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DEDUCING INDIRECT AGGREGATE FACTOR DEMAND, SUPPLY
AND PROFIT CURVES

MUSTAFA AKAL!
ABSTRACT

The aim of this research is to derive the equations of indirect aggregate factor demand,
aggregate supply (forming a new growth model) and aggregate profit functions. In the study,
based on the perfectly competitive firm profit maximization model, the macroeconomic growth
model based on two, three and four factors of production, the equations of aggregate factor
demand and total profit were inferred in terms of prices of goods and factors of production
using optimization, derivative and consolidation formulas. A new macroeconomic model of
growth, factor demand, and profit can be expressed, explained, and modeled in terms of the
average commodity and factor prices of the economy. Theoretically, inferences are formed
according to price variables linked to four factors of production. On the other hand, in
practice, the corresponding variables may not be found in appropriate formations. The study
will be leading to establishing and estimating macroeconometric indirect aggregate supply,
factor demand and profit models. Additionally, the macroeconomic equations reached in the
study can be developed into applied panel data models.
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DOLAYLI TOPLAM FAKTOR TALEP, ARZ VE KAR EGRILERINIiN
TURETILMESI

OZET

Bu arastirmanmin amaci, herhangi bir ekonomiye ait dolayli toplam faktér talebi, toplam arz
(veni bir biiytime modeli bicimlendirmesi) ve toplam kar denklemlerini tiiretmektir. Calismada
tam rekabetgi firma kdar maksimizasyonu modeli esas alinarak iki, ti¢ ve dort iiretim faktériine
dayali makroekonomik biiyiime modeli, toplam faktor talebi ve toplam kdr denklemleri
optimizasyon, tiirev ve toplulagstirma formiilleri kullanilarak mal ve iiretim faktorii fiyatlari
cinsinden ¢ikarsanmigtir. Nihai denklem ve fonksiyonel iligkilerin nasil ¢ikarsandig
asamalariyla gosterilmistir. Yeni bir makroekonomik biiyiime, faktor talebi ve kdr modeli
ekonominin veya sektoriin ortalama mal ve faktor fiyatlar ile ifade edilebilir, aciklanabilir ve
modellenebilir. Teorik olarak ¢ikarsamalarin dort iiretim faktoriine bagh fiyat degiskenlerine
gore olusturulmus olmasidir. Diger taraftan, uygulamada karsilik gelen degiskenler yerli
yerince bulunamayabilir. Makroekonometrik toplam arz, faktor talebi ve kar tahmin
mdellerinin tahminlemesinde onciiliik  etmesidir. Calismada ulasilan makroekonomik
denklemler uygulamali panel veri modellerine de genisletilip uygulanabilir.
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1. Introduction

Gross domestic product (GDP) is the aggregate supply of firms operating in a country in a
year. We assume each firm decides how much will supply a good under profit maximizing
goal in a period. Hence, the firm can derive its demand for a factor of production, its supply
and profit curves in terms of price of goods, prices of production factors and technical progress.
And, from these profit maximizing curves demand for aggregate production factors, aggregate
supply and aggregate profit can be derived in terms of all prices and technology level. This
study mainly develop how to reach aggregate curves from firms’ profit maximization goals.

Profit-maximizing factor demand curves, indirect supply and profit curves can be obtained
from the firm's profit maximization analysis. Depending on the structure of the production
function, these curves of the firm can be obtained as structural models. However, When
creating patterns, the parameters are misleading in the case of two production factors in the
production function. Therefore, the structural models referring to the indirect factor demands,
supply and profit are also obtained under three production factors in the production function.
From these curves, the inferences of the four production factors demand, indirect supply and
profit curves as patterns or formulas are shown. Macroeconomic indirect factor demand
curves, indirect supply and profit curves or equations were inferenced from the obtained firm’s
indirect factor demand, supply and profit equations. These inferences give reasoning and
insight to researchers working both theoretically and practically. Inferences will be made
through the Cobb-Douglas type production function with an homogeneous structure. Because
with the Cobb-Douglas type production function, analysis facilitates the understanding of
economic phenomena. In the study, a technical writing method was followed both as a result
of the nature of the study and the need not to take up too much space with unnecessary
explanations.

In microeconomics textbooks, the expression of firm demand, supply and profit curves in
terms of prices of goods and factors of production is included in profit maximization analysis
in terms of factor utilization (Hendersen & Quandt 1980; Nicholson 1989; Silberberg 1990).
Accordingly, in the literature search, there were no studies that inferenced, determined and
estimated the aggregate indirect supply curve in terms of prices. For this reason, the relevant
literature could not be included in the study. However, Epple et al. (2010) developed and
estimated the home production function in terms of prices. Hilmer & Holt (2005) showed that
the U.S. aggregate agricultural supply based on product maximization can be explained by
factor prices and firms’ total cost.

Davidson (2012) reminds that Keynes only accepts Say’s Law assumption on the existence of
a full employment output level in the long run, but, in fact, Keynes says that Say’s Law does
not apply to a monetary, production economy because there will be underemployment
equilibrium. However, followers of these two schools; both New Classicals and New
Keynesians accept AS and AD equilibrium under the “natural rate” of unemployment,
including Moneterists. Felipe & Fisher (2003) do not believe and take the attention of
researchers on the applicability of firm or institutional-based aggregate neoclassical
production functions. Felipe & Fisher (2008) “They imply that intuitions based on micro
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variables and micro production functions will often be false when applied to aggregates”.
However, instead; there shall be a rationality of macroeconomic aggregate supply models
which links to microeconomic analyses by relaxing assumptions in aggregation. This
rationality is outlined in this study. Otherwise, one can not reach a macroeconomic model and
run a macroeconometric model and make inferences. Stoker (2010:1) “The econometrics of
aggregation is about modeling the relationship between individual (micro) behavior and
aggregate (macro) statistics so that data from both levels can be used for estimation and
inference about economic parameters”. On the other hand, Salter (202) emphasizes a
disciplined way of thinking about the interaction between the nominal economy and the real
economy to understand economic fluctuations and business cycles because of the aggregate
demand and aggregate supply model. In the long run output growth is determined by physical
increases in the labor supply, capital availability, new ideas and technology, and improvements
in regulations and institutions. The aggregate supply also links to the prices of these factors as
shown in this study. This study shows a rationality and a disciplined way of thinking about the
interaction between the nominal and the real economies as contributions.

Empirically, Paravastu et al. (2021) used physical capital and labor amounts in the multi-input
single-output production model. Kim (2024) modeled and estimated the production of
American manufacturing industry from the assumption of firm profit maximization with the
translog function using the physical input variables of capital, labor, energy and non-energy,
and found results that were in line with the expectations of producer theory. Petrin et al. (2004)
stated that to include the use of a production factor in the profit maximization model, the
correlation relationship between production and input levels should be taken into account first,
and after confirming this relationship, they estimated the production (gross value added)
function with blue- and white-collar workers, electricity and capital inputs for the period 1986-
1997 for Chile.

2. Firm’s Profit Maximization Model and Inferences

Here, the inferences of macroeconomic models are based on the microeconomic model of firm
profit maximization.
2.1. Basic Assumptions

The following assumptions are made for the profit maximization model of a representative
firm:

-1. The firm is in profit maximization behavior for each good in each period “t”.

-2. The firm operates in a perfectly competitive market in both the factor and goods markets
in each period “t”.

-3. The firm uses the same production factors in each period “t” and pays only for the
production factors it uses.

-4. The firm faces a Cobb-Douglas type production equation and output shows diminishing
returns to the production factors.

-5. The technology level of the firm is different in each period and the firm ensures profit
maximization under the technology level of the relevant period.

-6. Intertemporal profit maximization is out of the question.
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-7. If the firm produces more than one good, it uses each input at the marginal product value
of each production factor and aquals the marginal purchasing cost of each input.

On the other hand, for the macroeconomic model;

-8. Aggregation problems are ignored.

-9. The aggregate production factor demand for each period “t” consists of the sum of the
firms® production factor demands for the relevant period.

-10. The aggregate supply for each period “t” consists of the sum of the production of the
firms’ supply in the relevant period.

-11. The aggregate profit for each period “t” consists of the sum of the profits of the firms for
the relevant period.

-12. The technology level is defined outside of the model, and it may differ over time.

2.2. Situation With Two Factors of Production

According to neo-classical theory, it is accepted that companies use only physical labor and
capital as production factors, the firm’s total cost consists of fixed cost and total variable cost
that include the payments made to these two factors, and the technology level of each firm is
different, and given to the firm in a period.

In this section, the firm’s demands for two (for example; capital and labor) factors, profit-
maximizing supply and profit curves will be derived from the firm’s profit maximization
model. Then, ignoring aggregation problems, indirect aggregate demands for factors,
aggregate supply, and aggregate profit equations will be deduced from the firms’ profit
maximization model.

