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Binomial Expansion to 1-Tridiagonal Toeplitz Determinants
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ABSTRACT.  The determinants of 1-Tridiagonal Toeplitz matrices are computed using the Binomial Coefficient
expansion considering two cases. Each expansion can be computed in parallel, which decreases algorithmic com-
plexity and reduces the overall computation time.
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1. INTRODUCTION

The role of matrices in engineering and computational sciences is undeniable. Recently, it was proven that every
n X n matrix can be expressed as a product of | 7] + 1 Toeplitz matrices [8]. Ye et al. [8] furthermore, proved that any
n X n matrix can be decomposed into a product of, at most, 27 + 5 Toeplitz matrices.Their work delineated that | 7] + 1
stands for the minimal count of r-Toeplitz matrices essential for expressing any generic #n X n matrix. In an earlier
publication, Mackey et al. [6] also examined the similarity between nxn matrices and Toeplitz matrices, demonstrating
that any n X n matrix with n < 4 can be transformed into a Toeplitz matrix via a similarity transformation.

These discoveries place Toeplitz matrices at the center of matrix theory and its applications in engineering and the
computational sciences. Moreover, Toeplitz matrices have found increasing use across a wide range of fields. To name
a few, they play a pivotal role in spline function computation, parallel and distributed computing, signal and image
processing, the solution of differential equations, boundary value problems, interpolation, physics, and polynomial and
power series computations. One specific application concerns the spatial distribution of zeros of eigenpolynomials
associated with Hermitian Toeplitz matrices, a topic particularly relevant to signal processing [7].

Thus, any work investigating the properties of Toeplitz matrices contributes to the advancement of their applications
in engineering and the computational sciences, thereby furthering these fields. In this paper, we investigate one such
property, namely, the determinant. We prove a theorem establishing a binomial expansion form for the determinants of
1-tridiagonal Toeplitz matrices.

*Corresponding Author
Email addresses: agyeikod@msu.edu (E. Agyei-Kodie), hdogan@utep.edu (H. Dogan)


https://orcid.org/0009-0003-4342-7557
https://orcid.org/0000-0001-5064-8751

E. Agyei-Kodie, H. Dogan, Turk. J. Math. Comput. Sci., 18(2)(2026), 296-302 297

2. DEFINITIONS AND NOTATIONS

Here, the notation W,, or (W,Sl)) refers to the determinant of T,(,l) for n € N. The n X n Toeplitz Matrix is denoted
by T,. Throughout this paper, T,(,k) represents a k— tridiagonal Toeplitz matrix, and W,(lk) stands for the determinants of
T,ﬁk) k> 1.

Definition 2.1. A Toeplitz matrix is a matrix T}, with
tij = tisrjet, Vi, j=1,2,-- ,n.

OrT, = [ti,j]’ where tij = ti-j.

Definition 2.2. A k-tridiagonal Toeplitz matrix T® is defined as

a ; i=j
b ;, j-i=k
*) _ > ’
Tij - .=
c ; i—-j=k
0 otherwise

forkeN,i,j=1,2,--- ,nand a,b,c € C.

Below is an illustration of a 1-tridiagonal Toeplitz matrix:

l[a b
c a b
c a b

TV =

Note: 1-tridiagonal Toeplitz matrix is when k = 1.

3. PRELIMINARIES

The literature provides works on the determinant of 1 and 2— tridiagonal Toeplitz matrices [2,3] and on tridiagonal
2-Toeplitz matrices [4].These references employ elementary row operations to derive recursive formulas. In contrast,
our work uses binomial expansions to obtain a non-recursive expression for the determinant.

Bergum [1] elaborated on “a family of 1-Tridiagonal Matrices” and presented a recursive sequence of determinants
given in Theorem 3.1.

Theorem 3.1 ( [1]). Determinants of T,(,]) are given recursively by:
Witz = aWyiy — beW,
for n > 0, with initial values, Wy = 1 and Wy = a.

Applying Theorem 3.1, Zhang [9] identified another expression for the determinants of 1-tridiagonal Toeplitz ma-
trices reported in Theorem 3.2.

Theorem 3.2. [9, p.133] Given an n X n 1-tridiagonal Toeplitz matrix, T,gl). Then, its determinant is:

a’ if bc=0
W, =d(+ D& if o =4be
@B if @ # dbe

a—p
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where a = & Va2—4bc and,B _ a=VNa?-4bc
= = = 4-va —3b¢

2

Recursive forms for the determinant of 2-tridiagonals came from two different sources [1] and [2]. Bergum identified
a recursive formula via the application of the elementary operations. His result is given in Theorem 3.3.

