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Abstract — In this note, the notions of soft int-ordered groupoids and soft left (resp., right) ideals are
introduced. The characterization of int-soft ordered groupoids in terms of characteristic and inclusive sets is
discussed. The concepts of soft prime ideals and soft int-filters are also introduced, and the relation between
them is investigated.
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1. Introduction

The most successful theoretical approach to vagueness is undoubtedly fuzzy set theory
introduced by Zadeh [14]. The theory is used commonly in different areas as engineering,
medicine and economics, among others. The fuzzy set theory is based on the fuzzy
membership function u: X — [0; 1]. By the fuzzy membership function, we can
determine the membership grade of an element with respect to a set. The fuzzy set theory
has become very popular and has been used to solve problems in different areas. But there
exists a difficulty: how to set the membership function in each particular case. The theory
of soft sets is introduced by Molodtsov [8] as a new tool to discuss (vagueness) uncertainty.
A soft set is a collection of approximate descriptions of an object. Each approximate
description has two parts: a predicate and an approximate value set. In classical
mathematics, we construct a mathematical model of an object and define the notion of the
exact solution of this model. Usually the mathematical model is too complicated and we
cannot find the exact solution. So, in the second step, we introduce the notion of
approximate solution and calculate that solution. In the Soft Set Theory, we have the
opposite approach to this problem. The initial description of the object has an approximate
nature, and we do not need to introduce the notion of the exact solution. The absence of any
restrictions on the approximate description in Soft Set Theory makes this theory very
convenient and easily applicable in practice. Soft set theory has potential applications in
many fields, including the smoothness of functions, game theory, operations research,
Riemann integration, Perron integration, probability theory and measurement theory. Most
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of these applications have already been demonstrated in Molodtsov's paper [8]. Authors in
[13] gave an application of soft sets to diagnose the prostate cancer risk. Cagman et al. [2]
applied the soft set to the theory of groups. They studied the soft int-groups, which are
different from the definition of soft groups in [1, 9]. This new approach is based on the
inclusion relation and intersection of sets. It brings the soft set theory, set theory and the
group theory together. Some supplementary properties of soft int-groups and normal soft
int-groups, analogues to classical group theory and fuzzy group theory are introduced in [3,
10]. Recently, Ideal theory in semigroups based on soft int-semigroup is investigated in
[11]. Authors in [12] discussed the applications of fuzzy soft sets to ordered semi group
theory. Khan et al. [7], presented the concepts of a fuzzy soft left (right) ideal and fuzzy
soft interior ideal over an ordered semigroup.

In this paper, the notions of soft int-ordered groupoids and soft left (resp., right) ideals are
introduced. The characterization of soft int-ordered groupoids in terms of characteristic and
inclusive sets is discussed. The concepts of soft prime ideals and soft int-filters are also
introduced, and the relation between them is investigated.

2. Preliminaries

We denote by (5,..=) an ordered groupiod, that is, a groupiod (S, .) with a simple order <
which satisfies the following condition:

Vxy,z€S, x=y implies xz <yz andzx < zy .
Definition 2.1. [5] A non-empty subset A of S is called a left (resp. right) ideal of 5 if
1)SACS A (resp. £4)

2)a€AS53b=a impliesb € A

Definition 2.2. [5] A (non-empty) set A is called an ideal of S if it is both a left and a right
ideal of S.

Definition 2.3. [4] A subgroupoid F of S is called a filter of 5 if
1)a,b €5,ab € F implies bE F
2)a€F,53b =a impliesa €F.

For 4 €5, we define (4] ={tE€5:t < a forsomea€c A}

Let U be an initial universe set and let E be a set of parameters. Let P(U) denote the
power set of U and A, B,C, ... £ E.

Definition 2.4. [8] A soft set (@, A) over U is defined to be the set of ordered pairs
(a,4) = {(x, a(x)):x € E; a(x) € P(U)};
where a:E — P(U) such that a(x) = 0 if x & A.
Definition 2.5. [11] Let (@, A) and (f5.A4) be two soft sets. Then, (@, 4) is a soft subset of

(8. 4), denoted by (@, 4) = (B.4) if a(x) = B(x) for all x € A and (a, A); (B,4) are
called soft equal, denoted by (&, 4) = (£,4) ifand only if &(x) = B(x) forall x € A4,
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Definition 2.6. [11] Let (a,4) and (8,4) be two soft sets. Then, union (e, 4) U (5, 4)
and intersection (&, 4) M (f,4) are defined by

(@ u B)(x) = a(x) v f(x),
(@ N B)(x) = a(x) n f(x),

respectively.