2.2.1. Firm’s profit maximization model

Based upon the assumption that the firm's supply equation is q=al.”'l.”*, a>0 and
S+ B.<1; showing decreasing returns to scale, and defining the total cost as
TC =wil1+wzl2; then the firm's profit maximization problem can be stated as in equation
(eq)1:
Mak. z(I1.12) = p(al”'127°) — (Wal1+ w2l 2), B+ B.<1
Iy, 12

)

Through optimization process, the firm’s indirect factor demand equations can be obtained by
substituting this correlation;

W We W: - W: z_l:Izzéﬁl @)
MPl MPZ ﬂ1a| 1'317l I Zﬂ ﬂzal 1ﬂ1 I Zﬁ ﬂl W2

p:
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in one of the equations of the first order conditions; as in?

ﬂlapl 1/31_1 | 2/32 -wWw:=0=> ﬂlapl 1ﬂ1_1(%ﬂ | 1)'52 —-w:=0 (3)

1 2

then one reaches firm’s indirect factor demand equations as follow (eq.4):
1(p, &, Wi, We) = PP g Bl pe)\y (B DI\, =Bl 2) (UG 2) QUi

(4)

(D, 8, Wey Ws) = BP/0AL02) 3, QPG i)y ==\ (P fpe) gl 2) g U= )

If these profit-maximizing factor demand equations are substituted in the supply equation, the
indirect supply equation (0= f(]p,& W, W:)) can be obtained as follows (eq.5)*:
(D, 8, Wsy W2) = BV P2) 3 PeI-Pr o)y Py =) (B PP p) g U )

(5)

(P, 8, We Wa) = by Wi P2y 0P P PP QUA=Prpe) |y . g PIG-Prpo) g polCpicp)

If these profit-maximizing factor demand equations are substituted in the profit equation, the

indirect profit equation can be obtained as follows (eq.6)*:

ﬂ_(p aw Wz) — (1_ﬂl_ﬂz)ﬂlﬁd(l—ﬂlf/i‘z)ﬂzﬂzl(l—ﬂlfﬁz)W17ﬁ1/(1—ﬁ17ﬂ2)szﬂzl(l—ﬂlfﬁz) pll(l—ﬂlfﬁz)aﬂ(l—/hfﬂz)
1 ) il 6

n-(p a W Wz) — b'W{ﬁl/(l*ﬁlfﬂ?)WZ*ﬂZ/(lfﬂlfﬁz) pll(lfﬂlfﬁz)al/(l—/i'lf,/}z) b: — (1_181_ﬁz)ﬁlﬁﬂ(l—ﬂlf/i‘z)ﬂzﬁz/(l—ﬂlf,/}z). ( )

Here, the firm's certain level of maximum profit can be achieved only under S+ f.<1

condition; and thus the demand for a factor and a level of supply that maximize profit can be

2 or{ l.= £.b WL (B2 D A=1-p2) \p, ~B2I(1=p1-B2) p1/(17ﬁ1,ﬂ2)a1/(17ﬂ1,ﬁ2)

b= ﬂl/fl/(l—lflf/ﬁ) ﬂz/ﬂ/(l—ﬁlfﬁz)
ﬂ2 b Wl—/h/(l—/}l—/}z) Wz(ﬂl—l)/(l—ﬁl—ﬂz) pl/(l—ﬁl—/fz)all(l—ﬁl—ﬁz) ’

|2:

8 By substituting these obtained li(p,awiwz) and  Ix(p,awiwz)  into  the  supply;
q= a(ﬁl(l—ﬁz)/(lfﬁl £2) ﬂZﬁZ/(1751 B2) Wl(,Bz—l)/(l—,[ﬁ £2) szﬁzl(lfﬂl B2) a1/(1—/)’1 £2) p1/(1—/)’1 B2) ),81

(B2 APP2) 3, Q=PI rf32) \p =Pl A= 11 52) \y (B A= 1 2) QUA=f1-f52) GUIA=f1-f2) ) 2
—pu(1-p1-p2 —p2/(1-p1-p2 1+ 2)](1-p1-f2) AL (1-p1-p2 1/ (1-p1-f2 2/(1-p1-p2
Q= b WP PB2) PRI 2) (PPN PrpR QU= D)y g PUG=Pefe) g el(1=pi-p)
* (P, a, Wi, W) = pg — (Wal1+wzl 2)
T = p(ﬁll)’ll(l—l)’lfﬂZ) ﬂzﬁz/(l—ﬂlf/ﬁ) Wlfﬂl/(l—/flf/ﬁ) szﬂZ/(l—/flfﬁZ) p(/)’1+/>’2)/(1—/7’17/)’2)all(l—/flf/ﬁ))
_Wl(ﬂl(l—ﬁ‘z)/(l—ﬂlfﬁz) ﬁzﬂz/(l—ﬂlfﬁz) WL (B2 DIA-p1-B2) \p, —B2l(1-p1-B2) p1/(17ﬂ17ﬂ2)a1/(17ﬁ1752))
_Wz(ﬁlﬁll(lfﬁlfﬁz) '82(17/31)/(17;?1,/52) Wl*/fl/(lflflfﬁ@ Wz(ﬂlfl)/(lfﬁlfﬂz) p1/(1—ﬂ17/32)a1/(1—ﬁ17,62))
= Wlfﬂl/(lfﬂlfﬂZ)szﬂZ/(lfﬂlfﬁZ) pll(lfﬂlfﬂZ)all(lfﬂlfﬂZ) (IBIM/(PﬂPﬂZ)ﬂzﬂzl(lfﬂlfﬂz) _ﬂl(lfﬂi)/(ifﬂlfﬂZ)'BzﬂZ/(l*ﬂlfﬂ?) _ﬁllﬁ/(lfﬂbﬂ?)ﬂz(lfﬂl)/(l*ﬂlfﬁﬂ)
= [ﬁlﬁl/(lfﬂi ﬂz)ﬁz/ﬁ/(l*ﬁ'l 132):|W1 prl(l-pr I?Z)W2 Pal(1-p1-p2) pl/(i—zh ﬁZ)al/(l*ﬁl p2) _
PUA-pr-p2) p (1-p1)I(1-pr-p2) (1-pB2)/(1-pr-p2) p_B2l(1-p1-p2) =PU(1-p1-p2) \n, -B2l(1-p1-p2) NU(1-p1-p2) o 1I(1-p1-p2)
,51 ﬂz + ﬂ1 ﬂz Wi W: p a
7= Wy YA B2\ - B2l B2) p]./(l—/ikliz)al/(l—/iy/iz) [ﬁl/h/(l—/hfﬁz)ﬂzﬁzl(l—/hf/iz) _ﬂl(l—ﬂz)/(l—/}yﬂz)ﬁzﬂz/(l—/hf/iz) _ﬂl/h/(l—/ilf/iz)ﬂz(l—/h)l(l—/iy/iz):I
=W BUQ=pr-f2) - F2IA-1-f2) pUQA-p1 ﬂZ)al/(lf/?l ﬂZ)(ﬂlﬁll(lflh ﬂZ)ﬂzﬂzl(lﬂh B2) _ﬂl(lfﬂZ)/(lfﬂl ﬂZ)ﬂzﬂzl(lfﬁl B2) _ﬁ/h/(l*/h ﬂZ)ﬂz(lf/?l)/(lfﬂl ﬂZ))
= (1_ﬂl_ﬂz)ﬁlﬂll(lf/jl—/jz)ﬁzﬁzl(lf/}l—/}z)Wl—,/ﬁ/(lf/h—,b'z)Wz—ﬂzl(lf/}l—/fz) pl/(lf,b'l—,b'z)all(lf/fl—/fz)
T = buwlfﬁil(l—/hfﬁz) W27,82/(1—317,1)’2) pll(l—ﬁlfﬁz)al/(l—ﬁlf,b’z) , b ' (1_ ,81— ﬂz)ﬁlﬂil(l—/hfﬁz) 'Bzﬁzl(l—ﬂlfﬁz)
b'= ﬂlﬁl/(lfﬂlfﬁZ)ﬂzﬂZ/(lfﬁLBZ) _,Bl(lfﬂ2)/(lfﬂlfﬁ2)ﬂzﬁz/(lfﬁlflﬁ) _ﬂlb’l/(lfﬁlfﬂZ)ﬂz(lfﬁl)/(l*ﬂlfﬁz) =

bI: (1_ﬁl_,62)ﬁ1/i1/(1—/317ﬁ2) ,82/)’2/(1—/)’17/32)
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obtained®. Otherwise, the production of goods will increase as factor demand increases for
profits endless. Therefore; a certain level of demand and supply will not be achieved.

If the production function g = al.”*1.”*includes the technical coefficient a>0, as in this study,

P similar to pY@A 42

it will be included in the factor demand (11 and I,) equations as
and its values will be positive as 1— . — . >0 and 1/ (1— .- 3-) > 0 under the assumption

of decreasing returns to scales; Bi1+p2<1. In the indirect supply equation, “p” will be in the

form of P AIAP2 4nd <9 will be in the form of @72 Technical progress will be

52)

included in the profit equation as a/“ PP similar to the form of commodity prices;

pY@#/2) - and technical progress will increase profitability. And, price increases motivate
both supply and profit, c.p.

Hence, the technical progress coefficient "a" will affect the demand for factor, supply and
profit of the firm affirmatively. The more the factor productivity the more the demand for the
factor, and thus, supply and profits improve.

2.2.2. Inferencing aggregate indirect factor demand, supply and profit curves

In this section, ignoring aggregation problems, indirect aggregate factor demand, supply and
profit functions will be inferenced by summing the aggregates of firms' factor demand, supply
and proofit in the case of two factors of production firm’s profit maximization model.

