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Abstract
In this work, the bifurcation and hysteresis phenomena of the Euler beam problem are focused on
from the singularity theory viewpoint. Confirming the continuity of the problem is a necessary
condition for performing a bifurcation and hysteresis analysis. A bifurcation problem is transformed
from an infinite dimension to a finite dimension by applying the Lyapunov equations. A suitable
central force minimizes our considered model and makes the problem stable. Moreover, we perform
numerical investigations and interpret the results obtained from the bifurcation and hysteresis analysis
geometrically with suitable values of the new unfolding parameters and with different lengths.
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1 Introduction

Golubetsky and Schaeffer showed how singularity [1, 2] works to investigate the variational
problems or bifurcation solutions of the partial differential equations. They presented several
important cases, including bifurcations from a single eigenvalue and double eigenvalue problem.
They discussed the bifurcations that were subjected to tiny perturbations using the theory of
singularities. They introduced the fundamental bifurcation problem [3]: a unit-strength torsional
spring balances the compressive force applied to two rigid rods of equal length connected by
frictionless pins. In 1994, Jerrod and Marsden considered a beam free to move in a plane, distorted
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from its natural state by the application of a compressive force. They noticed that the beam buckles
into one of two conceivable states after a critical load is achieved, despite initially compressing
somewhat. When the compressive force is less than the Euler’s critical load then nothing happens.
The stability has been moved from the initial trivial solution to the stable buckled solutions,
although the compressed state is still present but is now unstable.

This work is concerned with generating a new bifurcation model and bifurcation analysis with the
unfolding parameters, whereas we can also discuss the hysteresis. We examine the Euler buckling
problem [1], a well-known pitchfork bifurcation scenario.

A mathematical expression of the perturbed energy functional

E(v, λ, α, β) =
1
2

∫π

0

[
v′′

(1 − v ′2)
1
2
− α

]2

ds + λ

∫π

0

(
1 − v′2

) 1
2 ds + βv

(π

2

)
. (1)

For α = β = 0, the idealized set-up is when the rod is perfectly straight and is only subjected to
the compressive force λ in its unstressed state. We intend to observe an appropriate central force α

to minimize the problem.

By minimizing the energy problem, we can find solutions that correspond to stable or ideal
states, which allows us to better understand the equilibrium positions, stable configurations, or
optimal solutions that lead to efficient, cost-effective, or high-performance outcomes. We find
the restricted tangent space and the tangent space of the problem considered, and we calculate
the codimension to be 2 on the basis of the restricted tangent space. Co-dimension 2 ensures the
minimum unfolding parameter is two. The changes in the unfolding parameters presented the
imperfection of the problem.

Our considered problem is as follows:

E : V × R × R2 −→ R, v 7→ E(v, λ, α), α = (α, β),

where V = {v ∈ X : ∥v ′∥∞ ≤ 1 − ϵ} and X is the Sobolev space

X = {v ∈ H2[0, l] : v(0) = v(l) = 0},

defined by

E(v, λ, α, β) =
1
2

∫ l

0

(
v ′′

(1 − (v ′)2)1/2 − αF
)2

ds + λ

∫ l

0

√
1 − (v ′)2ds + βδ(v), (2)

where δ(v) = v(l/2). Here, the function F is defined by [4, 5]

F =
1√
l/2

[
a0 +

∞∑
k=1

(
ak cos

2kπs
l

+ bk sin
2kπs

l

)]
, (3)

with ∥F0∥∞ < ∞. Since v ∈ H2[0, l], we can choose that v is C1, and there is a constant ε1,
0 < ε1 < 1, so that |v ′(s)| < 1 − ε1.