Definition 2.7. A soft set (@, 5 in a groupoid 5 is called a soft int- subgroupoid of 5 if
a(xy) 2 a(x)na(y) forall x,y €5,

3. Soft Left and Soft Right Ideals in Ordered Groupoids

In what follows, we take E =5, as a set of parameters , which is a groupoid unless
otherwise stated. For a nonempty subset A of S, defineamap j4:S — P(U) as follows:

U if A,
e ={U e

otherwise.
Then (x4.5) is a soft set over U, which is called the characteristic soft set ( see [11]).

Lemma 3.1. If (5..,<) is an ordered groupoid and @ = A S 5, the characteristic Soft
set (xr4.5) is satisfying the condition:

Vx,yE S x <y implies xiq(x) 2 xrqg ().

Proof. By definition, x47 is @ mapping from § into {U, @} = P(U). Suppose %,y €S, x <y
Af v & (A], then xa(¥) =0 and xa1(x) 2 xca;(v). Consider the case y € (A], then
Xa1(¥) = U. Because y € (A], there exists z € A such that ¥ = z and consequently x = z.
Thus x € (A]. Therefore, %41 (%) = U, xa3(x) 2 x4 ). =

Proposition 3.2. Let (5..,<) be an ordered groupoid and @ # A4 S 5. Then A = (4] if
and only if (4. 5) satifies

Vx,vESx =y implies xa(x) 2 x,(v).

Proof. Assume that A = (A], the desired result comes directly from lemma 3.1. Conversely,
suppose that for x,y €S, x <y implies xa(x) 2 x.(¥). Let x € (A]. There exists ¥y € A
so that x <y . By the hypothesis, we have x,(x) 2 x,(¥). Since y €A, we have
¥a(¥) = U. Thus x,(x) =Uand x € A. Therefore A= (A]. =

Here, we introduce the concepts of soft (left, right) ideals in ordered groupoids and
characterize them in terms of soft sets.

Definition 3.3. Let (5..,=<) be an ordered groupoid. A soft set (a,5) over U is called a
soft left ideal over U if
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1) a(xy) 2 a(y) forall x,y €5,

2)x = y implies a(x) 2 a(y).
Definition 3.4. Let (5,..=<) be an ordered groupoid. A soft set (., 5) over U is called a
soft right ideal over U if

1) a(xy) 2 a(x)forall x,y €5,
2) x = yimplies a(x) 2 a(v).

A soft set (e, ) over U is called a soft ideal over U if it is both a soft left and a soft right
ideal over U.

Theorem 3.5.[11] For any nonempty subset A of a groupoid S, the following are
equivalent.

1) Aisaleft (resp., right) ideal of S.
2) The characteristic soft set (x4, 5) is a soft left (resp., right) ideal over U.

Theorem 3.6. Let (S,.,=) be an ordered groupoid, and @ = A & 5. Then A is a left
(right) ideal of S if and only if (x4, 5) is a soft left (right) ideal over U .

Proof. Assume that A is a left ideal of 5. For any xy € 5, x< y. If y € A then
¥a@) =0 and  xa(x)2 xa(¥). It is clear that x,(xy) 2@ = x,(¥). If ¥y €4, then
xy €A and x,(¥v)=1U. Since x= y and A a left ideal of S, we have ¥y € A and so
Xa(®) = U. Thus again xs(x) = xa(v)and x,(xy) = U= x,(v). Therefore, (x4.S) isa
soft left ideal over U. Similarly, (x..S) is a soft right ideal over U when A is a left ideal of
S. Conversely, suppose that (xs.5) is a soft left ideal over U. Letx € Sand ¥y € A such
that x < w. Then x,(¥) = U, and so %, (3v) 2 xa(¥) = U. Since (xa4,5) is a soft left
ideal over U and = y , we have X4(x) 2 xa(v). Since y € A, x4(v) =U. Then
xa(x)=1U, and x € A. The rest of the proof is a consequence of theorem 3.5. Similarly,
we can show that if (x4.5) is a soft right ideal over U, then A is aright ideal of S. m

Definition 3.7.[10] For a soft set (e, 4) over U and a non-empty subset V of U, the V-
inclusive set of (&, 4), denoted by a", is defined to be the set

a" ={x €AV C alx)}
As a generalization of Theorem 3.6, we have the following result.

