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Abstract

Fuzzy sets have a significant place in solving problems involving

uncertainty. There are many studies on fuzzy sets in decision-making,
engineering, algebra, etc. In this study, we discuss the behavior of
Pythagorean fuzzy sets, which are a kind of generalization of fuzzy sets
in algebra. First, we define the Pythagorean fuzzy product and examine
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Pythagorean Bulanik Bi-ideallerin Bazi Cebirsel Ozellikleri

Tokat Gaziosmanpaga University, (),
Faculty of Arts and Science,
Department of Mathematics, Tokat,
Tiirkiye

Bulanik kiimeler, belirsizlik i¢eren problemlerin ¢6ziimiinde ¢ok onemli
bir yere sahiptir. Karar verme, miihendislik, cebir vb. alanlarda
bulanik kiimeler iizerine ¢ok sayida calisma vardi. Bu calismada,
bulanik kiimelerin bir tiir genellestirilmesi olan Pythagorean bulanik
kiimelerin cebir de ki davranislarini tartistyoruz. Ilk olarak, Pythagorean
bulanik carpimi tanimliyoruz ve bazi 6zelliklerini inceliyoruz. Ardindan,
Pythagorean bulanik ideali ile Pythagorean bulanik carpimi arasindaki
iligkiyi arastirtyoruz. Sonra, Pythagorean bulanik bi-ideali tanimliyoruz.
Bi-idealleri bulanik bi-idealler agisindan karakterize eden teoremi
veriyoruz. Pythagorean bulanik bi-ideallerin Pythagorean bulanik ¢arpim
altindaki davraniglarini inceliyoruz. Pythagorean bulanik bi-ideallerin
arakesitinin, kartezyen ¢arpiminin ve Pythagorean bulanik carpiminin da
Pythagorean bulanik bi-ideal oldugunu ispatliyoruz. Dahasi, Pythagorean
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Introduction

In the universe, there are many unsolved problems with uncertainty. To solve these problems, scientists
are producing new theories every day. Some of these theories are fuzzy set [1], rough set [2], and
soft set [3]. In 1965, Zadeh [1] paved the way for many studies by defining a fuzzy set using the
membership function. Thus, the fuzzy set theory began to be used in diverse fields such as science,
medicine, engineering, etc. Many researchers have been working on combining fuzzy logic structures
and functionalities with natural computing in recent years. The highly active development of new
branches of fuzzy mathematics, such as fuzzy algebra, fuzzy decision-making, fuzzy rough sets, and
fuzzy soft sets, to name just a few, has been greatly aided by fuzzy set theory in particular.

On the one hand, fuzzy sets were studied on different algebraic structures, and the other hand, generaliza-
tions of fuzzy sets were suggested. Intuitionistic fuzzy sets are one of the generalizations that may
be defined with fuzzy sets. Atanassov [4] defined an intuitionistic fuzzy set and investigated various
properties. After that, Yager [5] extended to Pythagorean fuzzy sets, a generalization of intuitionistic
fuzzy sets. The idea was excellently suited to mathematically describe ambiguity and uncertainty and
create a structured instrument to deal with imprecision in practical circumstances.

Yager [6] investigated features and application of Pythagorean fuzzy sets. Pythagorean fuzzy sets are
used in Zhang [7]’s development of an extension of TOPSIS for multiple criteria decision-making.
Some features of Pythagorean fuzzy sets were discussed in [8,9]. Characterization of operations by
Pythagorean and complex fuzzy set was studied in [10]. The continuous Pythagorean fuzzy information
features were investigated by Gou et al. in [11]. The multiobjective optimization approach based on
ratio analysis in [12] captures many features, including the criteria and alternatives for evaluating a
multiple-criteria decision-making problem. Naz et al. [13] defined a new graph called the Pythagorean
fuzzy graph. Some new distance measures of Pythagorean fuzzy sets were determined, and the application
in medical diagnosis was studied by Xiao [14]. Wang et al. [15] suggested a multi-criteria decision-making
approach that is entropy-based. Kirisci and Simgsek [16] used Pythagorean fuzzy soft sets for the first
time in an application related to infectious diseases. In [17], Kumar and Chen proposed a new entropy
measure of Pythagorean fuzzy sets. In [18], Pythagorean fuzzy topological space was introduced, which
expanded the concepts of intuitionistic fuzzy topological space and fuzzy topological space.

Moreover, some scientists started to study the behavior of Pythagorean fuzzy sets in algebra. Hussian et
al. [19] researched rough Pythagorean fuzzy ideals in semigroups by establishing a relationship between
rough sets and Pythagorean fuzzy sets. Bhunia et al. [20,21] examined Pythagorean fuzzy subgroups,
(c, B)-Pythagorean fuzzy subrings and ideals of rings. Razaq et al. [22,23] defined Pythagorean fuzzy
subgroup, Pythagorean fuzzy cosets, Pythagorean fuzzy normal subgroups, and Pythagorean fuzzy rings,
which would pave the way for Pythagorean fuzzy sets in the field of algebra and analyzed theirs different
algebraic properties. Adak et al. [24] studied Pythagorean fuzzy ideals of near rings.

