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INTRODUCTION

The concept of frame is important in the differential
geometry of curves. One of the most important tools used
to analyze a curve is a moving frame. The relationship of
the vector fields forming the frame at the opposite points
of two different curves reveals the special curve pairs [1,2].
Curvature functions are defined on the curve using moving
frames [3,4]. These curvature functions are called differen-
tial invariants of the curve. Curves become special thanks
to the relationships between the differential invariants of
the curve [5-10]. Many different frames have been defined
in different spaces [11-13]. The most commonly used mov-
ing frames are the Frenet frame and Bishop frame for the
space curves, and the Darboux frame for the surface curves.
The Darboux frame is known as the frame of the curve-sur-
face pair [14-17]. Hananoi et al. describe three new vector
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In this article, three new orthogonal frames are defined for the curves lying on a surface. These
moving frames, obtained based on the Darboux frame, are called “Osculator Darboux Frame”,
“Normal Darboux Frame” and “Rectifying Darboux Frame”, respectively. Also, the Osculator
Darboux Frame components and curvatures are calculated for a presented example.
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fields associated with the Darboux frame along the curve
on the surface [15]. In addition, Onder defines three new
special curves on the surface, taking these three new vec-
tors into account. In this definition, he names these curves
as D;-Darboux slant helices, where the indices ie{o, n,r}
represent the osculator, normal, and rectifying planes of the
curve on the surface, respectively [18].

In this study, three new moving frames are constructed
for the surface curves using these three new vector fields
defined in [15]. The curvature functions are calculated for
each frame. Relevant theorems are presented with their
proofs.

Preliminaries
In this section, some basic concepts related to the sub-
ject discussed are presented.
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Let M be an oriented surface in 3-dimensional Euclidean
space E°, and let a(s): I CR — M be a unit speed surface
curve on M and s be the arc-length parameter of a. If we
denote the Frenet frame of « by {T, N, B}, then the Frenet
equations of « are given by

T'=xkN
N'=-xT +1B
B'=-tN

where «(s) is curvature (or first curvature function),
7(s) is torsion (or second curvature function) and, T, N and
B are the unit tangent vector, the principal normal vector
and the binormal vector of «, respectively.

On the other hand, since the curve « is a surface curve,
it has another orthonormal frame called the Darboux frame
and this frame is denoted by {T, V; U}, where T is the unit
tangent of the curve, U is the unit normal of the surface M
along the curve &, and V is a unit vector defined by V =
UxT. Using the fact that the unit tangent T is common in
both the Frenet frame and the Darboux frame, the relation
between these frames can be given as follows

T 1 0 0 T
Vi=|0 cos@ sin@||N|
U 0 -sinf cosé||B

where 0 is the angle between the vectors V and N. The
Darboux equations of « are given by

T [0k k[T
vil=|-k, 0 7 ||V
u'l |-k -z, oflU @

where k,, k,and 7, are called normal curvature, geode-
sic curvature, and geodesic torsion of «, respectively [19].
The relations between these curvatures and «, 7 are given

as follows

k =Kcosl, k =xsinf, T =r+ﬁ-
g n g 5

Definition 2.1: The osculator Darboux vector field for a
unit speed curve on an oriented surface M with the Darboux
frame {T, V, U} is defined as D, =7,(s)T(s) -k, (s)V'(s)
[15].

Definition 2.2: The normal Darboux vector field for a
unit speed curve on an oriented surface M with the Darboux
frame {T, V, U} is defined as D, = -k, (s)V' (s) + k, (s)U(s)
[15].

Definition 2.3: The rectifying Darboux vector field for a
unit speed curve on an oriented surface M with the Darboux
frame {T, V, U} is defined as D, =7, (s)T(s) + k,(s)U(s)
[15].

Definition 2.4: A unit speed curve is called a general-
ized helix if its unit tangent vector makes a constant angle
with a fixed direction [14].

Definition 2.5: Let « be a unit speed curve on an ori-
ented surface M and {7, V; U} be the Darboux frame along
a. The curve « is called a relatively normal-slant helix if
the vector field V of « makes a constant angle with a fixed
direction, i.e. there exists a constant unit vector d and a con-
stant angle ¢ such that (V] d) = cos ¢ [16].

Definition 2.6: Let « be a unit speed curve on an ori-
ented surface M and {T, V, U} be the Darboux frame along
a. The curve « is called an isophote curve (or U-strip slant
helix) if the vector field V of @ makes a constant angle with a
fixed direction, i.e. there exists a constant unit vector d and
a constant angle ¢ such that (V, d) = cos ¢ [17].