Theorem 3.8. Let (5, =, =) be an ordered groupoid and (e, S) a soft set over U. Then
(a,5) is asoft ideal over U if and only if & is an ideal of S provided " = @,

Proof. Assume that (e, S) is a soft ideal over U. Let x € ", then @(x) 2 V. Since (e, S} is
a soft ideal, we have a(xy) 2a(x) =2V and a(vx)2a(x)2V for all ¥ €5. Thus
xy € a¥ and yx € a¥. Furthermore, let x € & and ¥ € 5 such that v =< x. Then v € «".
Indeed, since x & a', a(x)2V, and (o S) is a soft ideal over U, we have
a(y) 2a(x)2V ,so v €a’. Therefore, a¥ is an ideal of S. Conversely, let ¥ be an
ideal of S for every non-empty subset V = U. For any € 5 , take V = a(x). Then x € a".
Since a” is an ideal of S, we have xv € &' and so a(xy) 2V = a(x) , for all ¥ € 5.



Journal of New Theory 14 (2016) 37-45 41

Moreover, if x = v then a(x) 2 a(y). Indeed: Let a(v) = W. Then y € a. Since a'is
an ideal of S, we have x € «. Then (x) 2 W = a(y) . Therefore, (a, S) is a soft right
ideal over U. In a similar way, we can show that (c, 5) is also a soft left ideal over U, and
so (e, S) isasoftideal over U, m

For an ordered groupoid S, let (8,5) be the soft set over U defined by 8(x) = U for all
x €S, Leta € 5, defined, ={(x,¥y) € § X 5: a = xy}. For two soft sets (z, 5) and
(B.,5) , we define The soft product of (a,5) and (5,5) as the soft set (a=/5,5) over U
defined by

)  awnpon fa =0
(%)1E4z

{au_.[?:] (a) = I
@ otherwise
Here, we give equivalent definitions of soft right (resp. left) ideals and soft ideals.

Theorem 3.9.. Let (5,..=) be an ordered groupoid. A soft set (. 5) over U is called a
soft left ideal over U if and only if

1) (foa,5)C (a,5),
2) x = y implies a(x) 2 a(y).

Proof. Assume that (e S) is a soft left ideal over U. Let @ £5. Then (£ e a)(a) € a(a).
Indeed: If 4, = @, then (f 2 a)(a) = @ S ala) . Let 4, + @. Then

Cea@={] @@n

- U} {a(»)}

Now, we show that a(y)) € ala) for every (x,¥) € A,. In fact: If (x,v) € 4,, then
a = xy .Since (& S) is a soft left ideal, we have a(a) 2 a(xy) 2 a(y). Therefore we
have

Cea@={]  @@n

-U_ ., @0 sa@

Conversely, let x,¥ €S . By hypothesis, we have (8@ a)(xy) S alxy). Since
(x,¥) € 4,,, we have

@) =]  #©nw

2 8(x) naly) = a(y)

Hence we obtain a(xy) 2 a(v), that is, (. S) is a soft left ideal over U . m
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In a similar argument we prove the following result.

Theorem 3.10. Let (5.., <) be an ordered groupoid. A soft set (z, 5) over U is called a
soft ideal ideal over U if and only if

1) (= 8,5) C (a,5),
2) x = y implies a(x) 2 a(y).

Theorem 3.11. Let (5,., <) be an ordered semigroup. 5 is regular if and only if for every
soft set (@, S) over Uwe have (a,5)CE (aofoa,s).

Proof. Assume that S is regular and that (e, S) is a soft set over U. For a € S there exists
x € Ssuch that a < axa. Since (ax,a) € 4,, we have

(@0ea)@=|])  {(@e0)®na®)

(zt)EA,
2 (aef)(ax)n ala).

Since (a,x) € A, we have
oo 9 ax}) = & J L E s
( ) (ax) | IEM}E “{( Y(w) né(v)}

2 ala) N f(x) =ala).

Hence we have (ao 8o a)(a)2 al(a). Therefore, (o, S) = (e 8o a,5). Conversely,
Let a € 5. By hypothesis, we have

X1 (@) = U € (xgay © 6 © x0)(2).
Thus
(X126 ° x)(@) =U.

If A, = 0, then (X © 6 © x3)(2) = 0, a contradiction. So 4, # @, then

(X °8° x@)@ =
Uieyyea, 1 ° 8)(x) 0 xa (00}

Claim: There exists (x, ¥) € A, such that ( % ° 8)(x) = @ and ¥, (v) # 0.
Proof. Suppose that (x°8)(x) =0 or x.(y) =0 for every (x,y) € 4,, then
(xtz3 °8)(x) N () = @ forevery (x,¥) € 4,. This implies that

(Xt 26 ° x2)(2) =U|’x}'}EA (X O N x (@} = 0.