The behavior of Pythagorean fuzzy sets in algebraic structures has become a matter of curiosity and has
begun to be investigated. This study aims to generalize the Pythagorean fuzzy ideal and contribute to the
literature by examining the algebraic properties of this new structure. To put it another way, we aimed
to give this idea a more elevated identity and distinguish our study from others of a similar nature. This
new Pythagorean fuzzy ideal type can also be used in future studies.

The motivation for writing this paper is to propose a new approach to generalize Pythagorean fuzzy
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ideals inspired by classical algebra. Secondly, a new framework can be presented by generating concepts

such as Pythagorean fuzzy product and Pythagorean fuzzy bi-ideal obtained in this study.

In this study, basic definitions and concepts about Pythagorean fuzzy sets are first reminded. The
Pythagorean fuzzy product is defined, and some basic properties are investigated. Moreover, the relation
between the Pythagorean fuzzy product and the Pythagorean fuzzy ideal is examined. Then, the Pythago-
rean fuzzy bi-ideal is investigated, and its algebraic features are discussed. Additionally, it is shown that

the image and preimage of Pythagorean fuzzy bi-ideal are Pythagorean fuzzy bi-ideal.

Preliminary

This section provided some basic definitions and concepts about Pythagorean fuzzy sets. Throughout
this paper, S and 1" are two sets, and H is a ring unless indicated otherwise. From now on, PF will be

used instead of "Pythagorean fuzzy" for brevity.
Definition 1. [1] Let S # (). A fuzzy set p of S is described by a mapping p : S — [0, 1].

Definition 2. [5] & = (f,g) is said to be a PF set of S and is symbolized by f : S — [0,1] and
g:S —[0,1] such that f2(z) + ¢g(z) < 1forallz € S.

Definition 3. [22] Let $ = (f, g) beaPFsetof S. The set S, 5) = {x € S|f*(z) > avand g*(z) < B}
for all o, B € [0, 1] is said to be an («, 3)-level set of 3.

Definition 4. Let A C S. x4 = (x4, x4c) is said to be a PF characteristic function of S and is

symbolized by
1 ifzeA 1 ifxe A°
x) = and x ac(z) = forallz € S.
xale) {o g a 9XA) {0 if o ¢ A

Definition 5. [5] Let &1 = (f1,91) and S2 = (f2,92) be PF sets of S. Then, union 7 U Sy =
(f1U fa, 91N g2) is defined by (f1 U f2)%(x) = f12(x) V fo* () and (g1 N g2)?(x) = g1%(x) A go2(z) for
all z € S. Then, intersection 31 NSy = (f1 N fa, g1 Ugo) is defined by (f1N f2)%(x) = f12(z) A f22(z),
(91U g2)%(x) = g1%(z) V go*(z) forall x € S.

Definition 6. Let 1 = (f1, g1) and S2 = (f2, g2) be PF sets of S and T, respectively. Then, cartesian
product I1 x o = (f1 N f2,91 £ g2) is defined by (fi N f2)%(z,y) = fi2(x) A fo*(y) and (g1 <
g2)2(x,y) = g12(x) V g2?(y) for all (z,y) € S x T.

Definition 7. Let & = (f, g) be a PF set of S and ¥ : S — T be a function. Then, 9(3J) = (J(f),I(g))
image of & under ¥ is symbolized by

V{f3(z):x € S,9(z) =a}, ifI(a)#0

0, otherwise

I(f*)(a) = {

and

2$:JT ) =a ifla
ﬁ(g%(a):{”g” €5,9(x) =a}, if97(a) #0

0, otherwise

forall a € T. Then, 9~ 1(J) = (9=1(f), 91 (g)) pre-image of I under 9 is defined by ¥~ (f?)(x) =
f2(9(z)) and 971 (g?)(z) = g*(¥(z)) forall x € S.
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Definition 8. [22] Let S = (f, g) be a PF setof H. & = (f, g) is said to be a PF ring of H if

« Az —y) > f(2) A fAy) and g*(x — y) < ¢*(x) V g*(y)

« f2(zy) = f2(z) A f2(y) and g*(zy) < g*(z) V ¢°(y)

forallz,y € H.

Definition 9. [22] Let & = (f, g) be a PF set of H. & = (f, g) is said to be a PF ideal of H if
* [ —y) = fA2) A fPy) and g%z — y) < g%(2) V g (y)
* fAay) = f2(2) V f2(y) and g*(zy) < g*(2) A g2 (y)

forall x,y € H.