The Osculator Darboux Frame

In this section, a new frame called the “Osculator
Darboux Frame” and related theorem are presented.

Let a:ICIR— M be a unit speed curve with the
Darboux frame {1, V, U} on surface M in E*. Let k, .k,, 7, be
the curvatures of the curve aand D, = 7,(s)T'(s) - k, (s)V'(s)
be the osculator Darboux vector. It is clear that;

Do (S) - Té’ (S)
D, [+ s)

,(s)

()
VT () + K (s)

Since the vector Do is in the plane spanned by T'and V,
the vectors [)U and V are perpendicular to each other. So,
D, 1 U.Hence, the unit vector ¥, = D, x U can be defined.
It is clear that the vectors 50 ,U,Y, are unit vectors and per-
pendicular to each other. Therefore, using these vectors
D,,U,Y, a new orthonormal frame can be constructed
along the curve « on the surface.

D,(s) = |

Definition 3.1. The } frame constructed
V\Iith the _ vector fielcls {D,,U,Y} defined as
D, =||D0 ,D, LU, Y =D xU is called the osculator

Darboux frame, or OD-frame briefly.

Theorem 3.1. Let & : I C IR — M be a unit speed curve
on surface M in E*. The osculator Darboux frame of the
curve « is defined as

Do = _50)/:7
U' =ur,
= 50DU - ALloUB (2)

Proof: Firstly; [)g’ can be expressed as a linear combina-
tion of the vectors {D, ,U,Y } as follows:

Dn/ = albo +a,U+a)Y,. (3)
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By the inner product both sides of the equality (3) with 7.(s) k2(s)
D,, the equality D'(s)=|-= =
k,(s) |\ k,~(s)+7,°(s) )

is obtained. Since "D " =1, <l~)
(o) 0

By the inner product of both sides of the equality (3)
with U, the equality
(B.0)=e

is obtained. On the other hand, the vector Do can be
written as

D > =1 and thus

D, =sin®T -cos DV, (4)

T

2 2
\ [‘rg +k;

= cos @. If the derivatives of the Darboux frame

with the help of the equations =sin® and

n

2 2
Jrg +k;

vectors (1) are used in the derivative of the equality (4),

D) = (@' +k,)cos@T +(D' +k,)sindV - (5)

By the inner product of both sides of the equality (5)
with U, the equality
- <[)D’ ,U> )

is obtained. By the inner product of both sides of the
equality (3) with Y, the equality

<Do, > Y; > = a3
is obtained. On the other hand, it is clear that
Y, =D, xU = —cos®@T —sin®V . )

By the inner product of both sides of the equality (5)
with this Y, the equality

[

a= (D)1, )= ~(@'+k,)

is obtained. In here, by arranging the derivative of the

expression tan @ = £

n

is reached. If this expression is written in the equality

a, =—=(D'+k,),
)+kg .

T, ’ k2
a; == k_ PE s
; L T,
Thus, the equation (3) is written as
5 (% k}
? k, )| k*>+ 7,

Secondly; U’ can be expressed as a linear combination
of the vectors {D,,U,Y} as follows:

o

J+k Y.
(8)

U =bD, +b,U+bY, )
The equality (9) is inner multiplied with [)0 and so
<U’ ,[)0> _ b,

By the inner product of both sides of the equality (4)
with the third equality U’ = -k,T -7,V of the equation
system (1), the equality

b =<U’,Du>=o

is found. The equality (9) is inner multiplied with U and
$0

(U.U)=b,
Since ||U|| =1, <U,U> =l and thus
b, =(U,U)=0.

The equality (9) is inner multiplied with Y, and so

)

By the inner product of both sides of the equality (6)
with the third equality U’ = —k,T -7,V of the equation
system (1), the equality

b, =<U’,Y0>=,/r§ +k
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is obtained. Thus, the equation (9) is written as

U'=t}+k)Y,

Thirdly; Y, can be expressed as a linear combination of
the vectors {D,,U,Y } as follows:

(10)

, ~
Yo = cho + CZU + c3Ya'

(11)

By the inner product of both sides of the equality (11)
with D, the equality

<Y(7”130>=Cl

is obtained. If the derivatives of the Darboux frame vec-
tors (1) are used in the derivative of the equality (6),

Y = (¢'+kg )sin@T—(d§'+kg)cosd>V—(k” cosP +7, sin¢)U. (12)

The equality (12) is inner multiplied with the equality
(4) and so

o =<Y0',Do>=¢’+kg.

