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ABSTRACT. Let p(z) = anz™ + > |, ap_12" "L, where 1 < v < n, be a poly-
nomial of degree n having all its zeros in |z|] < k < 1. For polar derivative
Dap(z), it is known that for each |a| <1 on |z| =1,

n 1—|of

k 00 —
T L el + K)o — S

In this paper, we obtain the L; mean extension and a refinement of the above
and other related results for the polar derivative of polynomials.

|Dap(z)| < min \p(z)\}.

1. INTRODUCTION

Let P, be the set of polynomials of degree n with complex coefficients. If p € P,
denote by

2
[Plloo = max [p(z)].
|z|=1

o 1/q
ol = {55 [ wenras} . 0<q<e

For p € P,,, Bernstein [1], proved that

7'l < nllploc- (1)
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In the case ¢ > 1 the following inequality proved by Zygmund [2] and in the case
0 < g <1, it is due to Arestov [3],

[P'lg < nllpllg, 0< g < oo (2)

Erdos conjectured and later Lax [4] proved that if p(z) having no zeros in |z| < 1,
then

1P loe < 5 1Pl 3)

In the case that the polynomial has all its zeros in |z| < 1, Turdn [5] proved that

1Pl = 5 = plloe- (4)
As a generalization of inequality (3)), it is proved that

1ly < = lplly » for g > 0. ()
T P

In the case ¢ > 1 inequality (5] is proved by De-Brujin [6] and for the case 0 < ¢ < 1,

it is due to Rahman and Schmeisser [7].

Malik [8] extended (3)) and proved that if p(z) does not any zeros in |z| < k, where

k > 1, then

19 < 2 Il (6)

whereas if p(z) has all its zeros in |z| < k < 1, then

/
1P lloe = 7 +k||p||oo (7)

It is proved by Govil and Rahman [9] that if p(z) does not vanish in |z| < k, where
k > 1, then

Ip'llg < Ipllq » for ¢ > 0. (8)

e ||k+ llq

The above inequalities were generalized for two class of polynomials. First class is
lacunary type polynomials p(z) = ag + Z? ,a;2), where 1 < v < n, and second
class is polynomials of the form p(z) = a, 2" + ZJ L an—jz" "9, where 1 <v < n.
As a generalization of inequality @ it was shown by Qazi [10] that if p(z) =
ag —|—Zj=ya]zf and p(z) # 0 in |z| < k,k > 1, then

Ip'loe < 1plloc, (9)

l—l—kV

Also, inequality @ was extended by Gardner and Weems [11], they proved if
p(z) = ao + Z?:V ajz? and p(z) # 0 in |z| < k,k > 1, then

n
1P'llg < m”p\\q , for ¢ > 0. (10)
q
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On the other hand, for the class of polynomials of type p(2) = anz"+3_7_, an—;2" 77,
where 1 < v < n, which having all zeros in |z| < k < 1 it was proved by Aziz and
Shah [12] that

e = 157 = i (21}
o> Ll + —— . 11
191e = 15 {Iplloe + s i () ()

For a polynomial p(z) of degree n, we define the so-called the polar derivative of
p(2z) with respect to the point a as

Dap(2) :=np(z) + (o — 2)p'(2).

The polar derivative D,p(z) is a polynomial of degree at most n — 1 and it is
extension of the derivative p’(z) by the following sense
D,
lim Dap(z) =p'(2)
a—00 «

Aziz and Rather [13] extended inequality (5) to the polar derivative of a polyno-
mial and proved that if p € P,, and p(z) does not vanish in |z| < 1, then for o € C
with |a| > 1, and p > 1,

la| + 1
D, <n——— , for ¢ > 1. 12
[ Dapllq < H1+Z||q”p||q q (12)
Inequality is also generalized by Rather et al. [14] to the polar derivative Qf
lacunary type polynomial, and specifically proved that if p(z) = ag + Z?:V a; 2,
where 1 < v < n be a polynomial of degree n and p(z) # 0 for |z| < k where k > 1,
then

ol + kY
1Daplly < 0 E ol for o] = 1 and ¢ > 0. (13)
q

1B~ + =]l

Recently Dewan et al. [15] proved that if p(z) = an2" +> | an—12"7!, 1 <v <n,
is a polynomial of degree n having all its zeros in |z| < k < 1, then for every
complex number « with |o| <1, 0n |z| =1

{(al+ )Pl -

L i o).