Remark 1. Let S = (f, g) be a PF ideal of H.

fzza“ > f*(a;) and f*(x) fzza” ) > f(bs

and
n

92(33) = 92(2 azbz) <g (az) andg Zaz i z

i=1
forallz = )" | a;b; € H, where 1 <i <n.
Theorem 1. [22] Let S = (f, g) be a PF ideal of H.
e Syy = {x € H|f*(z) = f?(0)} is an ideal of H.
e Sy = {x € H|g*(z) = ¢g*(0)} is an ideal of H.
e 3, = {z € H|f*(z) = f2(0) and ¢*(z) = ¢*(0)} are ideals of H.

Theorem 2. [22] Let &1 = (f1, 1) and S = (f2, g2) be two PF rings of H. Then, $1 N S9 is a PF
ring of H.

On Pythagorean fuzzy ideals
In this section, we proposed the concept of the Pythagorean fuzzy product and investigated some properties
of the Pythagorean fuzzy product.

Definition 10. Let 31 = (f1,91) and So = (f2,g2) be PF sets of H. The PF product §; < >3y =
(f1 < f2,91 > go) is defined by

(<)@ =\ {fia) A f5(0)}
T=31" 1 aib;

(@ >g)@) = N {ga)Vvgb)}
w=3 i aibi

for some a;,b; € H, where every a;b; # 0 and (f1 < f2)%(z) = 0, (g1 > g2)?(x) = U if x is not be
expressible as x = Z?:l a;b; forallx € H.
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(f2, g2) of ring Z3 as follows:

(f1,91) and S
)
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obtained.

(f3,93) and 34 = (f4, g4) be PF sets of H. Then,

= (f2,92), V3 =

(f1,91), F»
1<>F9) < >3 = F1 < >(Fg < >33)

Theorem 3. Let &7

.« (S
* (

1< >Qy) = (9 < >Q) if H is a commutative ring

R

o If & C GFg, then §1 < >F3 C g < >Tzand I3 < >8 C Ty < >S2)
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e If &y C B9 and Sz C Sy, then Ty < >3 C Fg < >Ty

Note that
(h<f)<fs)@)=\  {fia)Af5bi) A f3(ci)}
z=y_7" 4 abic;
(1 >g2)>03)@) = N\ {gi(a)Vg(bi) Vgilc)}
x=y_ 1" abic
forall z € H.

Proposition 1. Let S = (f, g) be a PF set of H. The following conditions are equivalent:
* J<>JCY

fQZaH > f2(ai) A 2 (bi)

and

ZGZZ az\/g(b)

forallz = )" | a;b; € H where 1 < i < n.
Theorem 4. Let 3 = (f, g) be aPFsetof H. & = (f, g) be a PF ideal of H iff
* Forallz,y € H, f*(z —y) > f*(z) A f*(y) and g*(z — y) < ¢*(z) V ¢*(y)
e xg<>JCTandF<>yyg C&
Proof. Suppose S = (f, g) is a PF ideal of H. Then, for all z,y € H, f?(x —y) > f%(z) A f%(y) and
g’z —y) < g*(x) V & (y).

(xm < f)*(z)

Ve aip e (@) A f2(0i)}
Voo g, f2(aibi)

F2(0i aibi)

f3(x)

INIA

and
(X <92(@) = Aoy o Ixi2 (@) A g2 (00)}
Vaesn | ap, 97 (aibi)
9 (200 aiby)
9%(2)
forallz = )" | a;b; € H. Thus, xg < >3 C S followed. Similarly, 3 < >xg C S
Conversely, let f2(x—y) > f2(x)Af2(y), g*(x—y) < g?(x)Vg?(y) forallz,y € Hand xy<>3 C S
S<>xg €9

AV,

fPley) > (xa < f)(zy)

Vs ag ix (@) A f2(bi) }
xu* (@) A f2(y)

= /()

v
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(XG5 > 9)*(zy)

Nay=s_ auns WX (@) V g7 (i)}
X5 (@) V g3 (y)

9*(y)

for all x,y € H. Similarly, f?(zy) > f2(z) and ¢g*(zy) < ¢g*(z). Then, it is followed that & = (f, g)

be a PF ideal of H.

Theorem 5. Let & =

(fi,91) and Sy =

(f2, g2) be PF ideals of H. 31 < >S9 is a PF ideal of H.