Theorem 3.3 ([1]). Fork=2andn > 5,
W,(lz) = aW,(lz_)1 — ach,(lz_)3 + bc? Wf12_)4.
Borrowska’s recursive form [2] made use of the gradual application of elementary operations on the determinant of
sub-matrices of the same 2— tridiagonal Toeplitz matrix.

For instance, Wff_)l is the determinant of a sub-matrix, T,(lz_)l, obtained from T,(,z) by deleting its last row and column. His
result is reported in Theorem 3.4. Note that this theorem assumes nonzero determinants of sub-matrices.

Theorem 3.4 ([2]). Let T,(lz) be an n X n 2— tridiagonal Toeplitz matrix. Then, its determinant is:

o) (Wa)z, n is even
w =\ .
W% Wui, n is odd

2

provided that the determinants of sub-matrices are nonzero.

4. MaIN ResuLrs
In this section, we share our main result regarding the determinants of 1-tridiagonal Toeplitz matrices for n > 2.

4.1. Binomial Coefficients. Let us, first, look at two Lemmas used in the proof of our result.

Lemma 4.1. /5, p.19]. Given ( 1), ("_l)for n,m €N, n > m. Then,

m:l m
i)+ ()= C)
+ = .
m—1 m m
Proof. 1Its proof is given in [5, p.27]. O
Note: The equality,

((n+l—m)—l)+((n+l—m)—l)_(n+1—m)

m m-—1 m

is the result of Lemma 4.1 forn* =n+ 1 —m.

Lemma 4.2. Forn,m e Nwithn =2m+ 1,

)= 7)
b )-0707)

(n—m—l) nm-m-1!

Proof. Let us consider the expression:

where n = 2m + 1.

Applying
T m-2m-Dim!
_ (m=-m-Dlm+1)
T (n=2m-Dlm(m+ 1)
_ (m-m-Dlm+1)
C (n=2m—D(m+1)!

m
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and

n—m\ (n—m)!
m+1) " (n=2m—-D!m+ 1!’

one obtains:

n—-m n—-m—-1y (m-m-D![m+1)—-(n—m)
(m+l)_( m )‘ (m+ 1)!(n—2m— 1)!
_(m-m-D'Cm+1-n)
T m+D!n-2m-1)!
=0 for n=2m+ 1.

O
Now, let us turn our attention to the main contribution, reported in Theorem 4.3.
Theorem 4.3. Given n > 2 and the largest m € N with 2m < n.
Then,
S =0\ o i
WO - ;(_1)( i )a 2 (be) (“.1)

Proof. We prove the Theorem inductively in two cases.
e Case 1: n=2m
Let us first verify Wél) =a® — bc and Wél) =a® —2abc. Forbothn =2 and n = 3, we take m = 1.

: (2= o
Wél) _ Z(_l)z( i l)aZ—Zl(bc)z
i=0

=d - (2 - 1)6122(bc)1

1
=a* - bc
and
‘ 3-i
W:(.’l) - Z(_l)l( ; )a321(bc)l
i=0
3-1
=d —( ] )613_2(bc)l
= a’ — 2abc
Now, assume (4.1) for k = n — 1 and k = n. By Theorem 3.1 and with the expressions:
wO = S ™ T 2 pey
g ZO< G )
and
m—1 R
n=1=10\ 10,
DY (—1)’( l. )a" i (boy,
i=0
we write

Wyer = aWD — bew'",

m . m=1 .
_p Z{; (—1)f(” . l)a”_Zi(bc)i —be Z{; (—1)f(” } 11 B ’)a"—l—2"(bc)f. 4.2)
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Let us now show that each Binomial term of W?. comes from 4.2).

n+l

Taking i = 0 for Wr(li)l gives

(_1)0(” + (1) - 0)an+10(bc)0 — anJrl’

which is the first term (i = 0) of Wf,l) multiplied by “a”.
That is,
o =0\ 0., 0 n
a((—l) ( 0 )a (bc) )= a(a")

— an+l.

Now, let us consider any ith term of W, for0 <i <m:

(_l)l(n + ll - i)a"+1_2i(bc)i,

the same as “a” times the ith term of W, and *“ — bc” times (i — 1)th term of W,,_; That is:

a ((_l)l(n l_ i)an—Zi(bc)i) — bc ((_l)i—l(n - ll__ll + l)an—l—z(i—l)(bc)i—l)

— ((_1)1(” l_ i)an+1—2i(bc)i) + ((_l)l(n - ll__ i+ l)an+1—2i)(bc)i)

1
— (_l)ian+1—2i(bc)i |:(n _ l) + (I’l - l):|
i i—1

e[ ).