In this here, the equality (7) is used and

T , k2
c = _& —n |4+ k.
1 (kn)[knz+rgz) g

By the inner product of both sides of the equality (11)
with U, the equality

<Y0l,U>=cz

is obtained. Using the equation (12),

¢, =<Y0',U>=—Jr§ +k -

By the inner product of both sides of the equality (11)
with Y, the equality

e =(1.7,)

is obtained. Since||Y,

=1, (Y.,Y,) = land thus
e =(r.1)-0

Thus, the equation (11) is written as

(13)

Finally, the expressions (8), (10) and (13) give the matrix
equality

D/ 0 0 -5\(D
ul=10 0 u |[|U|
Ya/ 0 -u, 0 Y

o

°

!

T k2
foréo = (k—g) (m)+kg, U, = 4,](”2 +Tg2 .
n n g

Theorem 3.2: In E%, let {D,, U, Y} be the OD-frame and
a be a unit speed curve. The curve « is the isophote curve
relative to the OD-frame if and only if the expression Z¢ is
constant, for y, # 0 and §, # 0. J,

Proof: (=) Let « be the isophote curve relative to the
OD-frame. Let d be the unit, constant direction and (U, d)
= cosO = ¢ # 0. So, the vector d can be expressed as

d=aD,+cU+aY,

and the derivative of this equality gives the system.

’
a, +a,0, =0,
a2uo = O’
'
a2 - alén +cAu0 = 0

Since y,# 0and §,# 0, a,=0and a, = constant become.

As a result, % = constant.

o

be constant. This constant value can be

U,
&) Let
()eé

cost

u
selected as =2 = . Also the vector d can be taken as

sin
d =cos8D, +sinOU. Since , sinf = 8, cosb,

d' =0

is written with the help of the derivatives of the OD-frame
vectors. So, the vector d is constant. In addition, the equality
d =cos@D, +sin AU is inner multiplied with U and so (d,U) =
sin@ Consequently, the constant vector d and U make a con-
stant angle, and the curve « is the isophote curve.

The Normal Darboux Frame
In this section, a new frame called the “Normal Darboux
Frame” and related theorems are presented.
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Leta : I C IR — Mbeaunitspeed curve with the Darboux
frame {T, V; U} on surface M in E’. Let k,, k,, 7,be the cur-
vatures of the curve a and D, = -k, (s) V(s) + k, (s) U(s) be
the normal Darboux vector. It is clear that;

D,(s) _ k, (s)

D6 e+

Since the vector D, is in the plane spanned by Uand V,
the vectors D, and T are perpendicular to each other. So,
D, L T.Hence, the unit vector ¥, = D x T can be defined.
It is clear that the vectors [)",T ,Y are unit vectors and
perpendicular to each other. Therefore, using these vec-
tors D,,T,Y, a new orthonormal frame can be constructed

along the curve « on the surface.

D,(s) = V(s) +

k, () + k. (s)

Definition 4.1. The frame constructed
with the vector fields {Dn,T ,Yn} defined as
~  D,(s)

) = s Dn 1T, Y = Dﬂ x T is called the normal
1D, ()

Darboux frame or ND-frame briefly.

Theorem 4.1. Let & : I C IR — M be a unit speed curve
on surface M in E*. The normal Darboux frame of the curve
o is defined as

Dn’ = _5)1Yn
T =uY,
Yn’ = 5}113)1 - AunT’

AN
where §, =(k—”) (ngzJJng and u, = [k’ +k.’-
4 n g

Proof: It can be proved in a similar way to Theorem 3.1.

Theorem 4.2: In E?, let {Dn , 1,7, } be the ND-frame and
a be a unit speed curve. The curve « is the helix relative to
the ND-frame if and only if the expression = is constant,
foru,#0and g, #0. n

Proof: (=) Let « be the helix relative to the ND-frame.
Let d be the unit, constant direction and (T, d) = cosf =c #
0. So, the vector d can be expressed as

d=aD, +cT+ a,Y,

and the derivative of this equality gives the system.
a +a,0, =0,

_a2 Iun = 0’

’
a2 - alén + C"Lln = 0

Since y,, #0and §, # 0, a, = 0 and g, = constant become.

As a result, Ay = constant.