Proof.
(f1 < f2)?(@) A (fL < f2)*(y)
= Vaeyr e {A%@) A RO} AV oo o0 {f%(e5) A f2*(d)}
= Vaes b Voms o0, 1A% (@) A F2(00) A fi%(c5) A f27(d))}
< Vapyest o LA @0) A F22 ()}
= (i <fo)*(z+y)
and
(91> g2)(2) V (91 > 92)* (v)
= M=y, an 490%(@) V@2 (0} V Aoy {917 (e)) V 92°(d;)}
= Na=sr ain A=, g0, 191% (@) V g% (00) A 912 (cj) A g2%(d;)}
> Notyest w1912 (@0) V 92 (i)}
= (91> ¢)*(z+y)
and
(fi < f2)*(2) Va=sr as {f12(al-) A f2?(0i)}
V_aosn (Cappn 17 (@) A 2 (bi)}
V., =", {fl (—ai) A f2(bi)}
= (i <fo)? (—37)
and

(91> 92)2(95) =

for all z,y € H. Similarly, (f1 < f2)%(zy) >

Nozsr ap191%(ai) V g2° (bi)}
N a5 (—anp, 1917 (ai) V g% (bi) }
Nomsn (canp {91’ (=ai) V g2 (bi) }

)
)
(9 >92) (—z)
)

(fr < f2)*(2) V (f1 < f2)*(y) and (g1 > g2)*(2y) <

(g1 > g2)(x) A (g1 > g2)?(y). Consequently, 31 < >S5 is a PF ideal of H.

Theorem 6. Let &1 =

Proof. Since &1 =

(fi,91) and Sy =

(fz,gg) be PF ideals of H. Then, &1 < >S9 C $1 N S,

(f1,01) isaPFideal of H, we have y gy<<>$7 C Q7 and Sy <>y gy € 1. Moreover,

since &1 C x and So C xp, wehave S1<>8 C yg<>8y C Sy and F1<>8y C Sy<>yy C S

It follows that &7 < >89 C & N .
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On Pythagorean fuzzy bi-ideals

In this section, we proposed the concept of Pythagorean fuzzy bi-ideal. Then, we proved some results
on the Pythagorean fuzzy bi-ideal. Also, we researched some properties of Pythagorean bi-ideal by

Pythagorean fuzzy product.

Definition 11. Let & = (f,g) be a PF ring of H. & = (f,g) is said to be a PF bi-ideal of H if
fA(xyz) > f2(2) A f2(2) and g*(zyz) < g°(z) V g*(2) forall z,y,z € H.

—

Example 2. Let H = {(

folloiwszi

0 0 0 1 10 11
f (() (‘)) =0.87, f ((_) (‘)) =0.32, f <(_) (‘)) =0.32, f <(_) 6) = 0.78,

and

66—002 61—065 I(_)—065 11

MNo o)/ "% \o o)/ \o o)/ \0 o
] i
_|.,B=

Let’s take A =

Then, it is easily shown that

fA(AAB) > f*(A) A f*(B), ¢*(AAB) < g*(A) V ¢*(B)
fA(CCB) = f2(C) A f3(B), g°(CCB) < g*(C) V ¢*(B)
fA(DCB) > f*(D) A f*(B), ¢*(DCB) < g*(D) V g*(B)

All variations are proven to be displayed this way. Hereby, & = (f, g) is a PF bi-ideal of H.
Remark 2. Let & = (f, g) be a PF bi-ideal of H.
n
FPa) = 2O abici) > f(ai) A f(e:)
i=1

and .
g () = (Y aibici) < g°(ai) V g°(cs)
i=1

forall z = """ | ajbic; € H where 1 < i < n.
Theorem 7. Let S = (f,g) be aPFsetof H. & = (f, g) be a PF bi-ideal of H iff

* Forallz,y € H, f*(z —y) > f*(x) A f*(y) and g*(z — y) < ¢*(2) V g°(y)

* J<>JCY

e F<apyg<>FCE
Proof. It can be made by using Definition 11.

Theorem 8. Let () # A C H. Ais abi-ideal of H iff y 4 is a PF bi-ideal of H.
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Proof. Let Abe abi-ideal of H and z,y,z € H.

Letz,y € A. Wehave x —y € Aand xy € A. Then, x4 (z —y) = x4(zy) = L and x%4.(z — y) =
Xe(zy) = 0. H is easy to see that X% (z — y) > x5 () A X% (¥)s Xae(z = y) < xe(@) V x5 (y) and
Xa(@y) > x5(@) AxG @), e (y) < x5 (2) V X (y)-

Letz,y ¢ A. Wehaver—y € Aorz—y ¢ A, zy € Aorzy ¢ A. Inthis situation, x4 (r—y) > x4 (z)A
XA W), e (@ = y) < xFe(®) V X5 (y) and )2 (zy) > x4 (2) A XE (W), Xae(2y) < Xe(@) V X5 (y).
Therefore, X 4 is a PF ring of H. Similarly, it is shown that x4 (z — y) > x4 (2) A x4 (Y), X4 (z —y) <
e (@) V X% () and ¥2(2y) > x4 (@) A XA®): Xie (@) < X3 (@) V X4 (y). Finally, x4 is a PF
bi-ideal of H.

