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Abstract

We define the Gauss Lichtenberg numbers. Then we give a formula for the Gauss Lichtenberg numbers by using the Lichtenberg numbers.
We show that there is a relation between the Gauss Lichtenberg numbers, Lichtenberg, Jacobsthal and Mersenne numbers. Their Binet’s
formulas are obtained. We also define the matrices of the Gauss Lichtenberg numbers. We examine properties of the matrices.
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1. Introduction

The investigation of Gaussian numbers is a research topic of great interest in recent years. If Z is the set of integers, the set of these numbers
is denoted by Z[i] = {a+bi: a,b € Z,i> = —1}. Gaussian numbers were investigated by Gauss in 1832. In 1963, Horadam [11], introduced
the concept of Gaussian Fibonacci numbers. And then Jordan [12] considered the two different sequences of Gaussian numbers and extended
some relationships which are known about the common Fibonacci sequences.
In [2], Asci and Giirel introduced the concept of Gaussian Jacobsthal and Gaussian Jacobsthal-Lucas numbers. They also studied also
the complex Jacobsthal polynomials [3]. Polynomials that can be defined by Jacobsthal-like recursion relations are called Jacobsthal
Polynomials and they were studied in 1997 by Horadam and in 2000 by Djordjevié (see [6, 9]). More mathematicians were involved in the
study of Jacobsthal polynomials such as Djordjevi¢ and Srivastava [7], among others. In [18, 19], Morales defined and studied the Gaussian
third-order Jacobsthal numbers and Gaussian third-order Jacobsthal-Lucas polynomials.
Recently, in [5], Dasdemir and Bilgici introduced the Gaussian Mersenne numbers and studied some of their properties. In [17], Kumari et al.
defined the generalization of the Mersenne and Gaussian Mersenne polynomials with arbitrary initial values and studied their properties.
Further, in [23], Stockmeyer listed several characterizations of the new sequence called Lichtenberg sequence relative to Mersenne and
Jacobsthal numbers, and numerous examples of cases in which the Lichtenberg sequence occurs. Also, in [8], Hinz introduced some
fundamental characterizations of the Lichtenberg sequence, without placing emphasis on its properties.
Lichtenberg numbers are named after Georg Christoph Lichtenberg, who studied these numbers in the 17th century. Lichtenberg numbers
are denoted by ¢,,, defined mathematically by the recurrence ¢, + ¢,_; = 2" — 1 and have the form

1

Zn _ 6 [(_1)n+1 +211+2_3] .

The first few terms of the Lichtenberg sequence are:
0,1,2,5,10,21,42,85,170,341,682,...(A000975).
The Lichtenberg numbers {/, } >, are defined by the following recurrence relation
bz =200 + Ly — 2y, 1.1

with £p =0, £; = 1 and ¢, = 2 (see, e.g. [8, 23]). Also, the Binet formula for Lichtenberg numbers is defined in two different ways, including
well-known sequences:
1 211+2 _ (71)n+2 1

=5 |51 =5 2~ 1] 1.2)
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and

1 —1)"+1 1 -1)"+1

where J,, is the n-th Jacobsthal number (see [10]) and M, is the n-th Mersenne number (see [4]).
In this paper, we will present a unified view on complex sequences and discuss some properties of the Gauss Lichtenberg sequence {g¢y },>0
defined mathematically by the recurrence

8lur1+ 8l =2"2+i)— (1+1i), gl =0,

and related sequences such as the Gaussian Jacobsthal sequence, which is the sequence of differences of g¢,,. And, of course, at some point
Mersenne and Gaussian Mersenne numbers will enter the scene.

2. Gauss Lichtenberg numbers, Gauss modified Lichtenberg numbers and their some properties

2.1. Gauss Lichtenberg numbers

Now, we introduce Gauss Lichtenberg numbers g#,, and present some of their basic properties.
Definition 2.1. Gauss Lichtenberg numbers gt,, are defined by
g€n+3 =2gly 12 +g€n+l —2gly, n>0, 2.1

with gly =0, gy =1 and gly =2+1.
The first few terms are as follows:

gls = 2gl+gl —2gl
22+i)+ (1) =2(0) =5+2i,
2gl3 +glr —2g0,
2(542i)+(2+i)—2(1) =10+ 5i,
gls = 2gly+gls—2gl

= 2(10+5i)+(542i) —2(2+i) =21+ 10:.

