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1. Introduction

One of the most interesting topics in differential geometry is the submanifolds of the almost Hermitian
manifold. We note that the Kaehler manifold’s submanifolds are determined by its tangent space
behavior under the action of a complex structure J. One of the classes of submanifolds of Kaehler
manifolds is holomorphic submanifolds and the other is total real submanifolds. In the first case,
the tangent bundle of the submanifold is invariant under J where as in the second case, the normal
bundle of the submanifold is invariant under J. CR-submanifolds were introduced by Bejancu in [1] as
a natural generalization of invariant submanifolds and anti-invariant submanifolds. Chen investigated
the first detailed research on this subject in [2]. Moreover, the topology of CR-submanifolds was
widely studied [3-7]. The authors defined the quaternion CR-submanifolds in quaternion Kaehler
manifolds [8], and were followed by several geometers [9-18]. Generic submanifold was defined as
a generalization of the concept of CR-~submanifold [19]. These submanifolds are known by relaxing
the condition on the complementary distribution of holomorphic distribution. More precisely, if the
maximal complex subspaces D, = T,M N J(T,M) determine on M a distribution D : D, C T, M, the
M is called a generic submanifold of M. Generic submanifolds have been commonly studied [20-26].

The present article is organized as follows: Section 2 recalls basic notions and results of quaternion
Kaehler manifolds. New optimal inequalities were introduced in [27] for anti-holomorphic submanifolds
in complex space forms. In recent years, this new inequality has been obtained by distinct researchers
for different classes of submanifolds in different ambient manifolds [28,29]. Section 3 establishes new
inequality for quaternionic generic submanifolds in a quaternionic space form and gives some results.

The last part of this paper obtains this inequality for real hypersurfaces.
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2. Preliminaries

In this section, some basic concepts will be given from [1,30] for the following sections. A Riemannian
manifold (M, §) of dimension 4m, for m > 1, is called quaternion Kaehler manifold with 3-dimensional
vector bundle o of local basis of almost Hermitian structures Ji, Js, and Js if the following conditions
are satisfied
JlOJQZ—JQOjlzjg
and ;
Vadm =Y Am(X)Ji, me{1,2,8}, ¥X € (TM)
b=1

where A,,; are certain local 1-forms on M such that A,,; + A, = 0. For a Riemann submanifold
N C M of a Riemannian manifold M, Gauss and Weingarten formulas are respectively given by

?WZ =VwZ+ h(W,Z)

and
VwV = —AyW + Vi,V (2.1)

for all W,Z € TN and V € TN, where V and V are the Levi-Civita connections of N and M, re-
spectively. Moreover, h and Vé-( denote the second fundamental form of NV, and the normal connection
on the normal bundle, respectively. From (2.1), A¢ the second fundamental tensor and h the second

fundamental form are related by
g(h(W, 2),§) = (AW, Z)

If quaternionic sectional curvature of a quaternionic Kaehler manifold is constant, then it is called a
quaternionic space form and denoted by M (c). The curvature tensor R of M(c) is given by
c

R(P,QR =

3
{g(Q, R)P — §(P,R)Q+ > §(R,JaQ)JaP — §(R, JaP)JaQ + 2§(P, JaQ)JaR}
a=1

for all P, Q, R € I'(T'N) [1]. For the second fundamental form h, the covariant derivation (Vph)(Q,R)
is as follows:
(Vph)(Q,R) = VHh(Q,R) — h(VpQ,R) — h(Q, VpR)

for any P, Q,R € I'(TN). For the submanifold N, the Gauss, Codazzi, and Ricci equations of N are
provided as follows, respectively:

R(P.Q.R.W) = R(P, Q. R.W) + §(h(P, W), W(Q R)) ~ §(h(P,R),H(Q W) (22)
(R(P,QR)" = (Vph)(QR) - (Voh)(P.R)

and

R(P,Q.&,m) = R(P,Q,&,m) + §([Ae, A P, Q)

for all P, Q, R, W € T'(T'N) and &, € T'(T'N)*. The H mean curvature vector of a submanifold N is
as follows:

