eLLING
o /\/\,Q

" Mathematical Modelling and Numerical Simulation

& ? %‘%\ with Applications, 2025, 5(2), 396-420
\y 2

S I\

£ ? https://dergipark.org.tr/en/pub/mmnsa

£ £ ps://dergipark.org.tr/en/p

3 ; g ISSN Online: 2791-8564 / Open Access
S, eof https://doi.org/10.53391/mmnsa. 1524642

N
Sy, v H LN

RESEARCH PAPER

Static deflection analysis of functionally graded beams
using various beam theories

Raghad Azeez Neamah LY Ameen A. Nassar™ 2+, Luay S. Alansari Ly
Emad Kadum Njim @ 3%, Lazreg Hadji © #* and Royal Madan © 5%

1Depar’crnent of Mechanical Engineering, Faculty of Engineering, University of Kufa, Iraq,
2Department of Mechanical Engineering, College of Engineering, University of Basrah, Iraq, *Ministry
of Industry and Minerals, State Company for Rubber and Tires Industries, Najaf, Iraq, Department of
Civil Engineering, University of Tiaret, BP 78 Zaaroura, Tiaret 14000, Algeria, >Department of
Mechanical Engineering, Graphic Era (Deemed to be University), Dehradun 248002, Uttarakhand,
India

* Corresponding Author
¥ ragada.deibel@uokufa.edu.iq (Raghad Azeez Neamah); ameen.nasaar@uobasrah.edu.iq (Ameen Ahmed Nassar);
luays.alansari@uokufa.edu.iq (Luay S. Alansari); emad.njim@gmail.com (Emad Kadum Njim);

lazreg.hadji@univ-tiaret.dz (Lazreg Hadji); royalmadan6293@gmail.com (Royal Madan)

Abstract

In the current study, static deflection analysis of a functionally graded (FG) beam is carried out for
various theories such as Euler, Timoshenko, and high-order shear deformation theory. The governing
equation was solved using the minimum total potential energy principle. Further, for different types
of loads, the static deflection analysis of the FG beam was performed using Navier’s solution using the
Fortran programming language. Moreover, finite element analysis was also carried out using ANSYS
software. In this method, each layer of the FG beam possesses different material properties as per a
power law distribution. The different solution techniques are used to calculate the static deflection,
and their results are compared. Effect of various parameters such as power index value, modulus ratio,
aspect ratio (L/h), and type of loading on the dimensionless transverse deflection of this FG beam
model. The results show that the aspect ratio has no significant effect on transverse dimensionless
deflection in the case of the Euler beam theory. However, there is a noticeable effect for the Timoshenko
and higher-order shear deformation theories, indicating that shear significantly impacts dimensionless
transverse deflection for short beams. In addition, it is proven that the present model is reliable and
can calculate the static deflection for any other required beam with different loads and dimensions.
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1 Introduction

Recent mechanical and structural applications require improved material properties to meet their
requirements, and these applications are creating new mechanical and structural applications. In
addition, the mechanical properties of these materials cannot be found in traditional materials
like metals, polymers, ceramics, and alloys, nor can they be found in conventional composite
materials, such as chopped fiber composites, longitudinal fiber composites, and laminated fiber
composites [1-3]. Therefore, advanced materials are used, namely functionally graded materials
(FGM), which are materials with a continuously varying composition and microstructure. In
addition to exhibiting a gradient of thermal conductivity, strength, and stiffness, FGMs also show
a gradient of mechanical properties. Because of their versatility, FGMs are ideal for biomedical
engineering, aerospace, and automotive applications [4-8]. Using functionally graded materials
(FGM) to achieve the application requirements allows the mechanical properties of the graded
structure to be improved [9-13]. In today’s materials science and engineering society, functionally
graded materials attract tremendous attention as a broad research area [14, 15]. Based on the
geometry of the beam, the loading conditions, and the accuracy requirements, the FG beam theory
will vary. Euler-Bernoulli theory can be used for FG beams with a thin thickness-to-width ratio
or high shear load. In contrast, Timoshenko theory or higher-order shear deformation theories
may be required for beams with a high thickness-to-width ratio or those subjected to high shear
loads [5, 16]. Several specialized beam theories have been used in the study of FG beams. The
results of the studies illustrate the possibility of studying the static deflection of FG beams by
using different beam theories with varying degrees of accuracy, depending on the beam theory
used. The following are some of the most widely utilized specialized beam theories for FG beams:
Higher-order shear deformation theory (HSDT), Peridynamics, Porous beam theory, Viscoelastic
beam theory, etc. [17-22]. Certain factors must be considered to determine the correct specialized
beam theory for a particular problem. The effects of temperature gradients should be regarded
as if, for example, the FG beam is subjected to a temperature gradient. The same applies if the
FG beam is porous. In such instances, a theory should incorporate the effect of porosity into
the analysis. By using specialized beam theories, it is possible to analyze the behaviour of FG
beams under various conditions. It can be argued that specialized beam theories are more accurate
and reliable than general beam theories. Many researchers have been presented with multiple
specialized analysis methods based on different beam theories to study the static deflection of the
FG beam [23-26]. There is much to be gained from these specialized analysis methods about how
FG beams behave under load. As a result of them, FG beam analysis and design methods have
become more accurate and reliable. However, the complexity and computational requirements of
specialized analysis methods can be greater than those of general-purpose analysis methods. Due
to computer technology and software advances, specialized analysis methods can now be used
more efficiently to study FG beam behaviour [27-29]. The FGMs offer high strength-to-weight
ratios along with high-temperature resistance because of various gradation variations such as
power law, sigmoid law, exponential law and trigonometric law. Apart from these, the direction
of gradation can be unidirectional, bidirectional, and multidirectional [30-33]. Therefore, much
research has been carried out in the area of static analysis of beams by employing different methods
such as first-order shear deformation theory [34], graded finite element method [35], Iso-geometric
analysis [36], etc., to name a few.