Conversely, let y 4 be a PF bi-ideal of H and z,y € A. It is followed that x4 (z) = 1, x4(y) = 1 and
x4 (m) = 0, x4 (y) = 0. Since x4 is a PF bi-ideal of H, x4 (7 — y) > x4(z) Ax4(y), X4 (z —y) <
Xe (@) V X% (y) and X% (zy) > x5 (@) A X% (0)s e (Ty) < x5e(2) V X5 (y) forall z,y € A. From
here, we get x4 (z —y) > 1, x5 (z —y) < 0and x%(zy) > 1, x%c(zy) < 0. Thus, x5 (z —y) = 1,
Y4e(x —y) = 0and x4 (zy) = 1, x4 (zy) = 0. It is followed that z — y € A and zy € A. Therefore,
A is a subring of H. Similarly, it is shown that zyz € Aforall z,z2 € Aandy € H. Finally, Ais a
bi-ideal of H.

b _ 0 b\ -
Example 3. LetHz{((_) (_)) :c‘z,bGZg}bearing,andA:{<(_] (_)) :bGZ;:,}QH.

The PF characteristic function

S]]

|
_

=1, x%

Il
—
=<
O

Il
—
=
bﬁ

X4

XA = (X4, XxA¢)

as follows:

00y _, . (0T\_, (o2 _ (1o (T1)_,
XA (—) (—) =1,Xa (—) (—) =1, XA 6 (—) =1, XA (—) 6 =U, XA (—) (—) )

1o\ 20y (2T _ (22,
XA 6 (—) =U, Xa G (—) =U, X4 6 6 =V, X4 6 6 -
and
. o [0 To\ (1T,
XA - aXA - 7XA 6 6 - 5

-~

Q= Ol Ol

NI O Ol

N~

~
Il
=
>
b(‘:

[enlIN \O] BN enl N en]|

Ol = Ol NI

N~ ~—
Il
N
=<
b(\

[enliNN \Vl I en] N ]|

Ry

ol NI O

Sl DI DI
R

[en] N I enl]

A

Since 4 is a PF bi-ideal of
of H.

, A is abi-ideal of H. Also, since A is a bi-ideal of H, x 4 is a PF bi-ideal

Theorem 9. Every PF ideal of a ring is a PF bi-ideal of a ring.

Proof. Let S = (f,g) be aPFideal of aring H. & = (f, g) is a PF ring of H by definition of a PF ideal.

Moreover, for all z,y,z € H,

FAayz) = fP(xy)2) = f2(2) = FP(2) A f(2)

and
9*(zy2) = g*((xy)z) < g°(2) < g°(2) V g°(2)

Consequently, & = (f, g) is a PF bi-ideal of H.
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Example 4. Consider the PF bi-ideal in Example 2.
11 0 1 11 0 1
Since f? A I 22 “ Vvl Z |, = (f,9)is not a PF ideal of H.
P o) o) # 2 (6 a)v (D b)s - v
However, S = (f, g) is a PF bi-ideal of H.

Theorem 10. Let 39 = (f1,91) and S2 = (f2, g2) be two PF bi-ideals of H. &1 N J9 is a PF bi-ideal
of H.

Proof. It is known that &7 N 3 is a PF ring of H by Theorem 2.

(fr0 f2)Xwyz) = (f1)*(zy2) A (f2)*(zyz2)
> [(f1)2(@) A ()] A[(f2)* () A (f2)%(2)]
= (f1)%x) A (f2)*(2) A (F1)2(2) A (F1)2(2)
= (finf2)%(@) A(f10 f2)2(2)
and
(1 Ng2)*(zyz) = (91)*(zyz) V (92)%(zyz)
< 90 (2) V (91)2(2)] A llg2)*(2) V (g2)2(2)]

(

[ )

= (91)%(2) V (92)*(2) V (91)*(2) V (91)*(2)
(91N g2)%(x) V (91 N g2)*(2)

for all z,y, z € H. Thereby, &1 N S is a PF bi-ideal of H.

Example 5. Let H = :,B g) :T € ZQ} be a ring. Consider that the PF sets &7 = (f1,¢91) and

= (f2,92) of ring H as follows:

Al g) “oan (g g) =0

= Ol =

10 1

. S ) =o04, (2 2] =08,

0 0 0 1 10 1

_ _ | =0.2 _ _| =0.8, _ _ | =058, _ _]1=0.5
g1 (0 0) g1 (O 0) g1 (0 0) g1 (0 0)
and

0 0 0 1 10 11

) =06, (. C)=01 (- J)=01,f(. -)=05,
fo (0 0) P (0 0) ) <0 0) p) (0 O)

00 0.2 = =0.7 Lo =0.7 11 =04
g2 (—) _ | = V.4, 92 (—) (—) =VU.7, 92 (—] (—) =U.7 92 6 (—) — U.
Then, 9 = (f1, g2) and J2 = (f2, g2) are PF bi-ideals of H. Also,

ar
0 0

(finf)? (8 0) = 0.36, (fiNf2)? (0 ;) = 0.01, (ANf)? (; g) = 0.01, (finfs)? (; ;) —
0.25,

00 0 1 10 11
(91Ng2)? (G (—)) = 0.04, (g1Ng2)* (0 f)) = 0.64, (g1Ng2)* ((_) (_)> = 0.64, (g1Ng2)* <(—) 0) =
0.25.