Variational formulation of (1) gives [1, 6, 7],

Φ(v,λ,α,β) · ξ = (dE)(v,λ,α,β) · ξ.
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We must verify that Φ is smooth and demonstrate that Φ is C∞. The Lyapunov-Schmidt reduction
can be used to make the problem finite-dimensional if Φ is continuous. According to the Lyapunov
Schmidt reduction, the zero of Φ(x, λ, α, β) describes the bifurcation for zero of Φ(v, λ, α, β) as
mentioned below

Φ(x, λ, α, β) = PΦ(xvn +W(x, λ, α, β), λ, α, β). (4)

From the bifurcation equation, Φ = 0 and its Taylor coefficients help us to discuss the bifurcation
solutions. First, second, and third-order derivatives of Φ we can discuss the bifurcation set and
hysteresis set and the set of the zeros of

Φ = x3

6 Φ̃xxx + Φ̃xλλx + Φ̃αα + Φ̃ββ + x2

2 ℓ(α, β) + xQ(α, β) + C(α, β) + O(4),

where ℓ(α, β) = Φ̃xxαα + Φ̃xxββ, Q(α, β) = 1
2 (Φ̃xααα2 + 2Φ̃xαβαβ + Φ̃xβββ2), and C(α, β) =

1
6 (Φ̃αααα3 + 3Φ̃ααβα2β + 3Φ̃αββαβ2 + Φ̃ββββ3).

Using the numerical results to discuss the graphical representation, we can observe the change
of bifurcation and hysteresis according to the suitable values of the central load, which depend
on the unfolding parameters. Our considered model is static degenerate, i.e., the system has
innumerable solutions, and they remain constant under minor disruption due to the system’s
built-in regularities. The static degenerate system also has a few advantages in the field of
singularity theory and bifurcation analysis; it has the ability to simplify complex systems, come
up with stability and robustness, and offer deep apprehension into the underlying uniformity and
structures of these systems. Systems revealing static degeneracy have solutions that are immutable
under small perturbations, leading to robustness in applications where stability is crucial.

This paper is organized as follows: In Section 2, we recall some fundamentals on Sobolev space,
state degeneracy and nondegeneracy, tangent space and restricted tangent space, and codimension.
In Section 3, we discuss versal unfolding, and in Section 4, we consider the Euler beam problem,
along with the basic bifurcation theorem and perturbation theory. We talk about the smoothness
of the considered problem in Section 5. In Section 6, we apply the Taylor coefficients of the Φ and
Lyapunov equations with the projections of the bifurcation function. We present the numerical
analysis and the graphical representation in Section 7, and the conclusion is in Section 8.

2 Preliminaries

In this section, we recall some fundamentals of classics which are essential for our work.

Sobolev space

Suppose Φ[0, l] is the set of functions [0, l] → R modulo the equivalence relation [8, 9] with the ith
order distributional derivatives of v is Div and the Sobolev space is

∥v∥Wk,p[0,l] =

( k∑
i=0

(
k
i

)
∥Div∥p

Lp[0,l]

) 1
p

,

∥v∥p =


(∫l

0 |v|
pds
)1/p

, 1 ≤ p < ∞,

max{|v(s)| : s ∈ [0, l]}, p = ∞.
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We consider Lp[0, l] the set {v : [0, l] → R : ∥v∥p < ∞} and for Wk,2[0, l], we find Hk[0, l] which
constitutes a Hilbert space under the following the inner product

⟨vm, vj⟩k =

{
(1 + π2m2

l2 )k, if m = j,

0, if m ̸= j,
(5)

where vm =
√

2
l sin(mπs

l ).

Degeneracy and non-degeneracy

Suppose f is a smooth function f : Rn → R has a critical point at x0 if differential vanishes at
x0 that is d fx0 = 0 critical point is also known as a singular point [10]. The symmetric matrix
n × n of second order partial derivatives is the Hessian matrix of f at x0 if x0 is a critical point at

F : Rn → R, Fx0 = d2H f (x0) = (hij) in this case, hij =
∂2 f

∂xi∂xj
(x0). If det H f (x0) ̸= 0, then a critical

point x0 of f is non-degenerate; if not, then degenerate. The number of negative eigenvalues of the
Hessian matrix counting multiplicity is the index of a non-degenerate critical point of the smooth
function f if x0 ∈ Rn.