2.2.2.1. Aggregate factor demand curves

In the analysis so far, the price faced by a firm “i” for the good sold in period “t” is defined by
small pi, the interest it pays is defined by small waj;, and the wage is defined by small w.;:.. For
the aggregate values, let's define the country's factor demand in period “t” by I, factor prices
by W,, average price by P:. Let the technology level for the whole economy be A..

The aggregate factor demands for the whole economy will be deduced from the sum of the
factor demands of the firms as follow (eq.7):

N
Zﬂm(1—ﬂzn)/(l—/hnf[}zn)ﬂmﬂznl(l—ﬂmfﬂzn)wm(ﬁzit—l)l(1—ﬂ1nfﬂzn)Wm—/}zl(l—ﬂlitfﬁzn) phll(l—ﬂmfﬂzn)aill/(l—ﬂlitfﬂzn)

i=1
B @)
ln= Zﬂmﬁlil/(l—ﬂlil—ﬂzit)ﬂ2"(1—ﬂ1it)/(l—ﬂ1it—ﬂ2it)Wm—ﬂlit/(1—ﬂ1it—ﬂ2il)wm(ﬂlit—l)/(l—ﬂlil—ﬂzit) pilll(l—ﬂmfﬂzn)al/(l—ﬂmfﬂzn)

i=1

|11=

5 For example, When B1=0.25, B2=0.25 values are given, B'=0.25 is obtained as positive. This profit function
inferred for the firm is homogeneous of degree one in terms of commodity and factor prices.
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If these demand equations are estimated, the autonomous factors are respectively; autonomous

o i’Bm(1—ﬂ2n)/(17,51n—ﬁ2n)’anﬁznl(lfﬁln—ﬂzn)
demand for factor of production number one is g _ 7% and
T
T N
ZZﬁmmn/(l—mm/}zn)ﬁzn(1—ﬁ1n)/(l—ﬂ1nfﬁzn)
autonomous demand for factor of production number two is g, _ 7T .

T

Here, due to aggregation problems these autonomous factors are formulated firstly by
decomposing the relationship corresponding to the variables of the firms; then, by averaging
the total of firms’ autonomous factor demands over time. As a result, the aggregate factor
demand curves over the years can be expressed as follows (eq.8):

|1t(\N11,W21, P., At) - BW 11('8271)/(17/}1’/}2)\/\/ 2(/32/(17,317,32) P(l/(lfjhfﬁz)A(l/(lf/;hf/)’z) (8)

(W 2, W e, P, A) = BW o AV @ AE A2y, (P DIA-f1f52) p Q-1 f2) g MQA-f1f2)

Here, in the double-sided logarithmic equation, LnB; and LnB; are constant autonomous factor
demands. When they are found to be statistically significant, they show the total systematic
effect of other explanatory variables not used in the model on factor demands.

2.2.2.2. Aggregate supply curve

On the other hand; let the country's supply in period “t” be defined by large Q:. In this case,
the indirect aggregate supply equation is Qi=Ad:'12*?, and the indirect aggregate supply

function to be estimated is
N

Qt = zqti(plit,am,Wlit,Wzit) = Qt =f(Pt, A, Wi, W 2t) . Here, the aggregate supply of the
i=1

firm(s) producing in the country in the period “t” will be the gross domestic product of the

firms in terms of their value added or the aggregate domestic product of the sector®. If

consolidation is carried out, based on microeconomic fundamentals, the aggregate indirect

production for the period "t" can be expressed in equational form as follows (eq.9)":

Qt(P, ALW,W2)=B W o PPNy - FlU=fiefa) p (e f)l ey AN A=-fpz) 9)

6

N
Qt — Z 'Bmﬁm/(l—ﬂm—ﬁzn)ﬂZi‘,an/(l—ﬁm—ﬁzn)wlit—/5’1.(/(1—/5’1.(—/92.1)Wzn—ﬁzn/(l—ﬂm—ﬂzn) pit(ﬁimﬁzn)/(l—ﬁm—ﬁzn)ai[l/(l—ﬂln—ﬁzn)

i=1

N
QI(PI, At,Wlt.W 2[) — Z bit Wlit7,51“/(17,51“7/3ZIK)WZitfﬂZil/(lfﬂlilfﬁZil) pit(ﬁliuﬁzi()/(lfﬂli(f,b'zil)aitl/(lf,b’lil—/fzi()
i=1
bit :ﬂm/}m/(l—ﬁluuﬁzn)ﬁznﬁznl(l—/hnf/)’zn)

i Bt iibit iZN:ﬂm,81.(/(1—ﬂmf/32u)ﬂznﬁzit/(l—ﬁlutfﬁzn)
— =1

B— _ =1 i=1 _ o t=1 i=1 :ﬁlﬁll(l—/h—/fz)ﬂz/i‘zl(l—/h—/i‘z).

T T T

Here, considering that the firm aims to maximize its profit for each period, firm-specific Bi's are accepted separately
for each "t" period, and it is accepted that 1 and B2 are the average parameters of the period in the aggregate supply
curve. In this case, B will be the autonomous average supply over the entire period.

7 However, on the basis of the firm, the technology level of the companies, the input payments they have made,
their productivity, factor prices and the prices of the goods they sell may differ. It is not possible to find this data
for each firm. The important thing here is how the country's supply is obtained in terms of firm supplies.
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B= ﬁlﬂl/(lfﬁlfﬂz) ﬂzﬁ'Z/(l*ﬂlfﬁZ)

Here, B or in the double-sided logarithmic equation LnB is the logarithmic value of the
autonomous supply. When found to be statistically significant, it shows the total systematic
effect of other factors on supply that are not included in the model.

2.2.2. 3. Aggregate profit curve

The profit function of a firm i in period “t” is m( P, an,Wlit,WZit) . On the other hand; let us
define the country's profit in period “t” with the notation m;. In this case, the aggregate direct

. . N N
profitcurveis 7l 1) = zmt(llit’ loi) = Z{ pit(a“'litﬂmlznﬂm) _(Wlit L + Wi o, )}
i=1 i=1
On the other hand, the indirect aggregate profit function to be estimated is®;

N
t(Pt, AL Wi, W 2t) = Zﬂ'it( P, &, Whit, Whit) - So it will be inferenced as
i=1

= T (P AW, W) .

This profit is the aggregate profits of the firms that have made profit maximization in each

period “t”. If consolidation is made, the aggregate indirect profit equation for the period "t"

based on microeconomic fundamentals can be represented as®'%! follows (eq.10):

(P, AW W 2) = B Wy AN o PP pa=poio) pHa=Frf2) (10)
B'— (l— ,61— /82)/61,6’1/(17,817,6’2) /62/1’2/(17&’17,32)

8

N
= Z{(ﬂmﬂl\t/(l—ﬁln—ﬂZ\t)ﬂmﬁml/(l—ﬂln—ﬂzn) _ﬂm(1—ﬂ2it)/(1—ﬁ1|1—ﬂ2\t)ﬂz‘ﬁzn/(l—ﬁlwt—ﬁzn) _ﬂmﬂli[/(l—ﬂln—ﬂzn)ﬂ (1= pu)(1-Pui-pai) )Wlilfﬁm/(l—ﬂmfﬂzn)Wznfﬂzn/(l—ﬁmfﬂzn) pi[ﬂ(l—ﬂli[—ﬂzi[)auﬂ(l—ﬂln—ﬂzn)

2t
il
9 Here, profit maximization between periods is not taken into account.
N
10'In note; however, provided that it performs the same function as the symbol Z in the profit equation; the sum
i=1
N
sign; Z may be used in the expression of B, provided that it corresponds to the prices faced by the it firm and
i=1
the partial factor elasticities. Then, B' can be derived as follows:

N N
BI( — zb" _ Z(ﬂm[hu/(1—ﬂ1itfﬂzit)ﬂzuﬂml(l—/hitfﬁzit) _ﬂm(l—ﬂzi'[)/(l—ﬂlil—ﬂzit)ﬂzI/f?i/(l—ﬂlitfﬂzi() _ﬁ“/hutl(l—[}mﬂzix)IBZll(l—[ilim)/(l—/hitfﬂzit)) OIUp
t=1 i=1

T N T N
Z Z b Z Z (1_ ﬂlit _ ﬂzn)ﬂm,Bml(Lﬂlmﬂzn)ﬂZitﬂml(l—ﬂlmﬂZH)

Bl: t=1 i=1 _ t=1i=l

T T
BI — (1_ﬂl_ﬁz)ﬂlﬂﬂ(lfﬂlfﬂz)ﬂzﬂz/(lfﬂlf/}z)

Here, considering that the firm aims to maximize profit for each period, the firm-specific Bi's are considered
separately for each "t" period. B' will represent the autonomous profit in the model prediction.

11 However, on the basis of the firm, the technology level of the companies, the input payments they have made,
their productivity, factor prices and the prices of the goods they sell may differ. It is not possible to find this data
for each firm. What matters is how the aggregate profit is generated in terms of firm profits.
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Here, B’ (or LnB’ in the double-sided logarithmic equation) is the constant autonomous
aggregate profit value. When found to be statistically significant, it shows the total systematic
effect of other factors on profit that are not included in the model.