0

n
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(&) Let ‘g” be constant. This constant value can be

selected as “n _ %. Also the vector d can be taken as
sin

d =cos6D, +sinOT. Since u, sinf =0, cosf, d' = 0 is
written with the help of the derivatives of the ND-frame
vectors. So, the vector d is constant. In addition, the equal-
ity d = cos HDn +sin @7 is inner multiplied with T and so
(d,T) = sinf. Consequently, the constant vector d and T
make a constant angle, and the curve « is the helix.

The Rectifying Darboux Frame

In this section, a new frame called the “Rectifying
Darboux Frame” and related theorems are presented. Since
these theorems given in this section are proven similar
to these theorems in section 3, they will be given without
proof.

Let a:1CIR—M be a unit speed curve with the
Darboux frame {T, V, U} on surface M in E°. Let kg, k,» T, be
the curvatures of the curve a and D, =7,(s)T(s) +k,(s)U(s)
be the rectifying Darboux vector. It is clear that;

D, (s) Ts (5)

k, (s)
= T —f  _U(s)
D) K (s)+7(s) (S)Jr«/k;(s)ﬂ';(s) ©

Since the yvector D~r is in the plane spanned by T and U,
the vectors D, and V are perpendicular to each other. So,
D, L V. Hence, the unit vector ¥, = D, XV can be defined.
It is clear that the vectors D, ,V,Y are unit vectors and per-

endicular to each other. Therefore, using these vectors
fﬁ, v, Yr} a new orthonormal frame can be constructed
along the curve « on the surface.

D)=y

Definition 5.1. The frame constructed

with the vector fields {f),,V,Y,} defined as
D,(s)
" D)
Darboux frame or RD-frame briefly.
Theorem 5.1. Let & : I C IR — M be a unit speed curve
on surface M in E’. The Rectifying Darboux frame of the
curve « is defined as

, Dr 1V, Y = [)r x V' is called the Rectifying

D' =-4,
T' =y,
Yr, = 6r ~r _lurV’

g

where J, = (T—g)

k2
& _ _ 2 2
(kg2+rg2] kyand g, = k47,7

Theorem 5.2: In E?, let {[)HV,Yr} be the RD-frame and
« be a unit speed curve. The curve « is the relatively slant
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Figure 1. The surface M, The curve a(s), The curve a(s) on the surface M.

helix with respect to the RD-frame if and only if the expres-
u,

I3

sion L is constant, for g, # 0 and &, = 0.

Example: Lets consider the cylinder surface M

given by parameterization @(u,V) = (sinu,cosu,Vv).

The curve a:/ — M given by the parametric form

“(’”‘(S‘“I 5 f)

The vector fields and curvatures of the Darboux frame

is a helix on the surface M.

for this curve a(s) are calculated as:

= f( 5 JE)
0= 5 (e g 1)

U(s) = ( in-—7 o5 )

k, =0,k =1/2,7,=-1/2.

The osculator Darboux vector is calculated as

k,(s)

\/rj, () +k; ()

A0

= T(s) -
VT () + K, (5)

Also, it’s clear that

V(s) = (0,0,-1).

~ Ky )
Y =D xU =| -cos—,sin—,0 |.
o o ( \/E \/5 )
Finally, the curvatures of the OD-frame for this curve
1
2

a(s) are found as §, =0 and y, = where

CONCLUSION

In this article, three new orthogonal frames were defined
along the curve « lying on the surface, with the help of the
Darboux frame.

First, the vector ¥, = l~)o x U was defined because the
osculator Darboux vector l~)n is perpendicular to the vector
U. Therefore, using these vectors { DO U ,YO} the osculator
Darboux frame was constructed.

After, the vector ¥, = 13” x T was defined because the
normal Darboux vector Dn is perpendicular to the vector
T. Therefore, using these vectors {Dn 1.7, } the normal
Darboux frame was constructed.

Finally, the vector ¥, = D:,, xV was defined because the
rectifying Darboux vector D, is perpendicular to the vec-
tor V. Therefore, using these vectors { D.V, Yr} the normal
Darboux frame was constructed.

Also, the Osculator Darboux Frame components and
curvatures are calculated for a presented example.

The frame concept is very important in differential
geometry. This study has a unique value in terms of putting
forward three new frames and it may be a basis for many
new studies.

Annotation: This article is prepared from Akin Alkan’s
doctoral thesis.

AUTHORSHIP CONTRIBUTIONS

Authors equally contributed to this work.