The aim of this study is to develop and analyze a model of a supported FG beam based on Euler,
Timoshenko, and higher-order shear deformation theories using a new displacement field that
differs from previous research. The gradation variation is taken as per the power law variation in
the direction of height of the beam, and the rule of mixture is employed to estimate the effective
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variation of Young’s modulus of elasticity. Such FGMs are easy to fabricate with powder metallurgy
and additive manufacturing methods and have demonstrated superior properties compared to
those of beams of homogeneous materials. Additionally, a new finite element model for calculating
the static deflection of a supported FG beam is constructed using ANSYS software. The static
deflection behavior of this new model of supported FG beams under point and distributed loads
is studied, considering the effects of the power law index, length-to-height ratio, and modulus
ratio. The methodology adopted in this study will benefit industries by solving FG beam problems
for various material combinations. It will help optimize designs and understand beam behavior
under different loading conditions. The abbreviations used in the paper and their explanations
are given in Table 5 in the Nomenclature Section.

2 Simulation methodology

According to the requirements of the mechanical and structural applications, the material proper-
ties of the FG beam vary along its thickness or height as per a power law distribution given by Eq.

(1).

k
P, = (P —Py) (% + %) + Py, (1)

where P, is the property at any point in the thickness of the FG beam. P; and P, are the properties
of the top and bottom materials, respectively. & is the thickness of the FG beam. k is the power
law index. To estimate the material properties of the composite, a rule of mixture was employed
as given by Eq. (2). In addition, P; can be calculated depending on the volume fraction of the
material as follows:

P, = PtVi + By W, 2)

where Vj, is the volume fraction of bottom material. V; is the volume fraction of top material,
which is computed from the following Egs. (3)-(4):

z 1 k
Vi= (E+§> , 3)
and

Vi+V, =1. (4)

According to Eq. (1), the property at any point in thickness of the FG beam P, depends on the
properties of the two materials (P; and Pp), the position of the point in thickness, and the material
distribution (i.e., the power law index), as shown in Figure 1. This variation in material properties
is inconsistent with the assumptions of classical beam theories (the beam is homogeneous along
thickness and length directions); therefore, the classical beam theories must be modified to consider
the effect of the variation in material properties in the thickness direction.

Suggested analytical model for FGB

Considered an FG beam of length (L) and height (h), which is simply supported. Material
properties are varied along the thickness (h) in the z-direction along the (x-z) plane as shown



Neamahetal. | 399

—K=0 —K=0.2 —K=0.5 —HK=08 —K=1
5 ——K=3 K=5 K=10 K=100
Bt
3 ) -
P e
& 2- \ -2
A 15 - h— —
1 4 ________———__
0.5
0 T T T T T T T T T 1
05 -04 -03 -02 -01 0 0.1 0.2 0.3 0.4 0.5
Dimen sonless Thickmess of Beam (Z/h)

Figure 1. The variation of material property, P, along the thickness of the FG beam for different values of
power-law index (k) when P,/ P;=3

in Figure 2. The deformation of the FG beam in the (X-Z) plane, as well as the displacement