Dop(2)| <
Dup()] < Ea

n
1+ kv
In the first theorem we obtain the L, mean extension and a refinement of the above
inequality , then by using of this theorem we prove the L, mean extension
for lacunary type polynomials, which proposes a generalization and refinement of
inequalities as well.

Theorem 1. Let p(z) = an,z" + > |—, an—12" ", be a polynomial of degree n, has
all its zeros in |z| < k < 1, then for every complex number o with |a| < 1, ¢ > 0,
0 eR and 0 <t <1 we have

[1Dapte®)) +

tA, (1 — A,
el < e 69

kn(1+AU,t) HZ+Av,t||q
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_ n(lan|— Z’,’f)kzy%»u\an_y\k"’l
vlan— |+n(|an|7%)kl/71

where Ay, = , and m = min |p(2)|.

|z|=k
Let ¢ — oo and choosing ¢ = 1 then inequality reduce to a following result.

Corollary 1. If p(z) = a,2"+ Y ., an_12""" is a polynomial of degree n, has all
its zeros in |z| < k < 1, then for every complex number o with |a] < 1,

n(lal +Ay) nAy(1—laf) .
D < — " - 16
IDaplloo = == lIPllee = a3,y min IP(2)1, (16)
an|— K> +vlan kY
where A, = (tllan‘ VH)n(\anIJ )k‘y —, and m = ‘mln Ip(2)].

Remark 1. Corollary |1l is general and a refinement for inequality . To see
that, we must show

n(lal +A,) nA,(1=la)
1A Pl o A, Ip(2)] <
n v 1- |Cl/,|

T L ol K pllee = S min [p(2) .

FEquivalently

(A= JaD(F” = Av) o 1o(e)] < L laD(E” = Ay)
L+ k)11 A,) B (1+k)(1+A,)

Since |a| <1 and from , we have A, < kY, the above inequality becomes

[1plloo

miny.|—, [p(z)]
kn
the inequality is true by the Lemma@, so we get the result.

< [Ipllo (17)

If we take o = 0 in Corollary [I} we have

Corollary 2. Ifp(z) = ap,2" + >, an_12""" is a polynomial of degree n, has all
its zeros in |z| < k < 1, then for 0 € R, we have

[np(e”) — ep' ()] <

2 Il — g min o)) (18)

Suppose €% is such that [p(e??°)| = ||p||oo, then by using the inequality n|p||c —
€0/ (€%0)] = mp(ei%)] —[e"%0p!(¢)] < [rp(e®) —ei%op(ei%) in (TS), it becomes
to following refinement and generalization of .

Corollary 3. If p(z) = an2™ + > |, an—12" " is a polynomial of degree n, has all
its zeros in |z| < k < 1, then

, n Ay
o> — Iplla + 22 1
19l 2 1o e + 22 i ()] (19)
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Remark 2. C’orollary@ is general and refinement to inequality . To see that,
we using again the method used in Remark it follows that inequality is better

than inequality .

In the second case by using Theorem [I| we can prove the following theorem that
provides a refinement and generalization of and related many results.

Theorem 2. Let p(z) = ag + Z;.l:u ajzj be a polynomial of degree m, does not
vanish in |z| < k, k > 1, then for every complex number o with |o| > 1, g > 0,
#eR and 0 <t <1, we have

nmit(la] — 1)
14+ A,

n(lao|—tm)k* T +vla, |k
via, [k* T1+n(Jag[—tm) 7 and m = |H|H_n |p( )|

- nllal +Av)

Da ei@ +
[iPapte let Al

12llq, (20)

where A, =
Remark 3. By using inequality . from Lemma @ we have A, > k¥ > 1,
resulting (20 . to be a generalization and refinement of (13 .

Let ¢ — oo and by choosing ¢ = 1, the inequality reduce to a following
result that recently proved by Dewan et al. |15].

Corollary 4. Ifp(z) = QOWLZ;L:V ajz? be a polynomial of degree n, does not vanish
in|z| <k, k> 1, then for every complex number o with || > 1, we have

{(lal+ APl = (ol = 1) min p(z )} (21)

n
DO( OO<
1Daploe < 5

_ ku+1+ . k21/ .
where A, = g ey ond m = min [p().
By dividing both sides of by |a| and let |a] — oo, we have the following
result that is an refinement and generalization of .