Herefrom, it is easily shown by Definition 11 that &y N &5 is a PF bi-ideal of H.

Theorem 11. Let &1 = (f1,91) and So = (f2,92) be two PF bi-ideals of H. Then, S; X Sy =
(fi ™ fa,q1 £ g2) is a PF bi-ideal of H x H.
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Proof. For all (z1,z2), (y1,y2), (21,22) € H X H,

S fo)? (1, 22) = (y1,92)) (i N f2)2 (21, 22) — (1, 92))

Jix f2)? (2

— Y1, 72, Y2)
A (f2)(z2 — y2)

(f1)?(z1) A
1)%(
firn

v

(
(
(f1)(x1 — 1)
[
(f
(

(f1)*(mn
1) A (f2)?(x2) A
fa)? (21, 22) A

(f2)?(z2) A (f2)?
(f1)2(y1) A (f2)*(y
(fi ™ f2)*(y1,92)

A

(12)]
2)

Similarly, it is shown that (f1 N f2)?((z1, 22)(y1,92))

Moreover,

> (fi N f2)2 (w1, 22) A (fr ) f2)* (1, 2).

(91 A g2)* (w1, 2) — g1 £ g2)? (901 — Y1, %2, Y2)

1)(x1 = y1) V (92)* (22 — y2)

(Y1,92))

I VAN

91)( 1) A

(91)*(y1)] v
(92)*(w2) V

[(g2)?(x2) V
(91)*(y1) V (g

(
(9
(g )(x)
(
(

g1 £ g2)2(z1,32) V

(91 £ 92)*(y1,92)

(92)%(12)]
2)2(112)

Similarly, it is shown that (g; < 92)2((331, x2)(y1,42)) < (g1 KX 92)2(x1, x2) V(g1 K g2)2(y1, y2). Thus,

$1 X Qo is a PFring of H x H. Now,

(Aix f)? (w1, 22) (Y1, 92) (21, 22)) = (fi X f2)*((m1y121) — (w2y222))
= (fh)? (ﬂflylzl) A (f2)? (z2y222)
> [(f1)* (@) A (f1)2(20)] A [(f2)* (2) A (f2)3(22)]
=(1)()()()A()(Z1)()()
= (fix f2)? (w1, 22) A (fr N f2)? (21, 22)

Similarly, it is shown that (g1 £g2)?((x1, 22)(y1, y2) (21, 22)) < (91 £92)% (21, 12) A(91.£g2)? (21, 22).

Example 6. Consider the PF bi-ideal in Example 5. Then,

T ) )
(1)1 ) -msr(s) 19)-x
1 1 R
O 2 R (N B
I 1 R M
({33 ) -msr() 19)-n
(s ) om0 9)-m
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o)) 6 )

and o - o o

(91 £ g2)? ((8 8) ; (8 8)) =0.04, (91 K g2)* ((8 8) ; (8 ;)) =0.49,

O ALKt 1

S A ot 1 1

O AT 1

e[ D)o )

e[ D)o )

O (A e 1

(D) sl 1) e

Herefrom, it is easily shown by Definition 11 that &y x i is a PF bi-ideal of H.

Theorem 12. Let &9 = (f1, g1) and Sy = (f2, g2) be two PF bi-ideals of H. 1 < >$ is a PF bi-ideal
of H.

Proof.
(fr < f2)%(x) A (f1 < f2)* ()
Vol (200 A FROOY AV g {F2(e) A S0}
Vs (2@ A SO} AV s o d P2 () A f3 (i)}

Vaoes s Voyesn | —ea U (@) A SR (=ci) A f3(00)} A f3(di)}
\/ag_y:gs:1 xiyi{f%(l”i) A f3(yi)}
(fr < f2)%(x —y)

IV

(91> 92)*(2) V (91 > 92)*(y)
= N L92(@) V BBV Ay o L92() V (i)}
No=s amA91(ai) V g3 (00} V A_yos~n g {9t (—ei) V g3 (di)}
No=s L ais Noyesn | g {98 (@) V g3 (=ci) Vv g3 (0i)} V 63 (i)}
Nomyst |y 103 (i) V 93 (i) }
(91> g2)*(z — )

v
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(fr < f2)2(@) A (fr < f2)*(2)

Vaoesm o A2@) A 30D} AV osn e 47 (c) A f2(di)}
Vaesr ai Ve | csi LT (@) A fE(ei) A f3(ba)} A f3(di)}
Vaysmsn | auez UT (@) A SE () A fE(es) A F3(00)} A F3(di) A f3 (Ri) 3}
Vomyesoh gy T (@) A F3 (i)}

(fr < f2)* (@ = y)(f1)*(@) A (f2)* () A (f1)*(2) A (F1)%(2)

[(f)2(@) A (A2 A [(f2)* (@) A (f2)*(2)]

Vayemsr | a U (@i) A f3(0i)}

(f1 < f2)?(zyz)

forall x,y,z € H.