Tangent space and restricted tangent space

The tangent space [2] to a germ f in Ex,λ, represented as T(F), is composed of all germs of the form
A f + B fx + C fλ, where A, B ∈ Ex,λ. We use tangent space to compute the universal unfolding
and to demonstrate a versal unfolding of F of a germ f using tangent space. The expression
C(λ) fλ(x, λ) presents a challenge because multiplying it by any arbitrary germ Eλ(x, λ) does
not maintain its form. This finding touches on an issue with T( f ) computations, which is the
presumption that coordinate changes in λ are independent of x. We are therefore interested in the
restricted tangent space.
The restricted tangent space of a germ f is the set of all germs p that may be represented in the
way shown below

p(x, λ) = A(x, λ) f (x, λ) + B(x, λ) fx(x, λ),

where A, B ∈ Ex,λ and B(0, 0) = 0. "Restricted" refers to a creation with strong equivalency.
If RT( f + tp) = RT( f )∀t ∈ [0, 1], the f + tp is strongly equivalent to f∀t ∈ [0, 1], [key : p ∈
RT( f )]. The restricted tangent space RT( f ), which is also made up of all the mappings p such that,
for small t, f + tp is strongly similar to h, is necessary in order to construct the tangent space. A
linear combination of lowest-order monomials is indicated by h, and p represents the perturbation
in this case.

Codimension

The versal unfolding of F of f is based on the fewest possible parameters, provided that all other
unfoldings of f factor through F. The value with the lowest codimension is f .

Bifurcation set and hysteresis set

Consider the versal unfolding of a germ as Φ : R × R × Rk → R of f : R × R → R. The
bifurcation set is represented by B [1], which is the set of values of the parameters that can be used
to represent the qualitative behavior in the system. A bifurcation point termed as a singular point
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on the bifurcation diagram can occur only α belongs to the bifurcation set

B = {α| fα has a bifurcation point}

= {α ∈ Rk : ∃(x, λ) ∈ R × R, Φ(x, λ, α) = 0, Φx(x, λ, α) = 0, Φλ(x, λ, α) = 0}.

The symbol H [1] indicates a hysteresis point, which is a point on the bifurcation diagram having
a vertical tangent; thus α belongs to the hysteresis set

H = {α| fα has a hysteresis point}

= {α ∈ Rk : ∃(x, λ) ∈ R × R, Φ(x, λ, α) = 0, Φx(x, λ, α) = 0, Φxx(x, λ, α) = 0}.

3 Versal unfolding

If F(x, λ) is the original function of the modified energy function E(x, λ, α, β) [2]. The tangent
space of F(x, λ) is as follows:

T(F(x, λ)) =
(
M3 +

〈
λ2
〉)

⊕ R{F, Fx, xFx, Fλ, λFλ}.

Here, the restricted tangent space is

RT(F) = M3 +
〈

λ2
〉

,

and the codimension of F is 3 for the basis ⟨1, x, xλ⟩. For the pitchfork bifurcation codimension

of RT(F) = codim {F} − 1 = 2 where Mk = { f ∈ En

(
∂

∂v

)α
f (0) = 0 for |α| ≤ k − 1} since

Mk ⊂ RT(F).

Universal unfolding theorem

Let F be a k-parameter versal unfolding of f , where f is a germ in Ex,λ if and only if [2]

Ex,λ = T( f ) + R

(
∂F
∂α1

(x, λ, 0), . . . ,
∂F
∂αk

(x, λ, 0)
)

.

The minimum number of codimensions is the number of versal unfolding parameters.

4 Euler beam problem

To perform a bifurcation and hysteresis analysis of the Euler beam problem, we need to apply
some well-known mathematical tools and techniques [11, 12] under the singularity theory. A brief
description of such tools is presented in the following sections. Let v(s) represent the beam’s
deflection that is perpendicular to a reference line. This can be represented as a function of the arc
length towards the beam.