Corollary 5. Let p(z) = ag + Z;L:y a;z’? be a polynomial of degree n, does not
vanish in |z| < k, k > 1, then for ¢ > 0,0 € R and 0 <t < 1, we have

nmt
1 + Au ,t

Hlp )+

n
< g 22
||Z+Ay’t||q || ||q ( )

By dividing both sides of by |a| and let || — oo, we have

Corollary 6. Ifp(z) = ao—i—ng:,/ a;jz? be a polynomial of degree n, does not vanish
inlz| <k, k>1, then

7'l < {(lpllsc — min |p(z)[}. (23)

n
1+ A4, |z|=k
Remark 4. Inequality has been studied by Gardner et al. [16].
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2. LEMMAS

The following lemmas are needed for proof of the theorems. The first lemma is
due to Aziz et al. [17].

Lemma 1. Let p(z) € Py, and q(z) = 2"p(L), then for each vy, 0 < vy < 27, and
q>0,

2 27 2
[ 10+ emieypdoay < 2mnt [ jpejoas,
o Jo 0
Lemma 2. Ifp(z) = > 1, a;2" is a polynomial of degree n, having all its zeros in

|z| <k <1, then

\n?i—l}c Ip(2)] < k" max Ip(2)], (24)

and in particular lrrllil}C Ip(2)| < k"|an].
P

The above lemma is due to Zireh [18§].

Lemma 3. The function

S(x) =

for k <1 is a non-increasing function of x.

nrk? + v|a,_, kvt

nxk? =1 + vlan_,|

Proof. The proof follows by considering the first derivative test for S(z). O
The following lemma is due to Aziz and Rather [13].

Lemma 4. If p(z) = a2 + Y, an—12"', has all its zeros in |z| < k < 1, and

q(z) = z"p(%), then on |z] = 1,

ld'(2)] < Lu|p'(2)], (25)
where
nlan|k? + v|a,_, kY1
L, = , 2
V]an—y| + nlan |k =1 (26)
and
Vi n—y
- < kY. 27
|t < (27)

Lemma 5. If p(z) = a2 + Y, an—12"', has all its zeros in |z| < k < 1, and
q(z) = 2"p(L), then for 0 <t <1 and |z| = 1, we have

nmtA,
14 (2)] < Avilp'(2)] — T’ta (28)
where
A, — n(| an | —532)E* +v | ap_, | K71 (29)

’ v]an—y [ +n( an | =)k
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and

v |an—yl
n |an| - Zn

where m = In‘nn |p(2)].

Proof. Let m = ‘n‘nn |p(2)|. If m = 0, then inequality reduce to inequality

in Lemma[d] which is trivial. Therefore, we suppose that the polynomial p( ) having
all its zeros in |z| < k, hence for every g € C with |3] < 1, we have |6 | < |p(2)]

Bmz

, has
Bmz

all its zeros in |z| < k < 1. By applying Lemma {4 to the polynomial p(z) — =5,
for |z| =1 we get

for |z| = k. Now the Rouche’s theorem implies that the polynomial p(z)—

Brnmz"1

' ()] < Sulp(2) = =71, (31)

where
n(| an — B2 DK +v | an_y | k7

S, =
vi|an—y | —&—n(\an—— Vkv—1

then we can substituted | a,, — i—T | by

By applying Lemmawe get | a, |> ZL

lan| — |’i'ﬂ", since we have that
Bm | Bm
an =2 2 g | -2 (32)
By applying Lemma [3] for and taking t = |3, we get
Su S Au,t~ (33)
Combining and , one can obtain
Bmnz"!
' ()] < Avelp'(z) = ——Z7—1. (34)
Again since |ﬁ “| < |p(2)], by choosing the suitable argument of 3, we have
Bmnz"" anz -1
p'(2) — T' =P () = |—— 1, (35)
from and we get,
nmtA,
g (2)] < Avilp'(2)] - Tt
To prove (30]), we use for the polynomial p(z) — BTIZZH, as a result we have

v |an—yl
ni_Bm =K
n |an - F‘
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or
V|an—y| Bm

now Sle gk
[an—u|

This means %% is lower bound for |a,, — i—T| for every f3, it implies that Z =47

m
is less than min |a, — i—n|, hence from we have

(36)

[B]<1
Vlan—y| |Blm
n ok Sl =T
or
v |an—y]
- < k"
nla,| — %’f -

The next lemma is due to Aziz et. al [19].

Lemma 6. Let A, B, C are positive real numbers which that B+ C < A, then for
any real v,

(A= C)+ e (B+C)| <|B+eA| (37)
We also need the following lemma is due to Rather et al. [14].