gls

Theorem 2.2. Forn > 0, we have
g£n+l = ‘€n+1 +ily

where £, is the n-th Lichtenberg number defined mathematically by the recurrence £,y 1 + £, = 2"t —1 and £y = 0.
Proof. We can prove the theorem by the induction method on n. For n = 3, we have
gly =2glr+ gl —2glyg =5+2i={3+il5.
Now, assume that the theorem holds for n < k, that is g€ = {41 +ily. Then, for n = k+ 1, we have
8lirr  =28lkv1 + 8l — 28l
2(besy + i)+ (b +ilg—y) =2 Gy +il_2)
= 21+l =20 +i (20 + 1 — 20, _2)
= Crra+ileyr
Thus, the result follows. O

Here, we define Binet’s formulas for the Gauss Lichtenberg numbers. Let {—1,1,2} be the solutions of the equation x> —2x? —x+2 =0
associated with Eq. (2.1). So, we obtain for all n > 0:

8= ¢ |(=1)"(~ 14+ +2" 2+i) =3(1+1)

Using the definitions of Gaussian Jacobsthal numbers {Jff 1 }n>0 in [2] and Gaussian Mersenne numbers {M3},>0 in [5], we have

1 . .
Tt =Jup1 Hdni = 32240 = (1) (=140,

(2.2)
ME | =My 1 +Myi =2"(2+1) — (1+1i),
where J,, is the n-th Jacobsthal number and M,, is the n-th Mersenne number, respectively. Finally, we can write
1 . 1 . .
gl =5 e, —(+i)] = G [2ME, |+ (=) (=1+i) = (140)]. (2.3)
In particular, we obtain
g : _
gﬁnzl{ Mnngl_l. %f n=0 (mod 2)
30 M, —i if n=1 (mod2)

Furthermore, we easily obtain the identities stated in the following result:
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Theorem 2.3. Forn > 0, we have

1

2 2 . .

(gen) + (gén‘H) = 9 [5 (Mf-&-l) +2( n+1 +(1 +l))A” 721] s

where {An}n>0 is the sequence defined by A, | = —An+ (1+i) and Ag = 1.

Proof. Using Eq. (2.3) and the notation A, = % [(=D)" ™ (=1+i)+ (1+1)], we can write gl, = % [Mﬁﬂ An], where M8 a1 is the
(n+ 1)-th Gaussian Mersenne number and

:{1 if n=0 (mod2) 2.4)

i if n=1 (mod?2)

Then, using the identities A2 +Aﬁ+1 =0and Mf;Jrl =2Mj + (14 i), we have

9-[(ela) + (etur1)?] = (i —A0) + (M~ Arin)?
( n+1) n+1A +A2+(M§+2) 2Mn+2An+1+Aﬁ+1
= ( n+1) ( n+2) 2(Mn+1A +Mn+2An+1)
5
5

(ME, ) +2i+2M8 Ay +2(1+0)A, — 4i
( n+1) +2(Mg+1 +(1+1)) Ay —2i,
where {A, },,>0 is the sequence defined in Eq. (2.4). O
Remark 2.4. Forn > 1, using A1 = —A, + (1+1), we have
1
3 [Mr€+3

1
= - g [An+2 =34+ 2An]

8lni2 —38lni1 +28ln Appa —3MS 5+ 34,41 +2M5 | —24,]

1
= —g[An+3An—3(1+i)+2An}
= (14i)—24,.

—1+i if n=0(mod 2)
1—i i n=1(mod?2) °

Definition 2.5. The Gauss Lichtenberg number matrix Qf, is defined by

Then, gly1p —3gln11+2g0n = (1+1i) —24, = {

8lnyr  8lnyz —28lu2  —28ln1
Ol = | 8luy1  &lni2—280n11 —2g¢y , n>1,
gl 81 —280n —2gl, 1

24+i 1 -2
where Qly = 1 i 0 | forconvenience.
0 1 i

Note that the matrix Q¢, has order 3 x 3 and its coefficients are gaussian integers. Now, we study important properties of this new matrix,
whose coefficients are Gauss Lichtenberg numbers.

Proposition 1. Forn > 0, we have
det(Qhyy1) = (—1)"2"2(2+1).

Proof. First, using g€, 11 = {11 + ily, note that

[ lnys lpya =203 20040 lova lny3 =200 =204
01 = én+2 Zn-',—3 —2lp42 *zgn-«—l +i €n+l £n+2 =204 =20,
L E}'H»l €n+2 - 2€n+1 —25,, gn €n+1 - 2&1 —26,171
T2 1 -2 n+2 7 1 -2 n+1
= 1 0 0 +i|l 1 0 O
L0 1 0 01 0
[24i 1 272 1 =21 2 1 27"
= 1 i 0 1 0 O =001 0 O
| 0 i 0 1 01 0
So we use multiplicative property of the determinant and we get
24i 1 =22 1 —2 "
det(Qlyy1) = 1 i 0 1 0 0
0 1 i 01 0

= (=2)"P2(2+i).