& 1

Figure 2. The coordinates and geometry of the FG beam

components of any point in the x-axis, y-axis, and z-axis, are designed by U, V, and W, respectively,
Egs. (5)-(7). The displacements for TBT and higher order shear deformation theory (HOSDT) are
expressed as [33]:

U(x,z,t) = u(x,t) —zw(x, t) + f(z)ui(x, 1), ()
V(x,z,t) =0, (6)
W(x,z,t) = w(x,t). (7)

u(x,t) and w(x, t) are the axial and transverse displacements for each location on the neutral axis.
Over the thickness of a beam, the shape function f(z) is used to calculate the transverse shear
stress and strain distribution. The transverse shear strain on the beam centre surface has been
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determined by the unknown function (u1). As a result, f(z) is equal to zero, zero, and (4z3/3h?)
in classical beam theory (CBT), first-order shear deformation beam theory (FSDBT), and HOSDT
[37] FGB’s normal and shear strains can be described as follows see, Egs. (8)-(9):

_du d2w duq
w=t (5 )+ (10 ). ®
_ ()
Yxz = iz up. 9)

The principle of minimum potential energy states that for small displacements, the variation of
the total potential must be equal to zero, as shown below in Egs. (10)-(11):

OIT = 6(Uing — Wext)- (10)
The variation in strain energy is:
du dZw duq

The present study considers the applied load to be a point load (P) or distributed loads (q), as
illustrated in Figure 3. The external work can be presented as:

.

L/2 |

— }

& L A
EEETITITITTEIYYTTETILY

[ h
& : 4

Figure 3. The applied point and distributed loads used in this study

1
5 (Woxt) = j (41610 + Faxiardtt) d2, (12)
0

where: g; is the point or distributed load in the transverse direction, and f,,;,; is an axial force.
According to strain energy, axial force, bending moment, and shear force are all expressed as N,
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M, M?, and Q?, respectively.

N = Jaxx dA, (13)
M= Jzaxdi, (14)
M = | f(2)owada, (15)
Q= J dj;(zz)aszsdA. (16)

The transverse and axial loads are presented by (g) and (p), respectively. The shear correction
factor Ks can be taken as 5/6 and 1 in Timoshenko and high-order shear deformation theories,
respectively. The Egs. (12), (13), (14), (15), and (16) can be rewritten as:

du d?w du
N = Alla — Buﬁ +Eqq d_xl’ (17)
du d’w du
M = 311% - DHW + Fiq —xl, (18)
du d?w du
M® = Enﬁ — FHW + Hyq d_xl’ (19)
Q° = AssupKs, (20)
and
d
N A1 Bin Ein O d_%
M| _[Bu Du Fu 0 —2 (21)
M? En F1 Hin O ‘%1 ’
Qs 0 0 0 Ass Uy
(A11, B11, D11, E11, F11, H11) = J(Ez(LZ, 7%, (z), (z£(2)), f(z)*)d A, (22)

Ass = JGZ (df (Z)>2dA. (23)
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By substituting Egs. (11), (12) in Eq. (10) we get:
dx dx? dx

2 1
| ((Néd—” ~ ML st QSéul) — (qrow + faxial5”)> dx = 0. 24)

By integration and putting the coefficient éu, dw, and du; equal to zero, we will get:

dN

_E - faxial =0, (25)
d*M
—W — gt = 0, (26)
dM?
T —Q=o. (27)

In terms of displacement, the governing equations may be found by substituting the value of N,
M, M?, and Q° from Egs. (17)-(20), into Egs. (25)-(27), as follows:

d2u dBw d2uy
(AHW) — (BHW) + (Ell Ix2 ) =0, (28)
du d*w d3uy
<311d 3) ( 11dx4>+<11d3)+qt: , (29)
d?u dw d%uy
(Ell@) - (Pllﬁ) + <H11W> — (A55KSM1) =0. (30)

For CBT, the function f(z) = 0, therefore, the displacements filed is:

U(x,z,t) =u(x,t) —zi—f, (31)
V(x,z,t) =0, (32)
W(x,z,t) = w(x,t). (33)

There is no shear effect, so the shear strain is zero. The expression of normal strain can be expressed
as Eq. (34):

du d?w
Exx = % — (ZW> . (34)
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As with the same procedure for TBT, the values of axial force (N) and bending moment (M) in
EBT are calculated using Egs. (35)-(37)

du d2w
N = Anﬁ —Bu 7 (35)
du d2w
M= B — 12 (36)
HRERIE
M B11 Dn —%

By substituting values of N and M in Egs. (29) and (30), we will get the governing equations in
terms of displacement as follows, Egs. (38) and (39):

d?u dBw
Apit g Y
11 dxz 11 dx3 O/ (38)
d3u d*w
Biugz—Du_g+a=0. (39)

The analytical solution for deflection problem

An analytical solution to the simply supported FGB is defined using the Navier solution approach
Any point on the neutral axis has displacement functions defined as (x, t), (

w,t), and (u1)(x,t) as
products of an unknown coefficient and a trigonometric function, please see Egs. (40)-(42) [27].