DATA AVAILABILITY STATEMENT

The authors confirm that the data that supports the
findings of this study are available within the article. Raw



Sigma J Eng Nat Sci, Vol. 42, No. 4, pp. 1023-1029, August, 2024

1029

data that support the finding of this study are available from
the corresponding author, upon reasonable request.

CONFLICT OF INTEREST

The author declared no potential conflicts of interest
with respect to the research, authorship, and/or publication
of this article.

ETHICS

There are no ethical issues with the publication of this
manuscript.

REFERENCES

(1]
(2]
(3]
(4]

(5]

(6]

(7]

Liu H, Wang F. Mannheim partner curves in 3-space.
] Geom 2008;88:120—126. [CrossRef]

J Burke. Bertrand curves associated with a pair of
curves. Math Mag 1960;34:60-62. [CrossRef]

Gluck H. Higher curvatures of curves in euclidean
space. Am Math Mon 1966;73:699—704. [CrossRef]
Sabuncuoglu A, Hacisalihoglu HH. On higher cur-
vatures of a curve. Commun Fac Sci Univ Ankara
Ser A1 Math Stat 1975;24:33—-46.

Ozdamar E, Hacisalihoglu HH. A Characterization
of Inclined Curves in Euclidean n-Space,
Communications, Commun Fac Sci Univ Ankara
Ser A1 Math 1975;24:15—23. [CrossRef]

Ozdamar E, Hacisalihoglu HH. Characterizations of
spherical curves in euclidean n-space. Commun Fac
Sci Univ Ankara Ser Al Math Stat 1974:109-125.
[CrossRef]

Izumiya S, Takeuchi N. New special curves and
developable surfaces. Turk ] Math 2004;28:153—-163.

(8]

(9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

Kula L, Ekmek¢i N, Yaylh Y, Ilarslan K.
Characterizations of slant helices in euclidean
3-space. Turk ] Math 2010;34:261—273. [CrossRef]
Oztiirk U, Hacisalihoglu HH. Helices on a sur-
face in Euclidean 3-space.Celal Bayar Univ J Sci
2017;13:113—123. [CrossRef]

Ziplar E, Senol A, Yayli Y. On darboux helices in
euclidean 3-space. Glob ] Science Front Res Math
Decis Sci 2012;12:73—80. [CrossRef]

Uzunoglu B, Gok I, Yayli Y. A new approach on
curves of constant precession. Appl Math Comput
2016,275317—323 [CrossRef]

Yilmaz S, Turgut M. 2010. A New version of bishop
frame and application to spherical images. ] Mathe
Anal Appl 2010;371:764—776. [CrossRef]

Bishop LR. There is more than one way to frame a
curve. Am Math Mon 1975;82:246—251. [CrossRef]
Dildil M, Uyar Dildiil B. Characterizations of heli-
ces by using their Darboux vectors. Sigma ] Eng Nat
Sci 2020;38:1299-1306.

Hananoi S, Ito N, Izumiya S. Spherical Darboux
images of curves on surfaces. Beitr Algebra Geom
2015;56:575—585. [CrossRef]

Macit N, Diildil M. Relatively normal-slant heli-
ces lying on a surface and their characterizations.
Hacettepe ] Math Stat 2017;46:397—-408.

Dogan E, Yayli Y. On isophote curves and their char-
acterizations. Turk ] Math 2015;39:650—664.

Onder M. Helices associated to helical curves, rel-
atively normal-slant helices and isophote curves.
Available  at:  https://arxiv.org/abs/2201.09684.
Accessed on Jul 2, 2024.

O'Neill B. Elementary differential geometry.
Cambridge: Academic Press; 1966. [CrossRef]


https://doi.org/10.1007/s00022-007-1949-0
https://doi.org/10.1080/0025570X.1960.11975181
https://doi.org/10.1080/00029890.1966.11970818
https://doi.org/10.1501/Commua1_0000000262
https://doi.org/10.1501/Commua1_0000000619
https://doi.org/10.3906/mat-0809-17
https://doi.org/10.18466/cbayarfbe.302650
https://doi.org/10.1063/1.4747637
https://doi.org/10.1016/j.amc.2015.11.083
https://doi.org/10.1016/j.jmaa.2010.06.012
https://doi.org/10.1080/00029890.1975.11993807
https://doi.org/10.1007/s13366-015-0240-z
https://doi.org/10.1016/B978-1-4832-3170-9.50011-7