Thus, the result follows. O
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Using Proposition 1 and properties of the determinant we can deduce that.

Proposition 2. For n,m > 1, we have
det (Q4,) det (Qly) +det (Qf, 1) det (Ol 1) =5 - (=2)" " F2(3+ 4i).

Proof. From definition of determinant, we have

det (Q¢) det (Qly,) +det (Qfy, 1) det (Ol 1) (=2)" T 2 4i) - (=2)" T 24 i) + (=2)" 22 4i) - (=2)" T2 (2 +4)
_ (_2)n+m+2(2+i)2 + (_2)11+111+4(2+i)2
- 5. (72)n+m+2(2+ i)2
5. (71)n+m2n+m+2(3 +4i).
Then, the result is obtained. O

Using n = m in Proposition 2, we get
Corollary 2.6. Forn > 1, we have
det ((QK,,)2> +det ((anﬂ)z) = 52201 (3 4 45).

Proposition 3. Forn,m > 0, we have
4(2 + l) det (Qén+m+1 ) = det (QEI’H*I ) det (Q€m+1) .

Proof. From definition of determinant, we have

2)n+m+4(2+l)
2P@+0) - (=2)" "2 4)
= 4(2+i)det(Qlyimy1)-

det(Qly1)det(Qlni1) = ((=2)"22+1) (-2 (2+1)
(-
(-

O
Proposition 4. For n > 0, we have
det ((Qln12)") — det ((Qluy1)") = (—2)" 2124 i)"((=2)" + 1).
Proof.
n n n+3 n+2 A\
det(Qlui2)") —det(Q6i)") = (=22 2+)"+ (222 +1))
_ (_2)n2+3n(2+ )n + (_2)n2+2n(2+l~)n
= ("4 (-2)"+ ).
Then, the result follows. O
2.2. Gauss modified Lichtenberg numbers
In this subsection, we introduce Gauss modified Lichtenberg numbers {g¢},>0 and present some of their basic properties.
Definition 2.7. Gauss modified Lichtenberg numbers gC;, are defined by
803 =280, 2 +80, 1 — 280y, n>0, 2.5)

with g€ =3+ %, gli =2+3iand gl = 6+2i.
The first few terms are as follows:
gty = 2805 +gl —2gl;

- 2(6+2i)+(2+3i)—2(3+%) =8+ 6i,

gly = 28l3+g6 280
= 2(8+46i)+ (6+2i)—2(2+3i) = 18+8i,
gls = 2gl3+gl5—2gl;

= 2(18+38i)+(8+6i) —2(6+2i) =32+ 18i.
Theorem 2.8. Forn > 1, we have
8l =y +ily,
where €}, is the n-th modified Lichtenberg number defined by 0, = 2" + &,, with &, = (—1)" + 1.
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Proof. We can prove the theorem by the induction method on n. For n = 3, we have
gly =2gl5+gli —2gly =8+ 6i =3+ il5.
Now, assume that the theorem holds for n < k, that is gZ}:H = E,’;H +i€;. Then, for n = k+ 1, we have

8ly2 = 280 t8l—286,

20y +ilg) + (G +i6G ) =2 (G +ilF_,)
= 2 O -2 i (20 + 0 —20_,)

= G tily

Thus, the result follows.

The Binet formula for the Gauss modified Lichtenberg numbers is given by
gl =2""124 i)+ ()" (=1 4+i) + (1 +i),
or equivalently
gl =2 2 40) 4240, gl =3+ 1.
with A, as in Eq. (2.4).
Theorem 2.9. Forn > 2, we have

L
E 'gérH»l = g£n+1 +g‘€n - 3g£n717

Proof. Using the relation g¢, = 1 [M*

S —An} for the n-th Gauss Lichtenberg number, the identities A, = —A, + (141)
2Mj 4 (1 +1i). Then, we have

1
glni1t+8lh—3gl1 = 3 [M§+2 —An+1 +Mf+1 —Ap —3M§+3An,d
1
= S [4ME | —5M§ 424, —A,]

3
1
= 3B =34, +6(1+0)

= ME—A,+2(1+0).