N
u(x) = Z U, cos(ax), (40)
n=1

N
w(x) = Z Wy, sin(ax), (41)
n=1

N
uy(x) = Z Gp cos(ax), (42)
n=1

where U, W, and G, are unidentified Fourier coefficients found for each value of n. Angle « can
be calculated from the following Eq. (43):

(43)
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Assuming that there are no external axial loads (f), the applied load is represented by Egs. (44)
and (45) [27]

N
g(x) = Z Qp sin(ax), (44)
n=1
1
Qn=2 J g(x) sin(ax)dx, (45)
0

where: Q,, is the Fourier coefficient and is given for uniform or point load. The values of Q, for
uniform load (g¢) and point load (pg) are described as follows Egs. (46) and (47): When g(x) = qo,
then:

1
Qn = 2Jq0 sin(ax)dx = iir([) forn = (1,3,5,....). (46)
0

And when g(x) = pod(x — xp), then:

N
Qn = M forn =(12,3,...), (47)

where (x;) represents the position of the point load.

Solution of first and high-order shear deformation theory

By substituting Egs. (40), (41), (42), (45) and their derivatives in Egs. (28)-(30) we get Egs. (48) and
(49):

—IXZAH LIn — (XSBH Wn — 062E11 Gn = 0,
«’By Uy — a* D1y Wy + a®F1G, = —Qy, (48)
—a?Eq Uy, — a®Fi W, — (a®Hyp — AssKs)Gy = 0.

By multiplying the above equation by (-1) it turns to:

DézAllun —DC3B11Wn +D€2E11Gn = 0,
o’ByUy + a* D1y W, —a®FnG, = —Qy, (49)
—chEHUn — 0(3F11Wn — ((XZHH — A55K5)Gn = 0.

By solving Eq. (49) for Timoshenko and higher order shear deformation theory, Fourier coefficients
(Uy, Wy, G) can be determined as follows:

Uy = Qua’((«*H11B11) + (As5KsB11) — (FiiEnia?))/a®((a?Hy1 A11D11)
+(A55KSA11D11) — ((XZAllFlzl) — (OCZHHB%) (50)
—(A55KSB%1) + (2F11E11B110(2) — (DHE%IIXZ)),
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Wy = Qua*((«*Hy1B11) + (AssKsBi1) — (Enia®))/a®((a*Hy1 A11D11)
+(A55KSA11D11) — (062A11F121) — (IXZHHB%l) (51)
—(A55KSB%1) + (ZPHEHBHDCZ) — (DHE%lDCZ)),

Gn = Qua’((Fi1A11) — (B11E11))/a®((«*Hy1A11D11)
+(As5KsA11D11) — (? A1 Fy) — («*Hy1 BY) (52)
—(A55KSB%1) + (2F11E113111X2) — (DllE%1“2>)~

Solution of Euler-Bernoulli beam theory

Using the same procedure, substituting Egs. (40)-(42) and their derivatives into Egs. (28) and (29)
leads to the following algebraic equations:

Aqq(—a?U, cos(ax)) — By (—a®W,, cos(ax)) = 0, (53)

By1(a3U,, sin(ax)) — Dy (—a* W, sin(ax)) + Q, = 0. (54)

Taking the Egs. (53) and (54) and multiplying them by (-1) gives us the matrix below:

IXZAH —0(3311 un _ 0 (55)
—a’Byy  #?Dyy | (Wa Qu]’

The Fourier coefficient (U, W,,) for Euler beam theory can be calculated by solving the above Eq.
(55) to get Egs. (56) and (57):

U, = (QuB11) /&°((A11D11) — B3), (56)

Wy = (QuA11) /a*((A11D11) — B%). (57)