H = (;) traceh, p=dimN
Definition 2.1. A submanifold N of a quaternion Kaehler manifold M is called a generic submanifold
of M if there are two subspace D differentiable distribution and D+ purely real distribution with
constant ranks on N such that D = J,7N N TN and D' are complementary orthogonal to D.
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Thus, from the definition, it is expressed as follows:
TN=D®D' and J,(D)=D
For X € I'(D1), a € {1,2,3},
Jo X =T X + F, X

where T, X € T’ (DL) and Fp X €0 (ﬂL). Moreover, 9+ and ¥ are complementary orthogonal to each
other. Thus, from the definition, it is expressed as follows:

TNt =9@9t and J,(9) =9

ForVGF(ﬁL), vy

where t,V € I(T'N) and f,V € T (v+) [25].

3. Chen-Type Inequality for Generic Submanifolds of Quaternionic Space
Form

Let M be a generic submanifold of a quaternion Kaehler manifold M with the differentiable distribution
D and the purely real distribution D+ of M. Consider orthonormal frame {ey,ea, - - - ,€2g4p) on M

in such that {ej, ez, -+, ez} are in D and {egg41,€2942, - , €2¢4p} are in D+,

Chen [31] investigated new types of Riemannian invariants for submanifolds in space forms, now known
as the Chen invariants. Chen [32] defined for C' R-submanifold N in a Kaehler manifold M with 7
the scalar curvature of N, and 7(D) the scalar curvature of the holomorphic distribution D of N as

follows:
§(D)(p) =7(p) —7(Dp), PEN

Let Hp and H pL be the two partial mean curvature vectors of M, respectively, i.e.,

. 1 2q . 1 2q+p
Hp = % Zh(ei,ei) and HpL =-— Z h(er,er) (3.1)
7= Porlog+1

Theorem 3.1. Let M be a quaternionic generic submanifold of quaternionic space form M with
minimal codimension, i.e., dimd, = 0, for x € M, dimD, = 2gq, dimDmL = p, and dimTM+ =
2m — (2q + p), then

c plp=Yec 9c o (2¢+p)?* o (p—1p’ >
o(D) <2qp— + —2L— + —||T, -——H - |H
(D) < 20+ PO Sy BLED oy (R0 gy,
PROOF. Let {e1,ea, - ,e2q,€2g4+1," - ,€2g+p} be orthonormal bases on T'M such that {e1, ez, - , ez}
are in D and {ezq11, €442, - ,€2g4p} are in D+ and let {€2g4+p+1, €2g4p+2, "+, €2g+pt2m} Of TML.
Since
29 2q+p
T = Z K(ei Nej) + Z K(er/\es)—l—z Z K(e; Ney)
1<i<j<2q 2q+1<r<s<2q+p i=1r=2¢+1
and
(D)= Y, Kleihe)
1<i<j<2q
then
2q 2q+p

§(D)=1—-7(D) = Z K(er/\es)—l—z Z K(e; Ney)