We determine the curvature of an element in the following form

F =
d
ds

sin−1 v′ = v′′(1 − v′2)−
1
2 .
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We have the strain energy and the potential energy of the system, respectively.

S =
1
2

∫ l

0
F 2ds =

1
2

∫ l

0
v′′2(1 − v′2)−1ds, (6)

T =

∫ l

0
(1 − v′2)1/2ds. (7)

The total energy E is

E = S + λT =
1
2

∫ l

0

[
v′′

(1 − v′2)1/2

]2

ds + λ

∫ l

0

√
1 − (v ′)2ds,

on V = {v ∈ X : ∥v ′∥∞ ≤ 1 − ϵ}, 0 < ϵ ≪ 1, while X represents a Sobolev space defined as

X = {v ∈ H2[0, l] : v(0) = v(l) = 0}.

Here, α stands for the beam’s initial (constant) curvature, and the strain energy functional for the
problem under consideration is obtained

S =
1
2

∫ l

0
(F − α)2ds =

1
2

∫ l

0

[
v′′

(1 − v′2)1/2 − α

]2

ds.

In this idealized situation, β denotes a central load and α denotes the (constant) initial curvature
of the beam for the perturbed energy functional. Here we set V = δ(v) = v( l

2 ).

Now the total energy is the summation of the strain energy, potential energy and central force for
the Euler buckling problem

E = S + λT + βV =
1
2

∫ l

0
(F − α)2ds + λ

∫ l

0
(1 − v′2)1/2ds + βδ(v).

Eq. (1), which is the perturbed energy function, is the modified Euler buckling problem of
Golubitsky and Schaeffer’s technique. If an external force acts on the beam, however, the beam
does not deform as the compressive force λ is zero.
The reducing idealized problem’s initial solution v = 0 shows a supercritical bifurcation at
λ = n2π2

l2 for α = β = 0. It is our goal to demonstrate an idealized model presented by the versal
unfolding parameters α and β. We assume that the curvature is not constant initially while the
strain energy is minimized as follows:

S =
1
2

∫ l

0

(
v ′′

(1 − (v ′)2)1/2 − αF
)2

ds,

where F is a function that can be defined as

F =
1√
l/2

[
a0 +

∞∑
i=1

(
ai cos

2iπs
l

+ bi sin
2iπs

l

)]
.
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Basic bifurcation theorem

Suppose F : R × R → R; we discuss a basic bifurcation theorem [13, 14] for this function. Using
the bifurcation theorem, we can identify the types of global and different types of local bifurcation.
For x = 0, the theorem mentioned below concerns a trivial solution [ f (0, λ) = 0 ∀ λ, so(

∂ f
∂λ

)
(0, λ0) = 0], where F is symmetric that ensures Fxx(0, λ) = 0 and concerns the simplest case

in which (0, λ0) might be a bifurcation point [so
(

∂F
∂x

)
(0, λ0) must vanish]. From the bifurcation

theorem [2] we can discuss the followings:
If the following criteria are met and F : R × R → R is a smooth mapping:

(i) F(x0, λ0) = 0, Fx(x0, λ0) = 0, Fλ(x0, λ0) = 0, and Fxx(x0, λ0) = 0, and

(ii) Fxxx(x0, λ0) ̸= 0, and Fxλ(x0, λ0) ̸= 0.

Then (x0, λ0) is a bifurcation point, and the neighborhood of (x0, λ0) has a smooth coordinate
change in the following form

x = ξ(x̃, λ) with ξ(0, λ0) = x0,

(here bar indicates evaluate at the critical point) and a smooth function T (x̃, λ) with T (0, λ0) = +1
such that

T (x̃, λ)F(ξ(x̃, λ), λ) = x̃3 ± λx̃,

according to the sign of [Fxλ(x0, λ0) · Fxxx(x0, λ0)]. This follows that T (x̃, λ)F(ξ(x̃, λ), λ) and
x̃3 ± λx̃ are P −K-equivallent.