Numerical modeling

ANSYS APDL software is used to create a 2D model of the FGB in this section. A rectangular beam
with dimensions length (L) and width (b) is modelled by drawing a rectangle with dimensions
length (L) and width (b) (i.e. FG beam top view). A power-law model (see Eq. (1)) can be used
to describe the mechanical properties of FGB as they vary along the thickness direction. This
variation of material properties is simulated in ANSYS using the 281 SHELL element, which
divides the thickness of the FG beam into ten layers and this means there are 11 points along the
thickness of the FG beam. The material properties of each point are estimated using a power-law
equation, while the material properties of each layer are the average value of two neighbouring
points. To represent each layer’s thickness and material properties in Figure 4, we use the "section”
command after completing the two-dimensional drawing and entering the material properties of
the ten layers. A mid-span point load is applied, and a distributed load is applied in the second
type [38]. SHELL281 can be used to analyze thin to moderately thick shell structures. At each node,
there are six degrees of freedom: translation in the axes of x, y, and z, as well as rotation about
those axes. Membrane elements can only be translated if the membrane option is selected. Linear,
huge rotational, and/or nonlinear applications involving tremendous strain are well suited for
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shell281. Nonlinear analyses take into account changes in shell thickness. A distributed pressure
is accounted for in SHELL281 by including follower (load stiffness) effects. Composite shells or
sandwich constructions can be modified using SHELL281. Elements and nodes are numbered
from 3250 to 9300 and 10500 to 30000, respectively.

Ten layers

Figure 4. Drawing and Meshing of FGB, (a) ten layers arrangement, (b) element geometry, (c) meshing of FG
beam, and (d) FG beam with extrude

3 Validation with previous works

In order to check the validity of the analytical and numerical models of simply supported FGB,
the models are compared with the available literature.

Validation with previous work of FGB under point load

Considering a simply supported FGB, under point load py, and the top surface is alumina, while
the bottom surface is metal as [39, 40]:

a. Bottom material is Aluminium: Eposm = 70 GPa; 0pottom = 2700 kg/m>; Vpoprom = 0.23.

b. Top material is Alumina: E;,, = 380 GPa; ptp = 3800 kg/m3; Utop = 0.23. The FG beam’s
dimensionless transverse deflection can be calculated using the equation below Eq. (58) [39, 40]:

1000W Epptrom |

(58)

The dimensionless static transverse deflection of the current work is compared with Rahmani et al.
[40], and the formula of Simsek and Yurtcu [27]. Table 1 shows the comparison of dimensionless
transverse deflections of simply supported FG beams under point load for different power-law
index (k = 0.2, 1, 2, and 5) when the aspect ratio (L/h) is 5, using the presents models (CBT, TBT,
HOSDT and FEM) and with previous works (Rahmani et al. [40] and Simsek and Yurtcu [27]).
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While Table 2 lists the dimensionless transverse deflection of a simply supported FG beam under
a point load for different models and different power-law indices when the AR is 20, comparing
Rahmani et al. [40] and Simsek and Yurtcu [27].

Table 1. Verification of dimensionless transverse static deflections of simply supported FGB when the value of
L/his 5 under point load

Authors Index value (K)

0.2 1 2 5
Present work CBT 4.6219 | 7.6025 | 9.7429 | 11.5208
Present work TBT 5.1049 | 8.2089 | 10.4776 | 12.595

Present work HOSDT | 4.956 | 7.6496 | 9.9861 | 13.6018

Present work ANSYS | 5.1307 | 7.8914 | 9.9738 | 12.771

CBT [40] 4.659 | 7.692 9.873 11.702
FSDBT [40] 5.18 8.434 | 10.889 | 13.373
HSDBT [40] 5199 | 8486 | 10953 | 13.416

New Method [40] 5.185 | 8.466 | 10.832 13.41

EBT [27] 4.6219 | 7.6025 | 9.7428 | 11.5208

TBT [27] 5.0946 | 8.2923 | 10.6383 | 12.7965

Table 2. Verification of dimensionless transverse static deflections of simply supported FGB when the value of
L/h is 20 under point load

Authors Index value (K)

0.2 1 2 5
Present work CBT 4.6219 | 7.6025 | 9.743 | 11.521
Present work TBT 4.6514 | 7.6569 | 9.824 | 11.629