2q+1<r<s<2q+p i=1r=2q+1
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From (2.2),
K(PAQ) = K(PAQ)+g(h(P,P),hQ,Q) - §(h(P, Q), h(P, Q))
c . 3 . (3.2)
= 14350 9(0uP, Q%] + §(h(P. P). H(Q, Q) — 3(h(P, Q),h(P, Q))
From (3.2), for P =¢;, Q =e,,i € {1,2,--- ,2¢},and r € {2¢ + 1,2¢ + 2,--- ,2q + p},
3
K(e; Ney) = E [1 +3 Z g(Jaei, er)Q] + g(h(es,e;), hier,er)) — g(h(ei,er), h(ei,er)) (3.3)
a=1
Since Jye; € D and e, € D,
g(Jaeiyer) =0
By summation in (3.3) over i € {1,2,---,2¢} and r € {2¢+ 1,2¢ + 2,--- ,2q + p},
2¢ 2q+p c 2q 2q+p
Z Z K(ei A 67«) = QQPZ + Z Z [g(h(eu ei)’ h(erv er)) - g(h(eia 67")7 h(ei, er))]
i=1r=2q+1 i=1r=2q+1
From (3.2), for P =e,, Q = e, and r,s € {2¢+ 1,2¢+ 2, ,2q + p},
3
K(ey Nes) = z 1433 G(Jaerses)?| + d(h(er, er), hles, e5)) — Glh(ers es), hler, es))
a=1
Since Tye, € D+ and e5 € D+,
§(Ja€r, 65) 7é 0
By summation in (3.3) over i € {1,2,---,2¢} and r € {2¢+ 1,29+ 2,--- ,2q + p},
-1 9
K(e Aey) = POZ1 9000
2¢+1<r<s<2q+p 2 4 4
+ > [G(h(er,er), hies,es)) — G(h(er, es), h(er, es))]
2q+1<r<s<2q+p
where
2q+p
HTaH2 = Z g(Taeraes)2
i,j=2q+1
and ( ) 2 2+
c pp—1c 9c g 29+p
§(D) = 2qp + T+ TP+ X d(h(ee), hier,er))
4 2 4 4 i=1r=2¢+1
+ > g(h(er,er), hes,es)) — > [h(er,es)]|? (3.4)
2q+1<r<s<2q+p 2q+1<r<s<2q+p
2q 2q+p 9
=2 > lhlei e
i=1r=2q+1
Moreover,
2q +p)°
COLDE 12 4 2 2 e | (35)
where ||hpo||? is defined by
|hpe|? = > 1A (er, )] (3.6)
2q+1<r<s<2q+p
Combining (3.4) and (3.5),
29 2q+p
c plp—1)c 9c (2q + p)?
5(D) = 20p% + PP Oy 2y COEP o a2 =30 3D (ennen) P

i=1r=2q+1
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and

p+2) [ (2¢+p)? 2¢  2q+p
Ay + BE2 I CIEP 8 )2 — (D)
p—1 2 i=1r=2¢+1
c p(p +2) 2) p+2 9 329
-2 —_— T, h
+ 5 (20 + P2 0T ) = P - 2
From (3.1) and (3.6),
p+2 3p? p+2| 2atr .
H DLH2 — | Dl’2 = 7 > (hss) + Z(hst)2

p—1 p—1 s=2q+1 s#t

2¢+p+2m  2q+p k2 3 2q+p 2
+ Z Z (h’st) - 7 Z hgs
k=2q+p+1 s,t=2q+1 p—1

Moreover, since
O<Z a; —a;)* = (n—1) Za?—ZZala] (3.7)
i<j i<j
then )
n?||H|?* = <Z ) Za —1—22@1@] (3.8)
i=1 i<j

Thus, from (3.7) and (3.8),

p+2 3p? 1 2q+p
o P = = Hpi P = ——=q(p+2) X (hl)*+(p+2) | X (hiy)?
p— p—1 p—1 s=2q+1 st
2¢+p+2m  2g+p k2 2q9+p 2
+ X > (hg)?| =3 X hi
k=2q+p+1 s,t=2q+1 s=2q+1
2q+p
p+2 3p? 1
S lhoe ? - |HDJ-|2 =_—7 -1 Yo (W) =6 hihi+(p+2) D (hy)?
p— p— p s=2¢+1 s<t st

2q+p+2m  2q+p
S Sl ]}

k=2q+p+1 s,t=2q+1

1 2q+4p
=51 {2(1 —p) > (WGP +3D (o —hiy) + (p+2) | Y (hiy)?