Perturbation theory

As shown [1, 13], we have since

ξ̃ = Φ̃x = Φ̃xx = Φ̃λ = 0, Φ̃xxx ̸= 0, Φ̃xλ ̸= 0,

the bifurcation of ξ(x, λ) = 0 at (0, λ∗), where ξ(x, λ) = Φ(x, λ, 0, 0), is a pitchfork.

Definition 1 P −K -versality:
An unfolding Φ : (R × R × R × R, (0, λ∗, 0, 0)) → (R, 0), (x, λ, α, β) 7→ Φ(x, λ, α, β), of f : (R ×
R, 0) → (R, 0), (x, λ) 7→ f (x, λ), is known as p-K-versal, if

Ex,λΦ + Ex,λΦx + EλΦλ + ⟨Φi|(x,λ,α,β)=(0,λ∗,0,0) : i = 1, . . . , k⟩R = Ex,λ.

Here germs Ex,λ, and Eλ denoting the ring of C∞-function on (R2, (0, λ∗)), and (R, λ∗) of the
variables (x, λ), and λ accordingly.
Here we compute

∣∣∣∣∣∣∣∣
Φ̃x Φ̃xx Φ̃xxx Φ̃xλ

Φ̃λ Φ̃xλ Φ̃xxλ Φ̃λλ

Φ̃α Φ̃xα Φ̃xxα Φ̃λα

Φ̃β Φ̃xβ Φ̃xxβ Φ̃λβ

∣∣∣∣∣∣∣∣ =
∣∣∣∣∣∣∣∣

0 0 Φ̃xxx Φ̃xλ

0 Φ̃xλ Φ̃xxλ Φ̃λλ

Φ̃α 0 Φ̃xxα 0
Φ̃β 0 Φ̃xxβ 0

∣∣∣∣∣∣∣∣ = (Φ̃xλ)
2
∣∣∣∣Φ̃α Φ̃xxα

Φ̃β Φ̃xxβ

∣∣∣∣ ̸= 0,
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which concludes Φ is P-K-versal when n is odd [1].

5 Smoothness

Smoothness of Φ or differentiability of Φ [4] then we have,

dE = Φ (v, λ, α, β) · ξ =

∫ l

0

[
v ′′

(1 − v ′2)
1
2
−F0α

] [
ξ ′′

(1 − v ′2)
1
2
+

v ′v ′′ξ ′

(1 − v ′2)
3
2

]
ds + βξ

(
l
2

)
= ((Ψ)v − λ(Λ)v) · ξ − α(F )v · ξ + βξ

(
l
2

)

Lemma 1 Φ is C1 where the image of Φ is in X ′ [5].

Remarks:

• |Φ(v,λ,α,β) · ξ| ≤ ∥ξ∥2,2.

• Here Φ(v,λ,α,β) · ξ = ((ψ)v − λ(Λ)v) · ξ − α(F )v · ξ + βξ( l
2 ), with the following calculation

|((ψ1)v1 − (ψ1)v2)[u] · ξ| ≤ ϵ(∥u ′∥2∥ξ ′′∥2 + ∥u ′′∥2∥ξ ′′∥2 + ∥u ′∥2∥ξ∥2 + ∥u ′′∥2∥ξ ′∥2),

| ((Λ1)v1 − (Λ2)v2) [u] · ξ| ≤ ϵ∥u ′∥2∥ξ ′∥2,

| ((F1)v1 − (F2)v2) [u] · ξ| ≤ (∥u ′∥2∥ξ ′′∥2 + ∥u ′∥2∥ξ∥2 + ∥u ′∥2∥ξ ′∥2 + ∥u ′′∥2∥ξ ′∥2),

where ψ1, Λ1,F1 indicates the first derivatives of ψ, Λ,F .

Lemma 2 Φ is C∞ [5].