Present work HOSDT | 4.6425 | 7.6304 | 9.778 | 11.563

Present work ANSYS | 4.9045 | 7.6267 | 9.176 | 11.407

CBT [40] 466 | 7.692 | 9.873 | 11.702
FSDBT [40] 455 | 728 | 9376 | 11.292
HSDBT [40] 4706 | 7.76 | 9.965 | 11.843

New Method [40] 4704 | 7757 | 9961 | 11.837

EBT [27] 46219 | 7.6025 | 9.743 | 11.521

TBT [27] 4.6515 | 7.6456 | 9.799 | 11.601

From Table 1 and Table 2, the following points can be found: For CBT, the present model is
compatible with that of Simsek and Yurtcu [27], and both are close to the model of Rahmani et.
al. [40]. The maximum discrepancy percentage is (1.5 %) for all L/h when the index is equal to
five. In TBT, when L/h is 5, the maximum percentages of discrepancy for the present model and
Simsek and Yurtcu [27] compared with Rahmani et. al. [40] are (5.8 and 4.3) % respectively when
the index value is 5. While the maximum percentages of discrepancy for the present model and
Simsek and Yurtcu [27] compared with Rahmani et. al. [40] are (-2.22 and -2.23) % respectively
when L/h is 20. For HOSDT when L/h is 5, the maximum percentages of discrepancy between the
present model and Rahmani et. al. [40] and the new method of Rahmani et al. [40] are (1.7 and 1.4)
% respectively. While the maximum percentages of discrepancy between the present model and
Rahmani et. al. [40] and the new method of Rahmani et al. [40] are (2.37 and 2.31) % respectively,
when the length to thickness ratio is 20. For the ANSYS model, the maximum percentages of
discrepancy compared with CBT, FSDBT, HSDBT and the new method of Rahmani et. al. [40] are
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(-10.12, 6.4, 8.9 and 7.75) % when the length to thickness ratio is 5 and power index is (0.2, 1, 2 and
5) respectively. While the maximum discrepancy percentages of this model compared with CBT,
FSDBT, HSDBT and the new method of Rahmani et.al. [40] are (-5.2, -4.76, 7.91, and 3)% when
L/his 20 and power index is (0.2, 1, 2 and 5) respectively.

Verification of transverse static deflection of FGB under uniform distributed load

Secondly, under a distributed load of g, the characteristics of the material Al/AI203 at the bottom
and top surfaces of the S-S FGB [41]:

a. Bottom material is Aluminium: Epy0m = 70 GPa ; 0pottom = 2702 kg/m3 ; Upossom = 0.23.
b. Top material is Alumina: E;, = 380 GPa ; ptop = 3960 kg/ m3; Utop = 0.23. The dimensionless
static transverse deflection of the FGB as Eq. (59) [41]:

100WE,I

qoL* =9)

W =
The dimensionless static transverse deflections of the current study are compared to those of
Farhatnia and Sarami [41], Thai and Vo [42], and Simsek and Yurtcu [27] in Table 3 and Table 4 for
simply supported FGB under distributed load at different index values and length to thickness
ratios. Table 3 shows dimensionless transverse deflection results for six values of power index and
four models (CBT, TBT, HOSDT and ANSYS) when L/h=5 compared with available literature.
While Table 4 shows the comparison among the dimensionless transverse deflections estimated by
present models (CBT, TBT, HOSDT and ANSYS) with available literature for different power-law
indices when L/h=20.

Table 3. Verification of dimensionless transverse static deflections of simply supported FGB when the value of
L/his 5 under distribution load

Authors Index value (K)

0 0.5 1 2 5 10
Present work CBT 2.877 | 4438 | 5.772 | 7.397 8.748 | 9.604
Present work TBT 3.161 | 4.764 | 6.168 | 7.916 9.429 | 10.42

Present work HOSDT | 2.896 | 4.466 | 5.805 | 7.736 8.804 | 11.488

Present work ANSYS | 3.152 | 4.622 | 5502 | 7.243 8.620 | 9.942

CBT [42] 2.878 | 4.440 | 5.774 | 7.400 8.751 | 9.607
TBT [42] 3.165 | 4.828 | 6.259 | 8.067 9.828 | 10.938
RZT [41] 3.142 | 4.832 | 6.331 | 8.289 | 10.321 | 11.594
EBT [27] 2.877 | 4438 | 5.772 | 7.39793 | 8.748 | 9.604
TBT [27] 3.15 | 4.821 | 6.243 | 8.00873 | 9.618 | 10.682