In model estimation, the values of these variables might not be found promptly to explain
factor demand, profit and supply. When there is a measurement problem with the data, for
example, when the capital price cannot be found, it is necessary to use the cash interest
payment instead. Again, there might exist problems in measuring the technology dimension
level variable or which one to use among alternatives. And one shall use a price index as prices
of goods on the average. Some firms show decreasing, constant, or increasing returns to scale
rather than constant returns to scale all opposing the assumption of constant returns to scale.
On the other hand, efficiency differences among companies are visible. Calculations are also
required in the determination of wages in models to be established. Representing the
technology level promptly is also important in the estimation model. Technology level A can
be represented by the number of patents approved in year "t" in the country or by the share of
R&D. Problems like these exist.

2.3. Situation with Three Factors of Production

In this section, a profit maximization analysis of a firm with a Cobb-Douglas type production
function, which uses three production factors with technology level (a) in a certain period, is
obtained. From this profit maximization model, firm’s demand for factor, supply and profit
equations will be obtained. These equation structures will help (i) to obtain the firm’s factor
demand, supply and profit equations corresponding to Cobb-Douglas type production
functions, (ii) to obtain the equations of aggregate supply and profit at the macro level in the
use of more than three factors of production.

Assuming a Cobb-Douglas type production function with the use of three factors, the indirect
supply and profit equations of the perfectly competitive firm will be obtained'?. Then, the
transitions from the microeconomic basis to the macro model; firms’ demand for production
factors, supplies and firm profits will be summed.

2.3.1. Firm’s profit maximization model

3

When supply equation is stated asq=al”*12"*1¢*,) i <1, the profit maximization
i=1

problem of a firm can be writen as follow (eq.11):

Mak. 7z (11 12, 13) = p(al”* 1277 15”*) — (Wil 1+ w2l 2 + wsl ) (11)

I1,12,13

Then, from profit maximization first order conditions (eq.12);

12 The reason for choosing profit maximization with three in addition to the profit maximization with two factors
to present the reader a pattern in generalization is that the parameters are misleading in results of two factors case.
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g_lﬂ = Bipal” 127 15”° —wi =0 < paMP1=w
1
A 2 s 12
OF o Bpal P 17 5 —wo = 0 <> paMPo—ws b= p= o _ _We _ W (12)
ol 2 MP:  MP2 MPs
(‘;’T = Bspal " 12771 —ws =0 <> paMPz = ws
the following correlations are obtained (eq.13):
P W1 W2 — 1 ﬁz W1
— = 2=
pal? 127217 Baal 177 187 L1 Wo (13)
D W1 W5 — 1 ﬂs W1
= = 3= — 111
pal” 127217 Baal# 127 157 L Ws

If these relations are substituted in the first or other equations, the profit-maximizing demand
curves are found in terms of prices as follow (eq.14):
gapt P B s
e s
1= B g pltfefed) g poltfefed gy e pfe Py Polipfcf) U pIgUpfipd) (9 4y

l,= ﬂlﬂl/(lfﬂlfﬂz—ﬁﬂ ﬂz(lfﬁlflﬁ)/ (t-p-p-p3) ﬂsﬂd(lfﬁlfﬁ%m) Wi PO ) (B DDA )y =Poll-fr- e ) pl/(lfﬁlfﬁz—ﬂﬂ qllpbef)

|3: ﬂlﬂﬂ(l—ﬂyﬂzﬁz) ﬂzﬂz/(l—ﬂl—ﬂzfﬁz) ﬂg(l—m—ﬂz)/(l—/hfﬂzfﬂz) Wl—/h/(l—ﬂl—ﬂzﬂz) Wz—ﬂzl(l—ﬂy/}zﬁs) Ws(/iu/}z—l)/(l—ﬂlfﬂzf/}a) pll(l—/hfﬁzf/}a)al/(l—/hfﬂzfﬂs)

Each factor demand of the profit-maximizing firm is negatively related to each of factor price,

including price itself. For example, for 11(p,a,w1,w2,ws) demand, that is V¥ aﬁw_l <0,i=12,3

_ ol
and v b <0, i#j,i=123, j=1273.And V ﬂ>o, V — > Oas both B+Ps<1 and
ow; oa 8p
B1+P2+Ps<l are assumed to be.

Each factor demand of the profit-maximizing firm is homogeneous of degree zero in terms of
good and factor prices. If the price of the good in question and the factor prices used in its
production increase at the same level, the factor demand will not change. Therefore, the supply
of good is also homogeneous of degree zero in terms of good and factor prices.

If these profit-maximizing factor demands are substituted for the demand curves in the supply
equation, the firm's indirect supply curve is obtained as follow (eq.15)*3:
= B i) i ) gy o)y gy P ) s pos e UL )

q — bwl—ﬁll(l—ﬂyﬂzf/h) Wz—ﬁz/(l—ﬁy/;’zfﬂs) Ws—ﬂal(l—ﬁlfﬂzfﬂa) p(ﬂ1+ﬂz+ﬂ3)/(l—ﬂ17ﬂzfﬂ3)al/(l—ﬁkﬁzfﬁs) (15)

b= P UPppD) g pelUpipape) g fsl=pi-pr-p

q a[ﬂ (1-p2-B3)I (1-f1-p2-B3) ﬂ P2l (1-p1-Po-f3) ﬂ B3l (1-pr-fo-, ﬂa)W (Bo+p3-1)/ (1-pr-po-, ﬁa) —ﬂZ/(l—ﬁlfﬂZfﬁQ) Ws—ﬁa/(l—/hfﬁzfﬂa) pll(l—ﬂyﬁzfﬂa)al/(l—/hfﬂzfﬂa) i|ﬁl
ﬂl/h/l p1-p2 /ja 1 (1-p1-p3)/ (1-p1- p2-3) ﬂ 3l (1-pr-p2 ﬂz)w -l (1-p1-B2-p3) Wz(/j1+/j3—1)/(l—ﬂ1 P2-p3) Ws—ﬂsl(l—/h p2-p3) pl/(l—/jl P2 ﬁa)all(l—/il p2 /ia)i|ﬂz

[ﬂlﬂﬂl P1-f2-f3) ﬁ Pl (1-p1-Po-f3) ﬁa(lfﬂlfﬂz)/(kﬂlfﬂzfﬂz) Wlfﬂll(lfﬁyﬂzfﬂa) szﬂzl(lf/hfﬂzfﬂa) Ws(ﬂwﬂzfl)/(lfﬁyﬂzfﬁz) p]J(lf/hfﬂzfﬂa)all(lfﬂyﬂzfﬂa):|ﬁ3
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Here, 995099 0 9 0% 0% ¢, asuming g+t fo<l. If the
8p OW: OW: OW: oa

production function obtains “a” representing technology dimension factor as Solow (1957)

introduced, the relationship is formed as@ > 0. That is, the supply of firm increases at the

oa
same level of factor use as a level of the firm’s technology progresses.

On the other hand, if this profit-maximizing factor demand equations are substituted in the
profit equation (eq.16), the indirect profit curve is obtained in terms of good and factor prices
as follows (eq.17)*:

7(p,w) = pa(p,w)—TC(p, W),

z(p, W) = p[allﬂll 2?1 3ﬂ3:|—[W1|1+W2| 2+ wsl 3] (16)
7= (L= i Br o)D) B oty ey ife ) gy e ) )

17
I= bnwlfﬂﬂ(lf/h—ﬂz—ﬂa) szﬂz/(lfﬂl—/iz—ﬂa) Waf/}a/(lf/h—ﬂz—,/ia) pll(lf,/h—/iz—ﬂa)al/(lfm—/}z—ﬂs) ( )

bl — (1_ﬁ1_ﬁ2_ﬂg)ﬂlﬁ’ll(l—ﬂl—ﬂz—/js),Bzﬁzl(l—ﬁl—ﬁz—ﬁ’a) ﬂsﬂal(l—/ﬁ—/iz—ﬁa) 15.

This curve called the indirect profit equation or function, is first-order homogeneous in terms
of good and factor prices. This indicates that if the prices of good and factors increase together
at the same level, the profit of the firm will double. In this profit equation, assuming
L+ [+ s <1, if the production function contains a technology dimension factor, such as

"a", the relationship is formed like Z—ﬁ > 0. In other words, as a result of technical progress,
a

production increases, cost decreases and firm profit increases.