s=2q+1 s<t s#t
2q+p+2m  2q+p
k)
+ Z Z hst
k=2q+p+1 s,t=2q+1
>0
Thus,
3
T p S1Hp. P
and
2q 2g+p
c pp—1)c 2q + p)?
aap + P00 € S B g 21, - 5(0) 2 PSS e
i=1r=2q+1
then
c pp—1)c 2q + p)? 329
2gp + PO 9y ey COEP gy oy 2 5(D) >
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Hence,

Cutl e | @8y

c —1e
i(D) < 2qpf+p(p )¢ P

ol —TQ
R 2

O]

Corollary 3.2. If M™ is a quaternionic generic submanifold of the quaternionic Euclidean m space
H™ with ¢ =0, then

9 2

(2q+p) o (= 1)p

o(D) <
(D) = 2 p+2

[Hp-|”

Corollary 3.3. If M™ is a quaternionic generic submanifold of the quaternionic projective m space
HP™(4¢) with ¢ > 0, then

p(p—1) 2, 20+p)? .5 (p—1p? 2

0(D) <2 9||T, H H

(D) < 20p-+ PLZ2 o2 4 TP S |

Corollary 3.4. If M™ is a quaternionic generic submanifold of the quaternionic hyperbolic m space

HH"™(4c) with ¢ < 0, then

92 2 -1 2
(2¢+p) Hz+(p )P H o 2

p(p—1) 2
5(D) > 2 22 49T
(D) > 2qp + +9|| Tl + 5 o2

2
4. An Inequality for Real Hypersurfaces

Indeed, generic submanifolds with ¥ = {0} and D+ = Sp{J,N} are real hypersurface of a quaternion
Kaehler manifold, where N is the unit normal vector field of the hypersurface. Therefore, Theorem
3.1 lead to the following

Theorem 4.1. Let M be a real hypersurface of quaternionic space form M (4c¢). Then,

(2¢ +3)°
(D) < —

H? +9|Hp. |> + (6q + 3)c

PROOF. Let M be a real hypersurface of quaternionic space form M (4c). Then, it follows from the
definition §(D) that

2¢ 3
§(D)y=7—7(D)= Y K(JNALN)+D > K(e;AJuN)
1<a<b<3 i=1a=1

Fori e {1,2,---,2¢} and a € {1,2,3},

29 3
0(D) = 6gc+3c+ > > g(h(ei,e;), h(JoN, JoN))
i=1a=1

+ Y G(h(JaN,JuN),B(JyN, JyN)) = 3 [|h(JuN, J,N)|? (4.1)
1<a<b<3 1<a<b<3

2q 3 )

-2 X (e JuN)|

Moreover,

o
)

3
Z g(h(eiaei)?h(JaNa JaN)>+ Z g(h(JaNa JaN)vh(JbN7 JbN))
la=1 1<a<b<3

2q + 3)2
LS RN, N = 22
1<a<b<3 2

where ||hp.||? is defined by

7

(4.2)
H? +9|Hp | = ||hp. |

lhpull? = 37 Ih(JaN, JpN)|?

1<a<b<3
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Combining (4.1) and (4.2),

O

(2¢+3)? 2 2 2 3 2
§(D) = 6qc+3c+ ~————H?+ 9[Hp.|> — |hpe|? = D> ||h(es, JoN)|
i=1a=1
29 + 3)?
< (q—;)Hz + 9| Hp. | + (6g + 3)c

5. Conclusion

This study investigates an inequality for an intrinsic invariant of Chen-type defined on quaternionic

generic submanifolds in a quaternionic space form. Its application obtains this inequality for real

hypersurfaces. Although results for certain submanifolds have been obtained in previous studies, their

generalized state has not been made. Thus, this study will provide new fields for researchers studying

generic submanifolds by working in different space forms such as generalized complex space forms,

Sasakian space forms, cosymplectic space forms, and locally conformal Kéhler space forms.
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