From Table 3 and Table 4, the following points can be found: For CBT and any length to thickness
ratio, the present model is compatible with that of Simsek and Yurtcu [27], and both are close to
the model of Thai and Vo [42]. The maximum discrepancy percentage is (0.032%) at zero index
value. In TBT, the greatest discrepancy percentages of current work compared to Farhatnia and
Sarami (RZT) [41] are (2.33 and 0.19) % when L/h is (5 and 20), respectively. For HOSDT, the
maximum discrepancy percentages of the present model compared with RZT of Farhatnia and
Sarami [41] are (6.6 and 1.7) % at L/h (5 and 20) respectively. The maximum discrepancy of
percentages between ANSYS and CBT, TBT of Thai and Vo [42] and RZT of Farhatnia and Sarami
[41] are (6.1, 15.3, and 15.85)% and (7.5, 8.1, and 7.76)% when L /h is 5 and 20 respectively. Based
on the above validations, it can be concluded that the developed analytical and numerical models
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Table 4. Verification of dimensionless transverse static deflections of simply supported FGB when the value of
L/h is 20 under distribution Load distribution load

Authors Index value (K)

0 0.5 1 2 5 10
Present work CBT 2.8773 | 4.4387 | 5.7727 | 7.3979 | 8.748 | 9.604
Present work TBT 2.8947 | 4.4643 | 5.8096 | 7.4542 | 8.823 | 9.682

Present work HOSDT | 2.8889 | 4.4542 | 5.7701 | 6.8387 | 8.349 | 9.558

Present work ANSYS | 2.8965 | 4.2764 | 5.7701 | 6.8387 | 8.349 | 9.558

CBT [42] 2.8783 | 4.4401 | 5.7746 | 7.4003 | 8.751 | 9.607
TBT [42] 2.8962 | 4.4644 | 5.8049 | 7.4421 | 8.818 | 9.690
RZT [41] 29127 | 44588 | 5.7895 | 7.4143 | 8.778 | 9.624
EBT [27] 2.8773 | 4.4387 | 5.7727 | 7.3979 | 8.748 | 9.604
TBT [27] 2.8947 | 4.4626 | 5.8022 | 7.4361 | 8.802 | 9.671

are in excellent agreement with the presented research on point and distributed loads and can be
used as benchmarks for beam design.

4 Results and discussions

In this work, analytical solutions for the transverse deflection of FG beams using Euler, Tim-
oshenko, and higher-order shear deformation theories have been derived. The dimensionless
transverse deflection is calculated and simulated numerically by using ANSYS software. The
advantages of the present analytical model of the FG beam are that it is simple and can be used to
analyze the static deflection behavior of the FG beam for any other material and dimensions. FG
beams are mathematically and analytically modeled for maximum transverse deflections under
distributed and point loads. Numerical and analytical methods are used to study how power
index value (K), aspect ratio (L/h), and modulus ratio (MR) affect the results using the material
properties listed in Section 2.

FEM results for a beam with different values of power law index are shown in Figure 5 and
Figure 6 under point and distributed loads with numerical effects of the length-thickness ratio.
These figures show an inverse relationship between dimensionless transverse deflection and L/h
for different MR. For any load type, when the modulus ratio is unity, the maximum dimensionless
transverse deflection is constant with increasing power-law index because the modulus of the
top material is equal to that of the bottom material. But when the MR is less than unity, the
maximum dimensionless transverse deflection increases with increasing power-law index because
the increase of power law index leads to make the volume fraction of strong material (i.e. bottom
material) decreases and this leads to an increase in the dimensionless transverse deflection. On the
other hand, the dimensionless transverse deflection decreases with increasing power-law index
when the MR is greater than unity because of the increasing volume fraction of strong material
(i.e. top material), while the shear effect increases with increasing aspect ratio when the length of
the FG beam is constant. This fact causes a decrease in the value of the dimensionless transverse
deflection when the power-law index and MR remain constant. In other words, increasing the
aspect ratio changes the FG beam to be a thin FG beam, and this leads to convergence of the
dimensionless transverse deflection calculated by different beam theories.

Figure 7 and Figure 8 illustrate the effects of the MR on dimensionless static transverse deflections
for point loads and distributed loads at different index values and 100 aspect ratios. A constant
power index causes the dimensionless transverse deflection to decrease as the MR increases. The
dimensionless transverse deflection varies inversely with the power index when the MR of the
bottom and top materials is less than one and the bottom material’s modulus is greater than that of
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Figure 5. The dimensionless deflection of FGB under point load with different (L/h)