14
T= pa[ﬂl(lf/}%ﬁﬂ/(1*ﬁl—ﬂ2—ﬂ3)ﬂz/le(lfﬁl—ﬁ%m)ﬂzﬁﬁ/(lf/fl—ﬁl—ﬁﬁ)Wl(ﬁerﬂzfl)/(lfﬂl—ﬁZ—ﬂa) Wz—ﬁz/(l—ﬁlfﬂzf/}a) ngﬁal(l—/h,/}z,/ia) pu(l,/jl,gz,ya)ay(l,ﬁl,ﬂzrm):|/71

[ﬂlﬂﬂ(lfﬂl—ﬂz—ﬂz)ﬂz(lfﬂkm)/(lfﬂyﬂz—ﬂa)ﬂaﬂzl(lfﬂl—/}z—ﬂz) Wlfﬂll(lfﬂlfﬂzfﬂa) Wz(ﬁuﬂafl)/(lfﬂyﬂz—ﬂﬂ stﬂal(lfﬂyﬂz—ﬂa) pll(P/}yﬂzfﬂa)all(lfﬂyﬂzfﬂa)}ﬂz

[ ﬂlﬂl/(l-/flfﬂlfﬂﬁ) ﬂzﬂl/(l-/flfﬂzfﬂﬁ) ﬂs(i-ﬂl-ﬂz)/(l-/ﬁfﬂzfﬂﬁ) Wy PP fe) gy =P ) o B B0 ) pif(l-ﬂlfﬂZfﬁﬁ)aﬂ(l-ﬂlfﬂzfﬂﬁ) }ﬂ :

WG PVPp) g PIOBBf) POy PPy Bl gy L) P )

W ﬁlﬂl/(lf/hfﬂzfﬂa) ﬂz(lfﬂlfﬂl)/(lfﬂl—/ﬁf&) ﬁaﬂa/(lf/ﬁfﬂzfﬂa) Wlfﬂll(lfﬁlfﬂz—/%) WZ(ﬂH/i@fl)/(lfﬂl—ﬂzfﬁH)WS*/%/(lfﬂl—/fZ—ﬂa) pl/(lfﬂl—ﬁZ—ﬁa)al/(lfﬂl—ﬂZ—ﬁa)

Ws ﬂlﬂl/(lfﬂrﬁbﬂ@) ﬂzﬂzl(lf/h—ﬁzfﬁ&) ﬂa(lfﬁlf/i?)/(lfﬂlfﬁ%ﬁz) Wlf/h/(lf/hfﬁzfﬂ@) sz/ﬁ/(lf/hfﬂbﬂa) Ws(ﬁu/fzfl)/ (-pr-p-p3) pl/(thﬁZ—ﬁﬁ)all(lfﬂlfﬁbﬁ@)
= pa[ ﬂlﬂx/(l—/h—/h—ﬂa) ﬂzﬁz/(i—/h—ﬂz—ﬂa) ﬁ3ﬂs/(1fﬁ1—ﬂz—/is) Wl—m/(l—ﬂx—/fz—ﬁs) szﬂz/(lfﬂl—ﬁz—ﬂa) Waf/is/(lfﬂrﬂz—/is) p(ﬁhﬁﬂﬂz)/(l—ﬁrﬁz—ﬁs) a(ﬁl»ﬂﬂﬂz)/(l—ﬁpﬁzrﬂs):'
_[ ﬂl(l-ﬂZ-/fs)/(l-ﬂlfﬂzf/fs) ﬁzﬂzl(l-ﬂlfﬂzfﬂs) ﬂzﬂS/(l-ﬂlfﬂzf/h) n ﬁlﬂl/(l-ﬂlfﬂzf/fs) /J)z(l-/h-ﬂa)/(l-ﬂlfﬂzfﬂﬁ) ﬂ}/fﬂ(l-/hfﬂzfﬂa) + ﬂlﬂﬂ(l-ﬂlfﬂzfﬂﬁ) ﬁzﬂz/(l-ﬂlfﬂzfﬂa) ﬁa(l-ﬂl-ﬂZ)/(l-ﬂlfﬂzfﬂS)]
(Wlfﬁl/(lfﬁl—/ﬁfm) szﬂz/(lfﬁlfﬁ%ﬁa) W3fﬁ3/(lfﬁlfﬂ2—ﬁ3) pU(lfﬁlfﬁZ—ﬂa) aﬂ(lfﬁlfﬁzfﬂa))

15 Note: When pu#=#Pb=Big multiplied and divided by g1, B2 ##9¢#==) is multiplied and divided by 4> and
S AFNRBR) s multiplied and divided by 83, one reaches b'. In addition b'is related to b as b'=(1— f1— f2— B3 b.
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2.3.2. Inferencing aggregate indirect factor demand, supply and profit curves

In this section, ignoring aggregation problems, indirect aggregate factor demand, supply and
profit functions will be inferenced as the aggregate of firms' factors demands, supplies and
profits curves in the case of three factors of production firm’s profit maximization model.
2.3.2.1. Aggregate factor demand curves

Aggregate factor demand curves are obtained as follow (eq.18):

N
|lt - Z ﬂln(1—/}2n—ﬂau)/(1—/}1.[-/32\1-ﬂ3u) ﬂz“/]zul(l—/im-/}zu-/}an) ﬂmﬂan/(1—/]1\1-/}2\1-/}3\1)Wm(/]zwhu—l)/(l—ﬂlwt-ﬂZ\t-ﬂawt)WZn—ﬂzn/(l—/hn-/}zn-ﬂ3\1)W3n-ﬂ3u/(1—/}1i[-ﬂzu-/]3u) phﬂ(l-ﬂm-/]zu-/}zu)aitll(l-ﬂm-ﬂzit-/}sn)
i<l

N
| 2= Z ﬂmﬂm/(Pﬁm—ﬁm—ﬂsu) ﬂm(1—ﬁ1irﬂ3n)/(Pﬂm—[izn—ﬂzn) ﬂanﬁan/(1—ﬂ1it—ﬂzn—/i3n)Wmfﬁm/(th—ﬂzit—ﬁau)wm(ﬂm-ﬂxwrl)/(Him—/fzit—/isit)Wailfﬁznl(l—ﬂm—ﬁzn—ﬁan) pnﬂ(lfﬁm—/izn—ﬁzn)aill/(lfﬂm—/lzn—ﬂxn) ( 18)

i1
N
|3[ - z ﬂlnﬂm/(l—ﬁm—ﬂzn—ﬂsm) ﬂznﬂzn/(lfﬂm—ﬂzn—ﬂzn) /))an[lfﬂm—ﬁzit)l(l—ﬁm—ﬂzix—ﬂzn)Wm—/hn/(l—ﬂm—/Izn—ﬁzn)Wzi[—ﬂzn/[1—/h‘n—/izn—ﬂzn)Wm(ﬂmﬂzn—l)l(l—ﬂm—ﬂzi[—ﬂsit) pnl/(l—/hn—ﬁzm—ﬂan)anl/(l—ﬂm—ﬂzi[—ﬂait)

i=l

If these demand equations are to be estimated, the autonomous factors are the autonomous
demands for production factors one, two and three, are formulized respectively as (eq.19):
T N T N T N
ZZﬂlixbit ZZﬂZi&bit ZZﬁ&xbit
B,= t=1 i=1 B,= t=1 i=1 B,= t=1 i=1 bit:ﬂm/}m/(l—ﬂmf/]znfﬂan)ﬂmﬁzn/(1—,51\‘7/3zivﬂau)ﬂm/}an/(1—/i1nf/iznfﬁ3n) (19)
T 1 T i T 1

It can be formulated by separating it from the relationship corresponding to the variables of
each firm due to aggregation problems according to the time dimension. As a result, aggregate
factor demand curves respectivelly to be used in macroeconometric model are as follow
(eq.20):

LW, Py, A) = Bo Wy P2 s DIpipe by, =pellpuope- oy ~palliepifa-fs) p UA-pi-f-po) p U-1-fe- )

1t

I 2I(\N‘, Px, AI) — Bzwn—ﬁﬂ(l—ﬂlfﬁzfﬂs)vv 2[(ﬁ1+ﬁ3—l)/(1—ﬂ17ﬂ27ﬂ3)vv 3[—ﬂ3/(1—ﬂ17ﬂzfﬂa) P(l/(l—ﬂkﬂzfﬁa) Atl/(l—ﬂkﬂzfﬂa) (20)
IBt(VVt, Px, Ax) — ngll—ﬂl/(l—ﬁlfﬁzfﬁs)vv Zt—ﬂzl(l—ﬂlfﬁzfﬂa)vv 3t(ﬂnﬁ2—1)/(1—ﬂ17,/1’27ﬂ3) P[l/(l—ﬂlfﬂzfﬂs) Atl/(l—,b’lfﬂzfﬂs)

The expected signs of the relationships between the aggregate factor demands and each
explanatory variable is as follow:

v oiz123ad v N o0 ixjiz=123j=123Vevs0,v Lo,
oW ~ oP oA

i J

T N
§ § ﬂln(1—ﬂ2n—ﬂ3it)/(l—/}1it [ 2it ﬂau)ﬂznﬂzit/(l—/}ux f2it ﬂsi‘)ﬂmtﬂsi(/(l—ﬂlix it 33it)

B, = t=1 i=1

16 T
T N 3 . 3
ZZﬁln/h.t/(l—/hnf/iz.u/}an)'82"(l—/hn—/ia.t)/(1—/31nf/5‘2.p/}an)ﬂauﬁanl(1—/31nf/32|tf/5‘3|t)

B, = t=1 i=1

T
T N 3
zz/glnﬁm/(l—ﬂnl B2it ﬁan)ﬂzilﬁzul(l—ﬁln B2it ﬁsn)ﬁ3il(l—ﬁm—ﬁzn)/(l—/hn [ 2it-33it)

B, — =L i=1

T
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If the aggregate factor demand curves are to be estimated macroeconometrically, for example,
the indirect aggregate factor demad equation of the second factor can be written as follows
(eq.21):

Lnl = LnB.— p LnW i + prpo-t LnW . — b LnW+ ! LnP. + ! LnA + & (21)
1-fi= - 1- i po- B 1-Bi=Bo— s 1- i po- B 1- i -

Here, the coefficients in front of the variables give the coefficients of elasticity of factor
demand with respect to factor prices, price of good, and technology accordingly. The good
price and technology elasticities of factor demand are positive, and the factor price elasticities
of the factor of production are negative.