Remark: If j + i1 + · · ·+ iF ≤ k + 2, j ≥ 2 then we get∣∣∣∣∣
∫ l

0
A(v ′)(v ′′)jv1

(i1) · · · v(ik)k ds

∣∣∣∣∣ ≤ C∥A(v ′)∥∞∥v∥j
2,2∥v1∥2,2 · · · ∥vk∥2,2,

and if j + i1 + · · ·+ ik > k + 2, we need to substitute ∥ · ∥2,2 by ∥ · ∥3,2.

6 Taylor coefficients of Φ and Lyapunov equations

Here (Φk)v is the k-th order differential coefficient at v of (Φ)v, and by Φk [4, 5] of the order k
differential of Φ at v = 0.

Lemma 3 Setting (Φ)u = (Ψ)u − λ(Λ)u. The first derivative of (Φ)u at u = 0 is demonstrated as

Φ1[u] · ξ =

∫ l

0
(u ′′ + λu)ξ ′′ds. (8)

Lemma 4 The second derivative of (Φ)v is

(Φ2)v[u1, u2] · ξ =

∫ l

0
[2v′u′

2u′′
1 ξ ′′ + 2v′′ξ ′′u′

2u′
1 + 2v′u′

1u′′
2 ξ ′′ + 2v′′u′′

1 u′
2ξ ′ + 2u′′

2 u′′
1 ξ ′v′ + 2v′′u′′

2 u′
1ξ ′]ds.

So, setting v = 0, we obtain Φ2[u1, u2] · ξ = 0.
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Lemma 5 We have

Φ3[va, vb, vc] · vn =
abcn2π5

l7

∑
ε1a+ε2b+ε3c=n

[
1 −

3n
2

+ abcnε1ε2ε3

( ε1

a
+

ε2

b
+

ε3

c

)]
,

where εi = ±1, i = 1, 2, 3.

Lemma 6 When F = 1√
l/2

[a0 +
∑∞

k=1 (ak cos(2kπs/l) + bk sin(2kπs/l))], we calculate

F0 = −
π2

l2

[∑
m: odd

4
π

∞∑
k=0

m3ak
m2 − 4k2 v∗m +

∑
m: even

m2bm/2v∗m

]
, F1[va] = 0, and

F2[va, vb] = −
abπ3

l5

∞∑
k=0

(
ak

∑
m ̸≡a+b(2)

m

 ∑
ε1,ε2=±1

(ε1a + ε2b + m)2

(ε1a + ε2b + m)2 − 4k2

 v∗m

+ bk
∑

ε1,ε2,ε3=±1

ε3k(ε1a + ε2b + 2ε3k)v∗ε1a+ε2b+2ε3k

)
.

Lyapunov equations

From (8) we find λ∗ = (nπ
l )2, vn =

√
2
l sin(nπs

l ) is a non-zero function that generates the ker-
nel of the first-order derivative of Φ. We decompose Φ(v, λ, α, β) = 0 which is equivalent to
PΦ(v, λ, α, β) = 0, and QΦ(v, λ, α, β) = 0. Hence, the orthogonal projection of X ′ to ker L1 is
P : X −→ X where v 7→ ⟨v,vn⟩2

⟨vn,vn⟩2
vn and the orthogonal projection Q : X −→ X , v 7→ v − P(v),

X ′ to the transpose of ker L1, the orthogonal complement to ker L1.
Notably, the differential map (ker L1)

⊥ → (ker L1)
⊥ is bijective, and its inverse is also continuous,

which means isomorphism where u 7→ DuQΦ, at (0, λ∗, 0, 0) is given by u 7→ [
ξ 7→ ∫l

0(u
′′ +

λ∗u)ξ ′′ds
]
. If it is not isomorphism, we can not apply the implicit function theorem. By the

implicit function theorem [11], the rest of the decomposed equation defines a bifurcation function
by

QΦ(xvn +W(x, λ, α, β), λ, α, β) = 0 near (0, λ∗, 0, 0). (9)

According to the Lyapunov-Schmidt reduction, the zero of Φ(x, λ, α, β) describes the bifurcation
of zero, and then we can write the projection of the bifurcation function