the top material. An MR greater than one results in a direct proportionality between dimensionless
transverse deflection and the power index value for the bottom material, resulting in a lower
modulus for the bottom material. Eq. (1) states that when the MR is less than one, the equiva-
lent modulus increases directly as the power index increases, whereas when the MR is greater
than one, the equivalent modulus decreases inversely. As a result, an increase in the equivalent
modulus results in a decrease in the transverse deflection. Furthermore, dimensionless transverse
deflections vary directly with transverse deflections. This behavior is caused by power-law-like
variations in material properties. When the power-law index is zero, FG beams composed of
pure ceramic (or top material) have an equivalent modulus of ceramic. As the power-law index
increases, the FG beam tends to contain a mixture of metal and ceramic. The equivalent modulus
is the metal modulus (or bottom material) when (i.e., a power-law index is infinity). For example,
when the MR is 0.5, that means the modulus of the top material is smaller than that one in the
bottom material. Therefore, the increasing value of the power index leads to an increase in the
equivalent modulus of the FG beam, which subsequently decreases the maximum dimensionless
transverse deflection. If the MR is 2, the modulus of the top material is larger than that of the
bottom, and the equivalent modulus of the FG beam decreases with the increase in power index
value so that the maximum dimensionless transverse deflection will increase. This means that the
maximum power index value makes the FG beam more flexible (i.e. a pure material has a high
modulus).
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Figure 6. The dimensionless deflection of FGB under distributed load with different (L./h)

Figure 9 and Figure 10 illustrate the effect of deformation theory on the dimensionless static
transverse deflection of FGB with different values of index, MR, and different types of loads when
the value of L/h is five. It can be seen from these figures that the deflection of CBT is less than
that of TBT and HOSDT theories. In HOSDT, the profile of dimensionless transverse deflection
variation is similar to that of CBT and TBT, but the value of this deflection is generally larger than
that of CBT and TBT. This suggests that the shear effect contributes to increasing this deflection,
particularly for short beams. Also, the numerical results are close to the analytical results of TBT,
and results from [30] (CBT, and TBT) are close to the results of the presented model.

Figure 11 illustrates the effect of the type of loads on dimensionless deflection when the values of
MR are 4 and 0.25, respectively, versus different index values and when the value of aspect ratio
(L/h) is five. From the previous Figures, it can be seen that the point load has a great effect on the
dimensionless deflection of FGB. A layered FG disk was fabricated using the powder metallurgy
method by stacking the powder in a die in different layers [43, 44]. In a similar manner, to fabricate
an FG beam, powder of the required composition is to be mixed. These powders are then stacked
in a die along the die width/height. The size of the die should not be less than that of the size of
the beam; some tolerances are to be provided for machining purposes. The powder is then taken
to the compaction process by pressing the powder with an appropriate load to obtain a crack-free
green compact. The green compact is then sintered to obtain the desired mechanical properties.
The sintering temperature, compaction load and holding time vary with material to material.
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The advantage of additive manufacturing over powder metallurgy is that, in this, as many layers
can be formed, which imparts greater bonding strength and prevents delamination.

10
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5 Conclusions

An analytical model is constructed to perform an analysis of the static deflection of FGM beams
that have been subjected to simply supported boundary conditions according to the various types
of beam theory. Mechanical properties and static deflection were estimated based on two types
of exerted load. Consideration is given to various parameters of modulus ratio and power-law
indices. The accuracy of the new approach is simulated by using both FEM and some references
found in the literature. It has been found that this technique produces satisfactory outcomes. The
most important conclusions obtained from this study are listed below:

1. Index value increase leads to a decrease in and an increase in the maximum dimensionless
transverse deflection when the modulus ratio is less than or greater than 1, respectively.

2. The L/h has a small effect on the behavior of FGB, but it has a great effect in each of TBT and
HOSDT. This indicates that the shear significantly influences the static deflection of small beams.
3. In TBT, HOSDT, and FEM when the length-to-thickness ratio is increased, the maximum
dimensionless transverse deflection is reduced.

4. The shear effect in FGB leads to an increase in the dimensionless static deflection.

5. The maximum dimensionless transverse deflection results from the TBT analytical model and
numerical model are approximately identical.

6. The values of maximum dimensionless transverse deflection in the present model are in good
agreement with CBT.

7. It can be seen that the present model is reliable and has the ability to calculate the static
deflection for any other required beam with different loads and dimensions.

In future works, the present study can be improved to study the buckling and vibration behaviors
of the FG beam. Also, the present work can be modified to study the crack effect on the static and
dynamic behaviours of FG beam:s.

Nomenclature
Table 5. Abbreviations and their extensions
Symbol Explanations
FGM  Functionally graded materials
TBT Third order beam theory
FSDBT  First-order shear deformation beam theory
HSDT  Higher-order shear deformation theory
CBT Classical plate theory
SS Simply supported
APDL  ANSYS Parametric Design Language
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