2.3.2.2. Aggregate supply curve

The aggregate supply and profit equations are obtained based on the assumption that the firm
maximizes its profit for each “t” period. Namely;

N
Q=" qu(@s, P, Wi, Wai, ..., Wat) — GDP=f(P,Wy): It is the aggregate supply of firms
i=1

producing in the country in period “t”. This indirect supply curve is obtained as a function of
the prices of the goods that firms sell and the factors of production they use. When the
technology dimension coefficient is added, the functional structure takes the form of
GDP=f(P;,W;,A)) as in equation 22;

Q =B Wl—/h/(l—ﬁ'lfﬂzfﬂs)w z—ﬂz/(l—ﬂlfﬂzf/}s)w S—ﬂsl(l—ﬂifﬂzfﬂs) P(/}1+ﬂ2+ﬂ3)/(1—/317/327/?3) Al/(l—ﬂifﬂzfﬂz) (22)

B = ﬂlﬂll(l—ﬂlfﬂzfﬂS) 'BZﬂZ/(l—ﬁlfﬂZf&) 'B3ﬂ3/(1—/317ﬁ27ﬂ3)

If the natural logarithm values of both parts of the equation are taken, the aggregate supply

equation will be as follows (eq.23):

t— p: Ln
1-p1-f2-Ps

P e LB

(- t A (23)
1-p1—fa-fs 1-fi—f2-fs 1-pi-fa-fs

LnQ:=LnB- LR
1-p1—fa—fs

Wy W, LnAt+ &t

LnB is the constant autonomous value in natural logarithmic form. When it is found to be
statistically significant, it shows the total systematic effect of other factors on aggregate supply
that are not used in the model. Here, the coefficients in front of each variable give the factor

17

N
Q‘ — Zﬁmﬂ1it/(1—ﬁmfﬁzufﬂ3n)ﬂ2i[ﬁz./(l—/?mf/?znfﬂsn)ﬁm/}an/(1—ﬁ1n%zmﬁsn)wm—ﬁlit/(1—/?mfﬁznfﬁ3n)Wzn—ﬁn/(1—ﬁ1ufﬁznfﬂan)
i=1
W3nfﬂanl(lf/mfﬂznfﬁau) pit(ﬂlmﬁz.ﬁﬂzu)/(17,01“7,/]2\‘7[33\‘)anll(l—ﬁukﬁznfﬂan)

N
Qt(At, Pt,WlI,W Zt) — Zbit Wm7[X1it/(17,31infﬁzitfﬂ3n)Wznfﬁz\/(1—,[11“7[12\17/13.1)W3it—,/}3i|/(l—ﬂiutf,/]znf,/isu) pil(/}1i|+ﬂ2i|+,/}3i|)/(17,01i|7,/32n7ﬂ3u)anll(k/fliu[ﬁipﬂsit)
i=1
bit — ﬂm/hit/(1—/f1uszip/fsu)ﬁZil/fzw/(l—ﬂlizf/}zuf/izu)ﬂaitﬂzi(/(l—/hnf/fzufﬁau)

T T N T N
Z B. ZZ bit Zzﬂlit/flix/(lfﬁlilfﬁzit—/ﬁ%i()ﬂzn/32i(/(lfﬁli[—/fzil—ﬂSil)ﬂsit/fSi(/(lfﬁli[—/fzit—/fSi()

B — =L _ t=1 =l _ t=1 =l

T T T
B = BPGPprpe) g pel=pipe-p) g pal(i=ppe-pa
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and commodity price and technology elasticities of the aggregate supply respectively. These
elasticity coefficients and their theortically expected signs are as follow:
anQ i o Q _ i o 20 _ o AQ_ peferfs Q1

= ' - ' - ) - ! . . . 5 0
LWe Tffofs oWz 1-Pr-fofo CLWs 1 frPofo AP 1-fr-fofs OLOA 1-Pmfo-fs

2.3.2.3. Aggregate profit curve

Aggregate profit is the sum of the profits that firms make from the goods they produce. It is
assumed that the firm that produces more than one good maximizes its profit on each good.

N
Aggregate profit; 77t = Zﬂtn(an, Pit, W e, War, ..., W) —> 77t =f(P,W,): The aggregate profits
i=1
of the firm(s) that maximize profits in each period are obtained as a function of the prices of
the goods they sell and the factors of production they use. When A: Technology dimension
coefficient is added, the functional structure takes the form of m=Ff(P;, WA:) as in equation
24%;
T = B uwl—ﬂﬂ(l—ﬂlfﬂzfﬁs)w Zfﬂz/(l—ﬁlfﬁzfﬁs)w37/33/(17/317/327/33) P]J(l—/ﬁfﬁzf/h) Al/(l—/hf/izfﬁs) (24)

B'— (17'617ﬂ27'63)'81/}1/(1—ﬁ1 B2 /33)ﬁ2/32/(1—,81 PB2-[33) ﬁ3,83/(17,81 B2-33)

From this, the equation of aggregate profit for macroeconometric estimation purposes is
inferenced as follows (eq.25)*:
p2

- LnW 1 B W ! X L nAte  (29)
1-pi-fo-fs

Lnm=Lng - " - LnPe+
1- - fo-fs 1- - fo-fs 1- - fo- 3

Ln
1- - fo-fs

W1t

LnB’ is the constant autonomous value. When found to be statistically significant, it shows the
aggregate systematic effect of other factors on profit that are not used in the model.

Here, the coefficients in front of each variable give the price elasticities of the production
factor of the aggregate profit and the elasticities of goods prices and technology respectively.

N
18 = z { g VPP fa)y <P U-Pu-pai-fa)y, -Paal(l-pe-Paic-fi)y, -Barl(l-pii-Pai-fse) pitll(l—ﬂnt—ﬂm—ﬁsn)bn -}
i=1
bi[- — (ﬂlitﬂlit/(l—ﬂli(—ﬂ2il—ﬂ3i()ﬂznﬂZi/(l—ﬂli(—ﬂZil—ﬁSi()ﬂ:ﬂtﬂ:%i/(l—ﬂlit—ﬂzit—ﬁSil)
St/ (- p1i-B2it-B3it) (A— it B3it)/ (1—L1it- B 2it— F3it) (A—B1it-B2it)/ (1—L1i- B2it- S3it)
.y i P
(A—pB2it-B3it)/ (1— L1i- B 2it- B3it) _ p2it/(A-p1it- B2it- F3it) (A p1it-B2it) | (A—P1i- B2it- F3it)
_ﬂllt ﬂzn ﬂ3|t

(A—p2it-B3it)/ (1—L1it- B2it- SB3it) (A— it B3it)/ (1— Llit- B 2it— [3it) p3it/ (1—p1i- B2it- S3it)
_ﬂlit ﬂZit /83& )

= B -Wl—ﬂll(l—ﬁkﬁzf/j‘a)w 2—ﬂ2/(l—ﬁ17ﬁ27ﬁ3)w 3—ﬁ3/(l—ﬂ17ﬂ27ﬁ3) Pl/(l—ﬁlfﬂzfﬂ%) Al/(l—,th,Bzf,Bs)

T T N T N
z B’ Zzbi" zz(lfﬂl“ By 7ﬂsn),31"/fm/(1751.‘,ﬁzu,ﬂan),82“/3zn/(17/31.‘,ﬁzn,ﬁsn),83"ﬁau/(ym..,ﬁzu,ﬂau)
_ i1 _ i

— =1 i=1 — t=1 i=1

B’

T T T
B L (1_ﬂ1_,82_ﬁs)ﬁl/h/(l—ﬁlfﬁzf,bﬁ) ﬂZ/)’zl(l—ﬁk/}zfﬁs) /83ﬁ3/(1—ﬁ17ﬁ27ﬁ3) .

19 B'=1—f1— f2— f33)B, B= ﬂlﬂl/(lfﬂl B2 ﬂz)ﬁzﬂzl(l—ﬂl B2 ﬂs)ﬂ3ﬂ3/(1—ﬂ1 B2-33)
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These elasticity coefficients and their theortically expected signs are:
dw ___ p gl p gdw o gdw 1 dw 1
oWy 1-fi-fo-fz OLnW2  1-fi-fo-fs  OLnWs  1-fi-fo-fs  OL0P 1-fi-fo-fz OLDA 1-fi-fa-fs

Since macro supply and profit models are aggregates, it is necessary to use the annual deflator
or the price index of the relevant sector as average prices instead of the price of goods and the
annual average price of each factor instead of factor prices of firms paid. However, the
assumption of diminishing returns to scale should be made flexible in aggregation because
tehere exist diferent types economies of scales depending on the sector. And one shall also
relax the assumtion of the fully competitive market because we observe mostly imperfect
competition in reality.