Theorem 13. Let ) be a ring isomorphism from H to R and & = (f, g) be a PF bi-ideal of H. J(S) is
a PF bi-ideal of R.

Proof. Since 9 is a surjective homomorphism, there exist z,y, z € H such that a = J(x), b = ¥(y) and
c=19(z) forall a,b,c € R.

I(fA)(a—b) = V{f*(k)|k € H,0(k)

a— b}

) —I(y)}
Iz —y)}
= V{fAk)ke Hk=z—y}

(
VA2 (k)k € H,9(k)
(
(
V(@ —y)lz,y € H,9(x) = a,9(y) = b}
(
(
(

VA2 (k)[k € H,9(k)

~— — ~— ~—

VA (@) A f2(y)le,y € H,9(x) = a,9(y) = b}
V{2 (@)l € H,9(x) = a} ANNV{f2(y)ly € H,9(y) = b}
9(f2)(a) AI(f2)(b)

vl

and
9(f*)(ab) = V{f*(k)|k € H,9(k) = ab}
= V{fP(k)|k € H,9(k) = 9(2)9(y)}
= V{f*(k)|k € H,9(k) = (xy)}
= V{f2(k)lk € H k= ay}
= V{f*(zy)lz,y € H,9(z) = a,9(y) = b}
> V{f*(z) A fAy)lz,y € H9(x) = a,9(y) = b}
= V{f* @)z € H,9(z) = a} NV{f?(y)ly € H,9(y) = b}
= 9(f*)(a) NI(f?)(b)

Similarly, it is shown that 9(g2)(a — b) < 9(g?)(a) V 9(g?)(b) and ¥(g?)(ab) < V(g?)(a) V 9(g?)(b).
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Thus, J(S) is a PF ring of R. Moreover,

9(f*)(abe) = V{f*(k)|k € H,0(k)
VA2 (k)|k € H,0(k)
= V{f*(k)|k € H,0(k)

( abc}
( H(z)d(y)d(2)}
( I(zyz)}
VA2 (k)| € H k = zyz}
V{f*(zy2)|z,y, 2 € H,9(x) = a,9(y) = b,9(2) = c}
VA2 (@) A f2(2)]z, 2 € H, 9(x) = a,9(2) = c}
(x)
(a)

([ AVARI

VI (@)lz € H,9(x) = a} ANV{f?(2)|2 € H,0(2) = c}
= 9(f)(a) AI(f*)(c)

Similarly, it is shown that ¥(g?)(abc) < 9(g?)(a) V 9(g?)(c). Consequently, 9J(3) is a PF bi-ideal of
R.

Theorem 14. Let 9 be a ring homomorphism from H to R and I' = (n, t) be a PF bi-ideal of R. 9~*(T")
is a PF bi-ideal of H.

Proof. 1t is easily shown that 9 ~!(T") is a PF ring of H.

I VAR
® 3 033
[N}
>
s

971 (n?) (zyz)

and
O () (zyz) =

|
S
)
—
=
8
<
N
=

IA
~
o
=
o B
—_ — —

for all x,y, 2 € H. Finally, 9~ (T) is a PF bi-ideal of H.

Theorem 15. Let H be a field and S = (f, g) be a PF bi-ideal of H. f%(z) = f%(1y) and ¢*(z) =
g*(1y) forallz € H.

Proof. Forall € H,
(@) = fPAgxly) > (1) A 2 (1e) = f2(1a)

() = fAAnln) = fPea” a7 ) = e a7 2) 2 o) A f2(2) = f(2)

and
¢*(x) = ¢*(lgxly) < ¢*(1m) V ¢*(1n) = ¢°(1m)

9*(ln) = ¢*(Igly) = ¢*(zz™ 2™ la) = ¢*(a(z™ 2™ )z) < ¢*(2) V ¢*(2) = ¢*(2)
Therefore, f2(x) = f2(1y) and g?(z) = ¢*(1py).

Theorem 16. Let S = (f, g) be a PF bi-ideal of H. (4 g) is a bi-ideal of H where a < f(0p) and
B> g(0n).
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Proof. Forall ,y € S, ), we have f%(z) > a, f2(y) > aand g*(z) < 8, g*(y) < 5.