Lemma 7. If a,b are two non-negative real numbers which that a > bc where ¢ > 1,
then for every x > 1,q >0 and 0 < v < 27w
27

27
(a—l—bx)q/ lc4 e |%dy < (c—l—x)q/ la + be™|1dy (38)
0 0
3. PROOF OF THE THEOREMS

Proof of the Theorem By the assumptions, p(z) having all its zeros in
2| < k < 1, therefore by Lemma [} for |z| = 1, we have

¢ ()] < Aw (P (2)] -

This inequality can be rewritten as

nmt
kn )

, nmtA, , nmtA,
——" <A, e e
)+ et < 2~ e (39
Taking A = |p/(2)], B = |¢/(2)|] and C = % in Lemma@ and attend that

Ay <KV <1, by , so B+(C < A—C < A. Then for any real 7, we get

{Ip' ()] b el ()] + {m}\ < [l @)l + e ().
(40)

_ nmtA, +
EM(14+ Ay y)
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This implies for each g > 0, that

2m
/0

nmtA,

nmtA,
Er(14+ Ay )

(| p/(e?)| — 2wt "o
Er(1+Ayy)

}

b {|d ()] +

: (a1)
i . . . q
< [ e+ ey .

0

From every side of (41), we integrate with respect to v from 0 to 2, which gives

2m 2
~/0 /0

nmtA, +

RN nmtA, + q
e e T e )}‘ d0d~

iy r( 10
b e e r

. . . q
1o/ ()] + 1o/ () | dod

. A g
e ()] + 1a' ()] ' bt
ep' () + ¢’ (") ‘qd'y}dﬂ

27 27 ) ] ) q
:/ {/ ez'ypl(eﬁ)_’_q/(eza)‘ d@}d7
0 0

From the Lemma [I| and above result, we conclude that

27 2m
/0 A

nmtA, ¢

RN iy /(10 nmtAlht qd@d
1P - g ayt el @)+ 3 dodr

Er(14+ Ay

27
< 27mq/ Ip(e??)|2d0.
0

(42)

For a € C with |a| <1 and using the fact that

Inp(2) — 2p/(2)] = |¢'(2)] for, [2] =1,

we have
iy nmiAy(lo] —1) i oy iy nmthy (o] — 1)
B T W I s v
i i i i nmtA,, (laf = 1)
< |np(e?) — ' ()| 4 |a[p/ ()| — k"(lka )
TR iy PmitAy i (lel — 1)
=10/ + ol ()] - et

L1 ()] 4 —mtAve ity mtAs
R CAGR R d Rl L A Gl B e w1
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By integrating both sides of above inequality with respect to 8 from 0 to 2w, for
each ¢ > 0, we have

27 _
[ {1pantey) - a8 =Dy
0

En(1+ A, ,)
2 ) tA . nmtA q
- i) 4 A ()] - et 3 L gy
_/0 {{\(J(e )|+M(1+A,,’t)}+|a|{|p ()] kn(1+Au,t)}} !

Multiply both sides of above inequality by

271' . 1
e’ + Pd~
| e+ =l

we have

o 1 27 ; nmtA, (Jo] — 1) ¢
iy T g D A v,t
{[ e gt} [ {ipate) - Mrale=t Y

CL 1 2 , nmtA ; nmtA K
< iy q 1(,i0 v,t 100N v,t
<{ [l g} [ {00+ S el () - sy e
(13)

By taking
; tA ; nmtA 1 1
a=p/(ef) — —E2vt g | ()| 4 — Rt - o
‘p ( )| kn(l _|_ Ay,t) ‘q ( )| kn(l _|_ Ay7t) Au,t |(1|
the conditions of Lemmam are established (since the inequality implies a > be).
Then Lemma [7| implies that for every « with |a| < 1, we have

oy nmitA, 1, 0 nmtA, q/27T iy L,
2 M Rue = |ad
{tre) WM+AMQ+MNM€”+MO+MQ” , R
1 1 g (% - nmtA - » nmtA q
< 100N v,t iy 1(,i0 v,t d
‘AW_FW‘LA PN = G a, ) et ”+k%1+A%QH 7