3. Inferences in the Case of Four Factors of Production

This section explains how to infer the factor demand, supply and profit equations mentioned
above when the number of production factors is increased; in other words; it is discussed to
show how to expand the patterns. However, in the case of four factors of production, the profit
maximization problem of the firm can be stated as follows (eq. 26):

4
Mak. z(l1, 12,13 14) = p(allﬁllzﬁz|3ﬂ3|4ﬁ4)—(W1|1+W2|2+W3|3+W4|4),Zﬁi<1 (26)
i1

11121314

From here, the following aggregate curves in relation to four factors of production case will
be inferenced based on the derivations with three factors of production profit maximization
case. Inferences for both the firm and the aggregate values are shown under subheadings
without comments.

3.1. Firm Indirect Factor Demand Curves
In the case with four inputs, firms’ indirect factor demand curves are inferenced as follows
(eq.27)%:

20

L= Buly waPet ot DI PP 3Py -l o)y PP Py -l P B i) U= - B PR - P

Lo = Boly wa PP Pe Py ot o DI PiPo FPa gy 0=P Poi) vy - PAHI=i- P B ) AP P - UL=Pi -

L = B WalF2 PP o)y 4P o P (1 s PP ) gy PG o) =P gl o=

L= By Wi 0o PPy (B 3o o0 ) gy B =)y (s Bes oo 0= QU= - -5
b= BPIGPF5P) g Pil-prpe-fi-po) g pU-pi-pa-fi-pe) g pupifi-ps-p
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Ly= BUPFE DO g B -p) g BB PPy B s By P59
PP g A ) U o g

Y e T e Y e e R Ly
i PP Be By DU Ui @7

L= BPPPIPPFEY) PP 0B ep) g PACPFFop gy oD gl

AP BNy PP ) GO AU )

Loz [PNCPPBY  PIEPFe i) PP PPNy Gy (B oo

PP BB g (s O U P

The direction of the relationship between each factor demand and explanatory variables that

maximizes firm profit is shown as follows:
ol . ol L . ol ol

vV—<0,i=12,34, V—<0, 1#],1=1,2,34, =234, V—>0, V—>0
OWi OW; op oa

3. 2. Firm Indirect Supply Curve

The firm’s indirect supply curve is inferenced as follows (eq.28)%:
q= ﬂlﬁﬂ (-p1-po-f3-p) ﬂzﬂz/ (-p1-po-fa-pe) ﬂ3ﬂ3l (I-p1-pa-p3-pa) ﬂ 4ﬂ4/ (I-p1-pa-p3-pe) Wl*ﬂl/(lfﬂlfﬁzfﬁ&ﬂ‘*) szﬂzl(lfﬁlfﬂzfﬁ&ﬁ‘*)

Ws—ﬂal(l—ﬂl—ﬁzfﬂaf/ﬂ) W4—ﬂAl(1—ﬂ17/32—ﬂ3—ﬂ4) p(/I1+ﬂ2+ﬂ3+ﬂ4)/(1—ﬂ17ﬂ27ﬂ3—ﬂ4)al/(l—ﬂlf/fz—ﬂa—ﬂzl) (28)

3. 3. Firm Profit Curve

The firm’s indirect profit curve is inferenced as follows (eq.29)%*:

7= (L fie o Pom fa) P IEDBD RFelOpicfipe-po o palipicficfp) g Pucpi o)y -Pu=pipi-pe o) 29)
WPy PP gy PP U a-Pipifp) =P po-po-po)

3.4. Aggregate Factor Demand, Supply and Profit Curves
3.4.1. Aggregate factor demand

In the case with four inputs, aggregate factor demand equations are aggregated as in equation
30;

21
Q(W, p, a) b Wl—ﬂﬂ(l—ﬂlfﬂzfﬂsfﬂa) Wz—ﬂzl(l—mf/}zfﬂsfﬂa) Ws—ﬂs/(l—ﬂlfﬂzfﬂsf/ﬂ) WA—ﬂAl(l—ﬂyﬂzf,HafﬁA) p(,B1+,H2+ﬂ3+/34)/(1—ﬂ1f/]zf,037ﬂ4)al/(l—ﬂyﬂzfﬂafﬂza)

b= ﬂlﬂll(l—ﬂlfﬁzfﬁ&ﬂét) ﬂzﬁz, (1-p1-p2-f3-4) ﬂ3ﬂ3/(1—ﬂ17ﬂ27ﬂ37ﬂ4) IB P QA-fr-p2-f3-4)

22
”:bnwl—ﬁjj(l—ﬂyﬁzfﬁafm) Wz—ﬂzl(l—ﬁlfﬂzfﬂafﬂzs) WS—ﬂa/(l—ﬁlfﬂzfﬂsfﬂA)W4—ﬂ4/(1—ﬂ1fﬂzfﬂ37/h) pll(l—ﬂlfﬂzfﬁ‘afﬂtz)al/(l—ﬁlfﬂzfﬂafﬂtz)’ ﬂ1+ﬂ2+ﬁ3+ﬂ4<l
bI: (1_ﬁ1_ﬂ2_ﬂs_ﬂA)ﬂlﬂll(l—ﬁlfﬂzfﬂafﬁA)ﬁzﬂz/(l—/ﬁfﬁzfﬂafﬁls)ﬂ3ﬁ3/(1—ﬁ17ﬁ27ﬂ37ﬁ4) ﬁ4ﬂ4/(1—/ﬁfﬁzfﬂafﬂ4)

b'=(1-fi- f2— fs— Ba)b

261



SAKARYA IKTISAT DERGISI CILT 13, SAYI 3, 2024, SS. 246-265
THE SAKARYA JOURNAL OF ECONOMICS, VOLUME 13, NUMBER 3, 2024, PP. 246-265

I N ﬂm(l—ﬂZ\t—ﬂEit—ﬂA\()/(1—ﬂ1it-ﬂ2n-ﬂ3n—ﬂ4it) ﬂz“[izn/(l—[im-/}zm-/fau—ﬂam) ﬂ“ﬂau/(1—ﬂ1i1-ﬂzn-[i3n-ﬂ4n) ﬂm[im/(l—[im-ﬂzu-,/fa\x—ﬂam)Wlit(ﬂzn+ﬂ3n+ﬂAm—l)/(l—ﬂm-[izn-ﬂan—ﬁm)
= ;Wzit—/}zn/(l—ﬂm—/}zn—ﬂm—/hu)Wsn—ﬁ’zn/(1—/11\t—ﬂzn—ﬂan—ﬂAu)WMt—ﬂan/(l—/}m—ﬂzn—ﬂsn—/}m) pitl/(1—ﬂm—/}zn—ﬁ3n—ﬂ4n)aitl/(l—/}m—/}zn—ﬂan—/ﬂn)

I . Pl i) e i) . e i) g Pl e Py Bl i )

A=
L L T N L S (30)

- . P Bpu) g Bl P g 0P o =P g Bl By Bl i -

L P B (s s a0 Py e o e 0 s o i s

. N, o g i) g - i) g O-fare- s iy Sl

= Wzn*/f’Z\I/(lfﬂln—ﬂZu—/iawr/ﬂn)Wsnf,/iawt/(l—ﬂm—ﬂzi\—,/isi\f/ﬂi\)Wm(,/illw/}ziw,/ianfl)/(lf/hn—/izu—ﬂaufﬂw)p U(1-puie-pai-Pi- /hu)a U(1-pric-pait-Pi-Paie)
and the autonomous demands for production factors one, two, three, and four are determined
as follows respectively in equation 31%;

T N T N T N
ZZ ﬁlnbu ZZﬁZitbit Zz ﬂ3itbl( Z Zﬂ4itbit (31)
B:llll Bzztzl i=1 ,Ba_tzl i=1 ,BAthl i=1 ,

T T T T
b“ — ﬂl“ﬂm/(l—ﬁmf/iznf/?ai[—/hn)ﬂzK/?zn/(1—131.(7/32mﬁaut—ﬁAil)ﬁg“ﬂan/(l—ﬂmfﬂznfﬁan—/hn)ﬂmlﬂml(1—/31.&/?2.17/?3"—,54.1)

Then, each aggregate factor demand equation is deduced as follows (eq.32):
|11(Wt, Pl, An) - Blwn(ﬂ2+ﬂ3+ﬂ471)l(17ﬂ1—,3z—ﬁa—ﬁA)W Z(ﬂz/(lfﬁl—ﬂz—ﬂa—ﬂa)w Stfﬂal(lfﬁrﬂz—ﬂs—m)wAlfﬁal(lfﬂl—ﬁz—ﬁa—ﬁd) Ptll(lfﬁl—ﬂz—ﬂa—ﬂa)A}/(Pﬂl—ﬁz—ﬁa—ﬁd)

|2|(W1, PI, A

) Wn—ﬂﬂ(l—ﬁpﬂzfﬂsfﬂzx)\N ZI(ﬂ1»,Ba~ﬂ4—1)/(1—ﬁ1fﬂzfﬂ37ﬂ4)\N Bt—ﬁal(l—ﬂlfﬂzfﬂsf/ﬂ)vv M—ﬂA/(l—ﬂl—ﬂZ—ﬂS—ﬂd) Plll(l—ﬂpﬂzfﬂsfﬂzx) Atll(l—,/hfﬂzfﬂsfﬂa)
| a.(W1 P, At) B, W, P pbefopiy Pellprprpi-pihy  (Befepit)li-p-po-pa-peyy -Pe-piope-fo-pe) p Ut-Pu-pe-fo-p) p Ut-Pu-fe-fo-p)