Using A, = % [(—=1)"1(=1+i) + (1 +i)] and M§ =2""1(2+i) — (1 + ), we obtain

ME At 2(14) = o [2@) — ()" () — (1) 420+

— N

= 2"QC+)+(-1)"(-1+i)+(1+410)]

N =N

'gfiiﬂ :
Thus, the result follows.

Theorem 2.10. For n > 2, we have

* 3 * *
9-gln=10gl, | — Qgén —13g4,,_ ;.

Proof. Using the relation g/}, = 2"=1(24i) + 24, for the n-th Gauss modified Lichtenberg number. Then, we obtain

10g¢5,, — gge; —13gl:, = 10[2"(2+1i)+24Ans1] —% [2"—1(2+i)+2An] —13 [2"—2(2+i)+2An_l
= 10-2"(24i) +204A,11 —3-2"2(2+i) —3A, — 13-2"72(2+i) — 26A,4 |
= 6-2"(241)+3A,—6(1+1)
= 3 2"“(2+i)+A,,—2(1+i)}

= 9-g/,.
Then, the result follows.
Theorem 2.11. For n > 0 and m > 2, we have

&lnymr1 = lny180my1 + (£n+2 - 2€n+1)g£m —2lngln—1-

and M8

n+1 —
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Proof. Using Theorem 2.2 and formula £, 1 = €y 1€ms1 + (Cng2 — 26n41) b — 260y, — 1, we have

Cnr188ma1 + (bnga — 20011) 8l — 26n86m—1
=lyr1 (bns1 +lm) + (Lnso — 20511) (Ui 4+ ily—1) — 260 (by—1 + il—2)
= £n+l£m+l + (€n+2 =2l ) by — 2Up b1+ [gn-o—lém + (£n+2 =2l ) b1 — 2Knem—Z]
=lytm+1 +ilprm
= glutm+1-

Then, the result is obtained. O

Definition 2.12. The Gauss modified Lichtenberg number matrix QC}, is defined by

8lyr 803280, —280,
06, = | gbryy 8lhin—280y 280, |, n>1,
gty 8l 28ty 28l

6+2i —4+2i —4-6i
where Qfg=| 2+3i 2—4i  —6—i | for convenience.
3+5 —4+2i —1-5i

Note that Gaussian modified Lichtenberg number Q/;; satisfies the relation Q¢ 3=200 ,+00 | — 2005,

Proposition 5. Forn > 0, we have
det (00, ) =36-(—1)"2" (2 +i).

*

Proof. The usual modified Lichtenberg number ¢;; satisfies the next relation £y , 3 = 20y , + £y | —2£;, Then, we have

n+1
w2 bz =20, 26, 6 -4 4 2 1 —21"
Gy Go—26,, 26, (=12 2 -6 10 0
- O =20, =20 3 -4 -1 01 0
Then, we have
y [ ZZ:-H gZz+4 - 2€E+3 _2€£l+2 ) ZZ’H £Z1+3 - ZZEH _ngl;tl
anJﬁl = Zl;l+2 6114»3 - 2£l:+2 _Zénj:l +i Zni—l 61112 - zzni—l _zfn
én+l £n+2 - 2€n+l —24; G gn+l —24, —2€n71
(6 —4 —4 2 1 —2 " 21 27"
= 2 2 -6 1 0 O +il 1 0 O
| 3 -4 -~ 01 0 01 0
[ 6 —4 —4 24i 1 -2 2 1 217"
= 2 2 -6 1 i 0 1 0 0
| 3 -4 -1 0 1 i 0 1 0
So we use multiplicative property of the determinant and we get
6 —4 —4l2+i 1 22 1 =2/
det(QZZH) = 2 2 -6 1 i 0 1 0 O
3 4 -1 0 1 i 01 0
= =36-(-2)"(-4-2i)
36- (—1)"2" 1 (2 +i).
Thus, the result follows. O
Proposition 6. For n > 0, we have
det (Qfy, 1) = 18-det(Qly+1).
Proof. The proof is easily deduced from Propositions 1 and 5. O

3. Conclusion

We defined new numbers by using definitions of Gauss sequence, the Lichtenberg number and modified Lichtenberg number are studied. The
properties of those numbers were examined. Some theorems about these numbers were presented, their matrix representations are established
and identities with their determinants are demonstrated. In the future, we extend these results to generalized Lichtenberg numbers, including
arbitrary initial conditions. In particular, these types of numbers can be extended by applying some previous work such as binomial transform
([14, 22]), finite operators ([13]), Hessenberg determinants ([15]), third-order quaternions ([20, 21]), hybrid numbers ([1]), bicomplex
numbers ([16]), and many others.
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