X and let hp be any fuzzy soft set over Y. Let « € G(M x hp). Then

o # Gp(x)N(M x hg) = ({z} x F(2))7(M x hg) = ({z} N M) x (F(x)hg). Therefore, we have
x € M and F(x)Nhp # ®. Hence « € MNOF~(hp).

Conversely, let x € M N F~(hg). Then € M and x € F~(hg). Thus x € M and F(x)Nhp # & that
is Gp(2)F(M x hy) # ®. Therefore z € G5 (M x hp). O

Theorem 3.15. Let F : (X,7) — (Y,0,FE) be a fuzzy soft multifunction. If the graph fuzzy soft
function of F is lower (upper) fuzzy soft continuous, then F is lower (upper) fuzzy soft continuous.

O if z¢V
hply), if z€V
Let x € X and let hp be fuzzy soft open set such that 2 € F~(hg). Then we obtain that z €
Gr(X x hp) and X x hp is a fuzzy soft set over Y. Since fuzzy soft graph multifuntion G is lower
fuzzy soft continuons, it follows that there exists an open set P containg = such that P C G (X X hp).
From here, we obtain that P C F~(hg). Thus, F is lower fuzzy soft continuous.

The proof of the upper fuzzy soft continuity of F' is similar to the above. O

Proof. For asubset V of X and hp a fuzzy soft set over Y, we take (Vxhg)(z,y) = {

Theorem 3.16. Let F': (X,7) — (Y, 0, E) be a fuzzy soft multifunction and M be an open set of X.
Then the restriction F' |psis upper fuzzy soft continuous if F' is upper fuzzy soft continuous.
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Proof. Let hg be any fuzzy soft open set over Y such that (F |5 )(z)Chg. Since F is upper fuzzy soft
continuous and F'(x) = (F"M)(Z)ih]g, there exists open set U C X containing  such that F(z)Chp for
all z € U. Put U; = UNM then we have U is open set in M containing x and F(Uy) = (F |up )(Ul)ihB.
This shows that F'|p; is upper fuzzy soft continuous. O

Theorem 3.17. Let F: (X,7) — (Y, 0, E) be a fuzzy soft multifunction and M be an open set of X.
Then F is lower fuzzy soft continuous if and only if the restriction F' |5 is lower fuzzy soft continuous.

Proof. Let hg be any fuzzy soft open set over Y such that (F |y )(z)hp # ®. Since F(z) = (F|m)(x),
then F(z)Mhp # ®. Also since F is lower fuzzy soft continuous there exists an open set U C X
containing x such that F(z)Mhp # ® for all z € U. Put U; = UN M then we have U; is open set in M

containing = and F(U;)hp # ®.Therefore (F |y )(Uy)Mhp # ®.This shows that F |ar is lower fuzzy
soft continuous. O

Remark 3.18. Let F': (X,7) — (Y, 0, F) be a fuzzy soft multifunction and {M; : ¢ € I'} be an open
cover set of X. The followings are hold :

(a) F is lower fuzzy soft continuous if and only if the restriction F |y, is lower fuzzy soft continuous
for every i € I.

(b) F is upper fuzzy soft continuous if and only if the restriction F |5, is upper fuzzy soft continuous
for every i € I.

Definition 3.19. Let F : (X,7) — (Y,0) be a multifunction and let G : (Y,0) — (Z,9,E) be a
fuzzy soft multifunction. Then the fuzzy soft multifunction Go F : (X,7) — (Z,9, E) is defined by
(Go F)(z) =G(F(x)).

Proposition 3.20. Let F': (X,7) — (Y,0) be a multifunction and let G : (Y,0) — (Z,9,E) be a
fuzzy soft multifunction. Then we have

(a) (Go F)*(hp) = F*(G*(hp))

(b) (Go F)~(hp) = F~ (G~ (hs))

Proof. Clear from the Definitions 17 and 20. O

Definition 3.21. [1] Let (X, 7) and (Y, o) be two ordinary topological spaces. Then a multifunction
F:(X,7) = (Y,0) is said to be

(a) upper semi continuous if for each open V in Y, FT (V) is an open set in X.

(b) lower semi continuous if for each soft open V in Y, F~ (V) is an open set in X.

Theorem 3.22. Let F': (X,7) — (Y, 0) be a multifunction and let G : (Y,0) — (Z,9, E) be a fuzzy
soft multifunction. If F' is upper semi continuous and G is upper fuzzy soft continuous then G o F is
upper fuzzy soft continuous.

Proof. Let hp be any fuzzy soft open subset of Z. Since G is upper fuzzy soft continuous then
Gt (hp) is open in Y. Since F is upper semi continuous then F'*(G*(hg)) = (G o F)*(hp) is open in
X. Therefore GG o F is upper fuzzy soft continuous. O

Definition 3.23. A family ¥ of fuzzy soft sets is a cover of a soft set hp if hg CU{hp, : hg, € ¥,i € I}.
It is fuzzy soft open cover if each of ¥ is a fuzzy soft open set. A subcover of ¥ is a subfamily of ¥
which is also cover.

Definition 3.24. A fuzzy fuzzy soft topological space (Y, o, F) is fuzzy soft compact if each fuzzy soft
open cover of Y has a finite subcover.

Theorem 3.25. The image of a fuzzy soft compact set under upper fuzzy soft continuous multifunction
is fuzzy soft compact.

Proof. Let F : (X,7) — (Y, 0, E) be an onto fuzzy soft multifunction and let ¥ = {hp, : i € I} be a
cover of Y by fuzzy soft open sets. Then since F' is upper fuzzy soft continuous, the family of all open

sets of the form FT(hp,), for hp, € ¥ is an open cover of X which has a finite subcover. However since
F is surjective, then it is eaisly seen that F(F*(hp,)) = hp, for any fuzzy soft set hp, over Y. There

the family of image members of subcover is a finite subfamily of ¥ which covers Y . Conseqventhy
(Y, 0, E) is fuzzy soft compact. O
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4

Conclusion

In the present work, we have continued to study the properties of fuzzy soft topological spaces. We
introduce soft quasi-coincidence and have established several interesting properties. We hope that
the findings in this paper will help researcher enhance and promote the further study on fuzzy soft
topology to carry out a general framework for their applications in practical life.
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