Again, integrating both sides of above inequality with respect to 6, we have

[ gt [T e - e g ) e
Roe Il /ozﬂ /o% e o

Multiply both sides of above inequality by |a|?, we get

[ gt [T R ol ) - e

En(1+ A, ) Y
- |Oé| 1 q 27 2
—‘m¢+‘(é A

1 1 nmtA, +

En(1 4+ Al,,t)}

Y] (0 1
<| b+ el ()] + dydf

1000\ nmtA, ¢ iy L1000
W = g ey} el @]+

nmitA, ; ’q
—— 1| d~vdf
k(1 + Au,t)} )

(44)
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By comparing second part of and first part of we obtain

2w 2
4 1 ; nmtA, (o] — 1) ¢
”+—‘Id}/ {Da )] : } o
{1 rar} [ {IDapte)) - et
2w 27
« . .
<l [T [ e el ()] +
Now by comparing inequalities (45]) and (42) we get

o 1 27 ; nmtA, (Jo| — 1) ¢
vy T g D 10y _ v,t
([ e g} [ { 1D -2l s

|
Au,t

nmtA, ;
k"( 1+Ay)

nmtA, ; q
— 1 dvdf
k(1 + Au,t)} !

(45)

2
< ‘ + 1‘q27rnq/ Ip(e??)|2d6.
0
(46)

Multiply both sides of above inequality by (A, )7, we get

27 27
iy q i0 _nmtAl,’t(|a|—1) a
{[ e aar) [ {ipate) -2 tf= an

q 2 ,
< Jlaf+ A2t [ (e .
0
(47)
Equivalently
[ il [ ; nmtA, (1 —|a|)j7, Y3
il A, }{7 D 0 v, }
(g [ 1o deapran} {5 [ iDapten) + et
1 27 ) 1
<allal + Avel{5- [ In(eedo}"
T Jo
(48)
This completes the proof of Theorem O

Proof of the Theorem By the hypothesis the polynomial p(z) = ag +
Z?:V ajz?, where 1 < v < n does not any zeros in |z| < k, where k > 1. Therefore,
the polynomial ¢(z) = 2 p(g) =apz"+3 5, a;2"" 7 has all its zeros in 2] < § < 1.
By applying Theorem |1 to q(z), and replacmg + in equation (|1 , we get for every
complex number a with |a| < 1,
nk”mltAly,,(l — ‘Oé|)

(I1+A1,)

n(lag|—k"mit)k =2 +vla, |k~
viay |[+n(lao|—kmmit)k1—v

(Jof + A1)
SNy
A1 + 2[lg

[1Daate?) +

llallg, (49)

where A; , =

" and my = min |q(z)|.
lzI=%



1208 F. MOHAMMADI, A. MOTAMEDNEZHAD

On the other hand

1 min ;= [p(2)|  m
z

my = min [q(z)] = mm |z p(=)| = o =

_k
Since ¢(z) = z p(%) then |q(e??)| = |p(e?)| and for |D,q(e'?)|,we have
[Daq(e”)] = [ng(e) + (a = )q' ()] = Ine™p(e??) + (a — )¢ ()]
‘neinep(eig) + (a _ ew) (ne i(n—1)0_7_i0Y (619) i(n72)0p/(61‘9)>‘ —

‘nei""M—ir (naez(n 107750\ () — aei(n—Z)Qm_nei7L9M+ei(n—l)f)m)‘

:‘naei(n—l)f)p(eie) z(n 2)0, 7,0\ (619) +ez(n—1)9p/(€i9)}
:|aez(n—1)9|’np(ew) + (5 _ ew)p/(ew)‘ _ |OéHD;p(€ZG)|

By replacing m1 = 2. [lall, = [lpll, and |Dag(e)| = |al| Dy p(e™)] in [@5) we get

4 thi(l-lal)) o (ol A1)
D 6 nmii .y
[t gpte ) + === s g Il
Or
nmt(L — 1) Ay, (1 + )
laf VA af A1u
jal|IDyp(e)] + — | <= Pl (50)
; L T Errhe T
where Ay, = ”(|y‘1|f;|;|i”;)(’|“a_jy_tﬂ)ak”1“fl_y and m = rmn Ip(2)]. If we take A,; =

All,u’ v = %, then A, ; > k¥ > 1 and |y| > 1, then the 1nequality becomes the
following inequality

nmit(ly| = 1)
1 + Al/,t

(|y] + Aut)

D et + <n———== ,
|1 (e I

(51)

n(|ag|—tm)k* T +vla, |k*
vi|a, |k +n(lag|—tm)

of Theorem 2 O

where A, ; = and m = lnllil}c |p(2)]. This completes the proof
zl=
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