Pla—y)=>fa)rfly)>ara>a
and
P lx—y) <) Vg (y) <BVBB

Thus, it is obtained that z—y € S, ). Forall z,y € S, 5 and h € H, wehave f?(z) > o, f2(y) > o
and g*(z) < B, g°(y) < 5.

Fxhy) = @) A fPy) > aha>a

and
g (ehy) < g* (@) V ¢*(y) <BVB <P
Thus, it is obtained that zhy € 3, g). Hence, S, g) is a bi-ideal of H.
Example 7. Consider the PF bi-ideal in Example 2. For a = 0.6, 8 = 0.7, it is obtained that
e ()
Hence, S(0.6,0.7) is a bi-ideal of H.

Remark 3. The converse of the Theorem 16 is not always valid. To prove this, we give a counterexample.

Example 8. Let H = { ((a)j z> 1T € Zg} be a ring. Consider that the PF set & = (f, g) of ring H as
follows:

0 0 01 10 11

_ | =08 f[_. _|]=0.6, _ _|=02,f. _]=0.7,
and

):0.4

Ol
[T
Ol

N
Il

ol o
()

s a bi-ideal of .
0
~ * f? < ) N f2
0
0 1 9 . . .
g* 5 0 Ug , ¥ = (f,g) isnota PFring of ring H. Therefore,

= (f,g)isnota PF b1 ideal of ring H

Ol

00\ _ (0
T\o o) 790

Then, S (.6,0.5) =

ol Ol
[en] BN el
[l
Ol =

\/
/\

Thus, it is followed tha
0 1
Since f? _

0.

&
—

(@]}
R

(@]}

Sl

and

ol kI o
~ o
\_/v

CQ

Theorem 17. Let & = (f, g) be a PF bi-ideal of H. Then, 3 is a bi-ideal of H.

Proof. We have O € S,y and Oy € . by definition of .. Therefore, it is followed that I, # ()
and 3,_ # 0. Forall z,y € S, and h € H, we have f?(x) = f2(0g) and f?(y) = f2(0x). Then,

Fla—y) = )N FPly) = 20) A f2(0r) = f2(0n)

56



Cuak Sinop Uni J Nat Sci 10(1): 42-59 (2025)
E-ISSN: 2564-7873

and

FPxhy) = f2(x) A f2(y) = f2(0r) A f2(0r) = f2(0n)
Also, itis known that f2(0y) > f%(z—y) and f2(0y) > f2(zhy). Thus, it is obtained that v —y € I,y
and xhy € J3,,. We have g?(z) = ¢?(0y) and ¢?(y) = ¢*>(0y) for all z,y € S,_ and h € H.

Eventually,
2 2 2 _ 2 2 2
g (xz—y) <g*(x) Vg (y) = 9°(0m) Vg~ (0n) = g°(0n)

and
9*(zhy) < g*(x) V ¢*(y) = ¢°(0n) V ¢°(0r) = ¢*(On)

Also, it is known that g?(0y) < g%(x —y) and ¢?(0g) < g?(why). Thus, it is obtained that x —y € I,

and xhy € J,—. Consequently, 3, is a bi-ideal of H.

Example 9. Let H = { (g 38) 1T € Zg} be a ring. Consider that the PF set & = (f, g) of ring H as
follows:

0 0 0 1 10 11

_ _ ] =20.69, _ _ | =0.04, _ _ | =0.04, _ _]=0.69,

)
(an]]
QI =
[T

0 —035.0(0 N zommg (! O) 2o
Iy o) =039l o) =09l ) =0T

[an)

0 0
Then, & = (f, g) is a PF bi-ideal of H. It is followed that &, = { ((_) (_)> } Hence, S, is a bi-ideal of
H.
Conclusion

This paper defined the Pythagorean fuzzy product and investigated some basic properties. Then, we
examined the connection between the Pythagorean fuzzy product and the Pythagorean fuzzy ideal.
Moreover, we introduced the Pythagorean fuzzy bi-ideal and examined its algebraic properties. We
proved that the intersection, Cartesian product, and Pythagorean fuzzy product of Pythagorean fuzzy
bi-ideals are also Pythagorean fuzzy bi-ideals. Additionally, we showed that the image and preimage
of Pythagorean fuzzy bi-ideal are Pythagorean fuzzy bi-ideal. In actuality, some of the findings in this
paper have already established a foundation for additional discourse over the Pythagorean fuzzy ideal’s
future evolution. In our future study of the structure of the Pythagorean fuzzy ideal, we can describe
many other ideal types, such as the Pythagorean fuzzy interior ideal, Pythagorean fuzzy quasi ideal,
etc. The algebraic properties of these ideals can be studied. Furthermore, the relationship between the

Pythagorean fuzzy bi-ideal and these new concepts can be examined.
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