Φ(x, λ, α, β) = QΦ(xvn +W(x, λ, α, β), λ, α, β). (10)

The projections of L3 and F2 are as follows

QL3[W̃α, W̃α, W̃α] = −
l6

π6

∑
a,b,c ̸=n

FaFbFc

(a2 − n2)(b2 − n2)(c2 − n2)
QL3[va, vb, vc],

QL3[W̃α, W̃α, W̃β] = −
l6

π6

∑
c:odd,a,b,c ̸=n

FaFb(
l2

π2 )
√

2
l

c2(a2 − n2)(b2 − n2)(c2 − n2)
QL3[va, vb, vc],
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QL3[W̃α, W̃β, W̃β] = −
l6

π6

∑
b,c:odd,a,b,c ̸=n

Fa(
l4

π4 )
2
l

b2c2(a2 − n2)(b2 − n2)(c2 − n2)
QL3[va, vb, vc],

QL3[W̃β, W̃β, W̃β] = −
l6

π6

∑
a,b,c:odd,a,b,c ̸=n

( l6

π6 )(
2
l )

3/2

a2b2c2(a2 − n2)(b2 − n2)(c2 − n2)
QL3[va, vb, vc],

QF2[W̃α, W̃α] =
l4

π4

∑
a,b ̸=n

FaFb
(a2 − n2)(b2 − n2)

QF2[va, vb],

QF2[W̃α, W̃β] =
l6

π6

√
2
l

∑
a,b ̸=n,odd

Fa

b2(a2 − n2)(b2 − n2)
QF2[va, vb],

QF2[W̃β, W̃β] =
l8

π8
2
l

∑
a,b ̸=n,odd

1
a2b2(a2 − n2)(b2 − n2)

QF2[va, vb].

7 Numerical analysis

Suppose the bifurcation function [4] is

Φ(x, λ, α, β) = QΦ(xvn +W(x, λ, α, β), λ, α, β),

where

Φ = xΦ̃x + λΦ̃λ + αΦ̃α + βΦ̃β +
x2

2
Φ̃xx + xλΦ̃xλ + xαΦ̃α + xβΦ̃xβ +

λ2

2
Φ̃λλ + · · ·+ x3

6
Φ̃xxx

+
x2

2
l(α, β) + xQ(α, β) + C(α, β) + O(4),

(bar indicates evaluate at (0, λ∗, 0, 0)). Where

l(α, β) = Φ̃xxαα + Φ̃xxββ,

Q(α, β) =
1
2

(
Φ̃xααα2 + 2Φ̃xαβαβ + Φ̃xβββ2

)
,

C(α, β) =
1
6

(
Φ̃αααα3 + 3Φ̃ααβα2β + 3Φ̃αββαβ2 + Φ̃ββββ3

)
.

We now assume the following bifurcation function

Φ(x, λ, α, β) =QΦ(xvn +W(x, λ, α, β), λ, α, β) = Q(L)v − αQ(F )v + βQδ, (11)

where

(L)v = (Ψ)v − λ(Λ)v, v = xvn +W(x, λ, α, β).

For describing the pitchfork bifurcation we consider [1] the bifurcation set B, hysteresis set H, and
the double limit points DL [2] are defined as in the following manner

B ={α : ∃(x, λ), Φ(x, λ, α, β) = 0, Φx(x, λ, α, β) = Φλ(x, λ, α, β) = 0}, (12)
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H ={α : ∃(x, λ), Φ(x, λ, α, β) = 0, Φx(x, λ, α, β) = Φxx(x, λ, α, β) = 0}, (13)

DL ={α : ∃(x, y, λ), with x ̸= y, Φ(x, λ, α, β) = 0, Φ(y, λ, α, β) = 0 (14)

=det(dxΦ)(y, λ, α, β)}.