Hence, by Lemma 4.1, we get
: . (n+1-1i
(_l)lan+l—21(bc)l(n ) l)'
i

This completes this part of the proof.
For the last term i = m of W,,, following a similar process gives:

(_1)m(n + :n_ m)an+l—2m(bc)m
=a ((_ l)m(n ;1m)an—2m(bc)m)

-1- 1
—be ((_1)m—1(” . _”11 + )an—l—Z(m—l)(bc)m—l).

e Case 2: n=2m+1

This case follows steps similar to those applied in Case 1, differing in the verification of the (m + 1) term of W,,,,.
Let us verify this step. We considern+ 1 =2m+2andn -1 =2m.
The (m + 1) term of W,,,;. is:
n+l-(m+1)
m+1

(_1)m+l(

The last term of W,,_; comes from i = m forn = 2m + 1. i.e.

)amlz(m”)(bc)mH. (44)

(—1)'"(” -1- m)a"”m(bc)'". (4.5)
m
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Next, multiplying (4.5) by —bc gives
1=
(—1)'"(" m)a"_l_m(bc)m X (~be). (4.6)
m

By Lemma4.2, we see that (4.6) is identical to (4.4).
This completes the proof. O

4.2. Tlustrations. Now, we consider a few examples to demonstrate the Theorem.

Example 4.4. Consider the following 1—tridiagonal Toeplitz matrix.

e -5 0 O

(1) i € -5 0
Ty = 0 i e -5
0 0 i e

Its determinant is e* + 15ie*> — 25. Here, i is an imaginary unit.
Let us now verify the determinant applying Theorem 4.3. Here, n = 4, m = 2, a = e, b = =5, and ¢ = i, hence the
following expression:

2 (4 — i ) ;
wib =3 (—1)’( j ])<e>4-2-'(<—5><i>>"
=0

= (4 0 0)(e)4‘2<°>[<—5>(i)]° - (4 | 1)(e>“‘2“><<—5>(i)>l

+ (4 ) 2)(e>4'2<2>[<—5)(i>]2.
We get:
W = 1e* - 3e?(=5i) + 1(=5i)>
=¢' + 15ie* - 25.
Now, we turn our attention to an odd size 1—-tridiagonal Toeplitz matrix.

Example 4.5. Take the following 1—tridiagonal Toeplitz matrix with determinant 23400.
6 2 0 0 O

-7 6 2 0 0
=0 -7 6 2 o0
0 0 -7 6 2
0 0 0 -7 6

Here,a = 6,b =2,c = -7,n =5, and m = 2. Applying Theorem 4.3, we get the following:

2 B
W=y (_1),7(5 ; f)<6>5-2f[<—7><2>1f
=0

(3705 _ (5 ey 1
—( 0 )(6) ( | )(6) (=72)

o O,

=(6)° —4((6)*(—-14)' +3(6)' (-14)*
= 7776 + 12096 + 3528
= 23400.

In the next example, we consider a complex-valued 1-tridiagonal toeplitz matrix.
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Example 4.6. Given the 1—tridiagonal Toeplitz matrix with determinant 20xi — 8i. Here, i is an imaginary unit.

2i -5 0
TV =|x 2 -5|.
0 n 2i

Here,a = 2i,c = n,b = =5,n = 3, and m = 1. By Theorem 4.3, we have:

R |
W= (—1)’( j ])<2,-)3—21[(ﬂ><—5>]f
=0

(S Ot e
—8i — 2(2i(=57))
—8i + 20mi.

5. CONCLUSION

We presented our main contribution in Theorem 4.3 and provided a complete proof. The contribution is a method
for computing the determinants of 1-tridiagonal Toeplitz matrices using binomial expansions. We also verified our
results via examples of both real- and complex-valued 1-tridiagonal Toeplitz matrices of odd and even sizes.

Given the widespread use of Toeplitz matrices and their determinants in the computational sciences, and in light of
recent developments showing that any matrix can be decomposed into a product of Toeplitz matrices [8], our result
offers new opportunities for innovation and advancement, particularly in reducing algorithmic complexity. One area
where we anticipate a significant impact is the parallel computation of determinants. Many existing algorithms rely
on the basic definition of the determinant, which is computationally expensive. In contrast, the binomial expansion in
Theorem 4.3 allows each term to be computed in parallel, leading to faster determinant computation.
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