(32)

| 4:(W1, PI, A= Wn—ﬂﬂ(l—ﬂpﬂzfﬂsf/ﬂ)\N Zt—ﬂzl(l—ﬂpﬂzfﬂsfﬂzx)\N 3{—ﬂ3/(1—ﬂ17ﬂzfﬂafﬁa)w 4[(ﬂ1+ﬂ2+ﬂ3—1)/(1—,/)17ﬂzfﬂ37ﬂ4) Plll(l—ﬂpﬂzf/}sf/h) A{l/(l—ﬂl—ﬂZ—ﬂS—ﬂA)

And each one of them can be used for a macroeconometric model. The expected directions of
the relationship between profit-maximizing aggregate factor demands and explanatory
variables are as follow:

vﬂ<0I—123461ndvi<0 Iijl—1234j—1234AndV@ ov@ 0
0 oW, oP OA

i J

3.4.2. Aggregate supply

23

N
Zﬂ (1-B2it—B3it—B4it) (1- Bit- B 2it- B 3it— ﬂAn)ﬂ Beit! (1-B1it-B2it- B3it— ,BAn)ﬂ B3it! (1-R1it- B 2it- B 3it—, ,Bzm)ﬂ Baitl (1-B1it- S 2it- B3it— B ait)
i=1

M"

Il
[iN

B1:t

T

T N
Pit! (1-piit- B2it- B3it— S ait) (1~ pait— B3it— B ait) | (1- Bit- B 2it- f3it— B 4it) ~ Bsit/ (1-pait- Bit- B3it— P ait) ~ PBaitl (1-P1it- B2it- B3it— B 4it)
ZZﬂln ﬂzn ﬂan ﬂAn

B, = t=1 i=1

T
T N

Pit (1-R1it- B2it- B3it— B ait) Peit! (1- S1it- B 2it- F3it— S 4it) (1-p1it— B 2it—Pait) ] (1- p1it- B 2it- f3it— S ait) Paitl (1-P1it-B2it- B3it— R ait)
E ﬁlit ﬂzi( ﬂsit ﬂm

B3= t=1 i=1

T

N
Zﬂ Pitl (1- Bit- B2it- B3it—, ﬂAll)ﬂ B2itl (1-B1it-B2it- B3it— ﬁAut)ﬂ B3itl (1-Bit- B2it- B3it—, ﬁAn)ﬂ (1-B1it—B2it—B3it) [ (1- B1it- B 2it- B3it— S ait)

M—c

I
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B.=-
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The indirect aggregate supply equation is deduced as follows (eq.33 and eq.34):
Qt :ﬂlﬁll(l—ﬂy/}zfﬁsf/ﬂ)ﬂz/}zl(l—ﬂlfﬂzfﬂsf/ﬂ)ﬂsﬂal(l—ﬂyﬁzf/}sfﬂzx) ﬂAﬁAI(l—,lhfﬂzf/}sfﬁA)Wlt—,lh/(l—/hf/}zfﬂzf/}zt)vv Zt—/}z/(l—ﬁlf/}zfﬂsf/ﬂ)

33
WSt—,Bal(l—ﬂy/)’z—ﬂsfﬁa) Wﬁ—/)’d/(l—ﬂyﬁzfﬁs—ﬁa) Pt(,/)’1+ﬁz+ﬁ3+ﬁ4)/(1—ﬂ17ﬁ27,6‘37ﬁ4)Atll(l—ﬂlfﬂzfﬁsfﬂzx) ( )

QI(WI P A[) =B Wh‘ﬂ”(l‘/’lf/’zfﬂ*ﬂ‘?\N 2[-/32/(1—/11—/127/33%0\/\/ St-ﬂsl(l-/ilfﬂzfﬂafﬂA)\N 4_/;A/(1_/;1,ﬂz,ﬁ3,ﬂ4) Pt(,/31+ﬂz+ﬂ3+ﬂ4)/(1—/}1f/}zfﬁafﬂza) Alu(1-/31,/;z,ﬁa,m)

B= ﬁlﬂll(lfﬂlfﬂzfﬂ&ﬂél)132/5’2/(1*/317/727/3345’4)ﬁ3ﬂ3/(1*ﬂ17ﬂ27/337ﬂ4)ﬂ4/5’4/(1*/317ﬂ2*/337ﬂ4) (34)

3.4.3. Aggregate profit

The indirect aggregate profit equation is deduced as follows (eq.35-36):

Ti= (l_ﬂl_ﬂz_ﬂ3_ﬂ4)ﬂ1ﬂ1/(l—ﬁ1—ﬂz—ﬂ3—ﬁ4)ﬁzﬂzl(l—ﬂ1—ﬂz—ﬁ3—/i4)ﬂsﬂal(l—m—ﬂz—ﬁa—ﬂa)ﬂ4ﬂ4/(1—ﬁ1—ﬂz—ﬁ3—ﬂ4)w1t—ﬂ1/(1—ﬁ1—ﬂz—[i3—ﬁ4WZt—ﬂz/(l—ﬂl—ﬂz—ﬁa—ﬂa)

35
Wat—/}x/(l—/hf/h—ﬂaf/ﬂ)vv At—ﬂal(l—/}y/}zfﬂx—ﬂa) Ptl/(l—/h—ﬂzf/]sf/ﬂ) Atll(l—/hfﬂzfﬂz—ﬂa) ( )

ﬂ't(Wt Pt At) - BuWh—/h/(l—/hf,/sz/IsfﬂA)\NZt—ﬂz/(l—,/h/}zfﬂafﬂzx)\NSt—ﬂsl(l—ﬂy,/}zfﬂsf/h)\NAt—ﬂdl(l—,/hfﬂzfﬂaf/ﬂ)Ptll(l—/hf,/izf/}afﬂft)A[l/(l—ﬂyﬂzf/}af/ﬂ) (36)

B'= (1_,61_ﬂ2_/63_'84)/61/1’1/(1—/11—/12—/1’3—/}0/82/32/(1—/51—/?2—/1’3—/)‘4)ﬁs/isl(l—/ﬂ—/!z—/fa—/ﬂ)/Ba/ﬂl(l—/h—,b’z—/fa—/ﬂ)

B'=(—Bi— B2— Bs— B4)B
4. Directions of Functional Relationships

In this section, the relationships between the firm's and the aggregate factor demand, supply,
and profit curves and their explanatory variables will be stated collectively.

4.1. Factor Demand

Factor demands that maximize firm profit; the direction of the relationship between li(w,p, a)
and each explanatory variable is as follows:

vﬂ<o, i=1234,.., vi<o, i=],1=1234,..,]=123/4,.., vﬁ>0, vﬁ>o.
ow ow op oa

Profit maximizing aggregate factor demands; the expected direction of the relationship
between I;(W,P,A) and each explanatory variable is as follows:

v 0, 121234, V<0, i), =123, j=12,34,., V250, v D50
0 0 oP oA

i i

4.2. Supply

The supply that maximizes firm profit; the direction of the relationship between g(w,p,a) and

each explanatory variable is as follows: vm <0,i=12,3,4,.., and A >0, X >0.
OWi op oa

The expected direction of the relationship between aggregate supply; Q(W, P, A), and each

explanatory variable is as follows: vﬂ <0,i=12,3,4,..., and xR >0, Q >0.
oW, oP OA

4.3. Profit
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The expected direction of the relationship between the firm’s profit; n(w,p,a), and each

explanatory variable is as follows: ng_ﬁ <0,i=12,3,4,..., and a—ﬂ >0, 6—7[ >0

i op oa

The expected direction of the relationship between aggregate profit; ©(W,P,A) and each

explanatory variable is as follows: va_” <0,i=12,34,..., and on >0 on ~0-
oW,

5. Conclusion

Inferring aggregate factor demand, supply and profit functions for a sector or the whole of the
economy from micro-foundations is identical to the profit maximization behavior of firms. In
line with this idea, in this study, through firm profit maximization analysis, (i) How to relate
macroeconomics to microeconomics issues, (ii) How to reach macroeconomic equations from
microeconomic equations, (iii) How to deduce equation patterns and expand, (iv) How to
create micro and macro-econometric model equations based on the inferences patterns, What
the expected direction of the relationships will be and What the parameters mean are revealed.

In the monetary economy, economic actors are more concerned with the prices of goods and
factors of production rather than physical values when making decisions. Models that take
these monetary factors into account will help one understand the economic logical
relationships. Therefore, from profit maximization analysis based on the Cobb-Douglas type
production function, micro and macro factor demand, supply and profit functions or equations
can be estimated by the average prices of factors and goods and technical progress variables.
Then, the aggregated economic models deduced can be tested. Especially in macro growth
models, prices can be used instead of physical labor and capital. As a result of the
concentration of studies in this direction, solutions are sought to the measurement problems of
the variables to be used to represent goods and factor prices.
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