Here we have,

B = {(α, β) : Φ̃αα + Φ̃ββ + C (α, β) + O(4)},

H = {(α, β) : Φ̃αα + Φ̃ββ + C(α, β)−
2l14

27n12π12 l (α, β)3 + O(4)},

where

Φ̃αα + Φ̃ββ =
4πn2

l2

∞∑
i=0

nai

n2 − 4i2 α +

(
(−1)

n−1
2

√
2
l

)
β|n=1,

C(α, β) =

(
1
6

L3[v, v, v]−
α

2
Fα[v, v]

)
· vn|v=W̃ ,

W̃ = −
l2

π2

∑
m:odd;m ̸=n

1
m2 − n2

4α

π

∞∑
i=0

mai

m2 − 4i2 vm ∗+ l2

π2
β

m2
√

l
2

vm∗

 ,

and

W̃α = −
4l2

π3

∑
m:odd, ̸=n

m
m2 − n2

∞∑
i=0

ai

m24n2 v∗m,

W̃β =
l4

π4

∑
m:odd, ̸=n

√
2
l

m2(m2 − n2)
v∗m.

The second order derivatives of W , and the projection of the third order derivatives are at the
critical point (0, λ∗, 0, 0) as follows

W̃xx = 0, W̃xλ = 0, W̃xα = 0, W̃xβ = 0, W̃λλ = 0, W̃λα = L−1QΛα[W̃α],

QΦ3[W̃α, W̃α, W̃α] =
c0

lπ

(
4
π

)3
, QΦ3[W̃α, W̃α, W̃β] =

lc1

π3

(
4
π

)2 (2
l

)1/2
,

QΦ3[W̃α, W̃β, W̃β] =
l3c2

π5

(
4
π

)
2
l

, QΦ3[W̃β, W̃β, W̃β] =
l5c3

π7

(
2
l

)3/2 (2
l

)
.

[Remark: Here bar indicates the calculation at (0, λ∗, 0, 0).] We get,

W̃αα + W̃ββ = −
l2

π2

∑
m:odd,m ̸=n

1
m2 − n2

(
4α

π

∞∑
i=0

mai

m2 − 4i2 +
l2

π2
β

m2
√

l/2

)
v∗m

−
l2

π2

π2∑
l2

∑
m:even,m ̸=n

bm/2

m2 − n2 vm∗,
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and

QF2[va, vb] = −
abnπ3

l5

∞∑
i=0

ai
∑

a+b ̸=n(2)

∑
ϵ1,ϵ2=±1

(ϵ1a + ϵ2b + n)2

(ϵ1a + ϵ2b + n)2 − 4i2 .

We inspect that the bifurcation set is exhibited as a straight line, while the hysteresis set is a curve,
and that is going to make a loop when a0 is present only. In Figure 1-Figure 5, the red line and
blue line indicate the bifurcation set and the hysteresis set, respectively. These diagrams depend
on the values of F . For this purpose, the length is varied, e.g., π, 2π, and 4π, under different
choices of a0. It is also observed that the bifurcation sets near the origin are almost the same, but
the hysteresis sets are changing considerably as a0 increases.

Figure 1. B and H (a0 = 1
2 , aα,β≥1 = 0) estimates in αβ plane

Figure 2. B and H (a0 = 1, aα,β≥1 = 0) estimates in αβ plane



Afroz et al. | 91

Figure 3. B and H (a0 = 2, aα,β≥1 = 0) estimates in αβ plane

Figure 4. B and H (a0 = 1, aα,β≥1 = 1, 2) estimates in αβ plane

Figure 5. B and H (a0 = 2, aα,β≥1 = 1, 2) estimates in αβ plane

8 Conclusion

We describe the perturbation or imperfection of the Euler beam problem, confirming the smooth-
ness of the considered problem. We present our model as non-degenerate. The explicit notion of
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imperfections is unfolding parameters that are essential to indicate an arbitrarily small perturba-
tion of the given problem. Versatility is crucial since it allows us to talk about flaws or potentially
disturbed bifurcation diagrams using the versal unfolding parameters. We are also interested in
talking about stability analysis and eigenvalues.
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