But this contradicts
(X126 ° x)(@) =U.
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If v # a, then x;,;(¥) = @. By the claim, we have ¥ = a, (x,a) €A, and a < xa. Let 4,
be empty, then (x;.; @ 8)(x) = @. By the claim, we have A, # @. Then

( X3 2 6) (%) =U,a3 ea. {xa(s) n6(D)] =UI,5_ bei {xa®}

If s = a for every (s,t) € A4,, then x.1(s) = 0. Hence ( ¢ @ 8)(x) = @. By the claim,
there exists (s,t) € A, such that s = a. Then (a,t) € 4, and x = at. Thus we have
a = xa = ata. Therefore, 5 is regular. m

4. Soft Filters in Ordered Groupoids

In this section, we introduce the concept of int-soft filters in ordered groupoids, and we
characterize filters of ordered groupoids in terms of int-soft filters.

Definition 4.1. Let (5, -.=) be an ordered groupoid. A soft set (a,5) over U is called a
soft int-filter over U if

1) x =y = a(x) = a(y)
2) alxy)=alx)naly)¥xy €5.

It is well known that a subset A of a groupoid S is a subgroupoid iff the soft set (x4.5) isa
soft int-groupoid over U [11].

Proposition 4.2. Let (5, =, <) be an ordered groupoid and @ = F S § . Then Fis a
filter of 5 if and only if the soft set (xz. 5) is a soft int-filter over U.

Proof. Assume that F is a filter of Sand that x,¥ € 5S,x =< y.If x& F, thenyz(x) = 0.
Hence (%) S xp(¥). If x€ F, then xz(x)=U. Since y= x € F, we have y € F.
Then xz(y)=U, and again xg(x)Sxsz(¥). In order to show
that xg(xy) = xg(x) N xg(¥) forallx,y € S, let %y € S such that =y & F. Then
¥g(xy) = @. Moreover x.y & Fimpliesx & Fory € F. Then xz(x) = @. or x:(v) = 0.
So xp(®)Nxe(¥) =0, and xz(xy) =xz(x)Nxz(v) forallxy € S. Now, consider
x.y € F. Then xg(xy)=1U. Since .y € F , we have x € F and y € F. Then
Xr(x) = xz(¥y) = U, whence x(x) Nxe(y) = U and xz(xy) = U =y (x) N x: (¥) .
Conversely, let (xz.5) be a soft int-filter over U. By the condition 2 of definition 4.1, F is a
sub-groupoid of S. Let x,¥ € S, xy € F. Since (xzS) is a soft int-filter over U, then
Xe(xy) =xp(x)Nxe(¥y). Since y€F , we have xg(xy)=U. Then
xe(@Z)Nxp(¥)=U, xp(x) =xp(y)=U,and =%y € F. Let x € F, x < y. Then we have
¥g(x) =U. Since x =y, we have xz(x) = xz(¥). Therefore, xz(v) = U, and ¥ € F. This
completes the proof. m

In the rest of this section, we give the relation between int-soft filters and soft prime
ideals of ordered groupoids. In an ordered groupoid, a non-empty subset F is a filter if and
only if S\ F = @or S\ Fisa prime ideal of S [6]. An analogous result holds for soft sets,
as well.
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Definition 4.3. Let S be an ordered groupoid and (e, 5) a soft set over . The complement
of (a,5) is the soft set («®, 57 defined by

a®: S = P(U)
where a®(x) =U Y a(x).

Lemma 4.4. Let S be a groupoid and (&, 5) a soft set over U. The following are
equivalent:

1) alxy) =a(x)n a(y), Yx.v € 5,

2) a(xy) = a*(x)U a®(y) V x,y € 5.

Proof. Straightforward. m

Definition 4.5. For a groupoid S, a soft set (e, S5) over U is called a soft prime ideal over
uif
a(xy) Sa(x)VU a(y), Vx,y € § .

Theorem 4.6. Let (S, -, =) be an ordered groupoid and (., S) a soft set over U. Then
(e, S) is a soft int-filter over U if and only if (a®, 5) is an soft prime ideal over U .

Proof. Suppose (. S) is a soft int-filter over U. Let xy € S, x = y . Then, we
havea(x) S a(y). Then a’(x)= UY a(x) 2 U\ aly) =a(y). Now, for any
x,y € S, we have a(xy) = a(x) N a(y). Then by lemma 4.4, of(xy) = a®(x) U a°(x).
Therefore, («,5) is an soft prime ideal over U. Conversely, Let x,¥y € §, x =< y.
Since(a®,S) is a soft ideal, we have a«®(x) 2 a°(y), and consequently a(x) € a(y).
Since(a®.S) is an soft prime ideal, we have a®(xy) = a®(x) U a®(x).¥ x,y € 5. Then, by
lemma 4.4, ae(xy) = a(x) N a(y). Therefore, (e, S) is a soft int-filter over U. m
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