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Abstract. In this paper, we investigate modules with ascending and descend-

ing chain conditions on non-parallel submodules. We call these modules np-

Noetherian and np-Artinian respectively, and give structure theorems for them.

It is proved that any np-Artinian module is either atomic or finitely embed-

ded. Also, we give a sufficient condition for np-Noetherian (resp., np-Artinian)

modules to be Noetherian (resp., Artinian). We study ascending (resp., de-

scending) chain condition up to isomorphism on non-parallel submodules as

npi-Noetherian (resp., npi-Artinian) modules and characterize these modules.

It is shown that any npi-Noetherian module has finite type dimension. Next,

we investigate some properties of semiprime right np-Artinian (resp., npi-

Artinian) rings. In particular, it is proved that if R semiprime ring such that

J(R) is not atomic, then R is right np-Artinian if and only if it is semisimple.

Further, it is shown that if R is a semiprime right npi-Artinian ring, then either

Z(R) is atomic or R is right non-singular. Finally, we investigate when np-

Artinian (resp., np-Noetherian) rings and ne-Artinian (resp., ne-Noetherian)

rings coincide.
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1. Introduction

Throughout this paper, all rings are associative with identity and all modules

are unitary right modules. For an R-module M , we write soc(M), rad(M), E(M),

Z(M), I-soc(M) and I-rad(M) for the socle, intersection of all maximal submod-

ules, injective hull, singular submodule, iso-socle and iso-radical of M , respectively

(see [6], for the last two notions). In particular case R = M , we use J(R) instead of

rad(R) and it is called the Jacobson radical of R. Also, for a ring R, the lower nil

radical Nil∗ and the upper nil radical Nil∗(R) will be used for the intersection of all

prime ideals of a ring R and the sum of all right nil ideals of R, respectively. The
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notations N ⊆e M , N ∥ M and N ⊆t M will denote that N is an essential submod-

ule, a parallel submodule and a type submodule of M , respectively. For any subset

A of a ring R we set r(A) = {r ∈ R | Ar = 0}, i.e., r(A) is the right annihilator

of A in R. In particular, if A = {a}, then we write r(a) instead of r({a}). We say

that a module M is ne-Noetherian (resp., ne-Artinian), if M satisfies ACC (resp.,

DCC) on non-essential submodules, i.e., for every ascending (resp., descending)

chain N1 ⊆ N2 ⊆ · · · (resp., N1 ⊇ N2 ⊇ · · · ) of non-essential submodules of M ,

there exists an index k ≥ 1 such that Nk = Ni for every i ≥ k. These modules are

extensively studied by Smith and Vedadi [11]. A module M is called iso-Noetherian

(resp., iso-Artinian) if M satisfies iso-ACC (resp., iso-DCC) on submodules, i.e., for

every ascending (resp., descending) chain N1 ⊆ N2 ⊆ · · · (resp., N1 ⊇ N2 ⊇ · · · )
of submodules of M , there exists an index k ≥ 1 such that Nk is isomorphic to

Ni for every i ≥ k, see [5]. Also, a ring R is called right iso-Noetherian (resp.,

iso-Artinian) if the right module RR is iso-Noetherian (resp., iso-Artinian). Re-

cently, Chaturvedi and Prakash [3] introduced and studied the chain conditions up

to isomorphism on essential and non-essential submodules as a generalization of iso-

Noetherian (resp., iso-Artinian) modules. An R-module M is called nei-Noetherian

(resp., nei-Artinian), if M satisfies iso-ACC (resp., iso-DCC) on essential (resp.,

non-essential) submodules. The authors of [10], introduced the concept of parallel

Krull dimension of a module which is Krull-like dimension extension of the concept

of DCC on the poset of submodules parallel to itself. The notion of type dimension,

which is a generalization of Goldie dimension, first appeared in [14], where many

of its properties were proved. Then, it was subsequently used throughout [13]. By

then, its usefulness was apparent. Motivated by these papers, in this research we

study modules with chain conditions on non-parallel submodules. We say that a

module M is np-Noetherian (resp., npi-Noetherian) if M has ACC (resp., iso-ACC)

on its parallel submodules. Dually, we introduce np-Artinian (resp., npi-Artinian)

modules as a generalization of ne-Artinian (resp., nei-Artinian) modules. In Sec-

tion 2, we first recall some known definitions and terminologies about type theory

which we need in the sequel. In Section 3, we investigate some properties of np-

Artinian (resp., np-Noetherian) modules and rings. First, we give an example of

an np-Artinian (resp., np-Noetherian) module which is neither ne-Noetherian nor

ne-Artinian. We provide characterization theorems for both np-Artinian and np-

Noetherian modules and we show that any np-Artinian (np-Noetherian) module

has finite type dimension. But we provide an example of a module which has fi-

nite type dimension while it is not np-Artinian nor np-Noetherian. Also, in the
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other main result of this section, we show that every np-Artinian module is ei-

ther atomic or finitely embedded. We give a sufficient condition for np-Noetherian

(resp., np-Artinian) modules to be Noetherian (resp., Artinian). It is easy to see

that np-Noetherian (resp., np-Artinian) modules are closed under submodule, but

we give some examples to show that these modules are not closed under factor

module, finite direct sum and essential extension. However, we show that if N is

a type submodule of an np-Noetherian (resp., np-Artinian) module, then M
N is np-

Noetherian (resp., np-Artinian). Among other results, we prove that a module M is

Artinian (resp., Noetherian) if and only if M is np-Artinian (resp., np-Noetherian)

and M satisfies DCC (resp., ACC) on parallel submodules. In Section 4, we inves-

tigate some properties of npi-Artinian (resp., npi-Noetherian) modules and rings.

We provide structure theorems for these modules and, as a generalization of a re-

sult in the previous section, we show that npi-Noetherian modules have finite type

dimension but by an example, we show that the converse of this fact is not true in

general. We give some examples that illustrate the differences between npi-Artinian

(resp., npi-Noetherian) and iso-Artinian (resp., iso-Noetherian) modules. Also, we

provide other examples to show that npi-Noetherian (resp., npi-Artinian) modules

need not be nei-Noetherian nor np-Artinian. Further, like similar np-Noetherian

modules, we show that npi-Noetherian modules are closed under submodule, but we

give some examples to show that these modules are not closed under factor module,

finite direct sum and essential extension. We prove that npi-Artinian modules have

an essential submodule that is a direct sum of atomic submodules. Next, we inves-

tigate some properties of npi-Artinian non-atomic modules. For example, we show

that such modules have iso-simple submodules and, in a particular case, iso-socle

of these modules is an essential submodule. Among other results, we show that if

R is a right Rickart np-Artinian (resp., np-Noetherian) ring, then either R is right

iso-Artinian (resp., iso-Noetherian) or it has many parallel right ideals. In Sec-

tion 5, we focus on semiprime right np-Artinian (resp., npi-Artinian) rings. First,

we prove that any right np-Artinian ring R with a non-atomic Jacobson radical is

semiprime if and only if J(R) = 0. Using this we are able to prove that any right

ne-Artinian ring with non-uniform Jacobson radical is semiprime if and only if it

is semisimple. In the main theorem of this section, we generalize the latter result

for right np-Artinian rings. In fact, we prove that if R is a semiprime ring such

that J(R) is not atomic, then R is right np-Artinian if and only if it is semisimple.

Next, we study semiprime npi-Artinian rings. For a right npi-Artinian ring R with

non-atomic iso-radical, we show that R is semiprime if and only if I-rad(RR) = 0.

Moreover, we show that if R is a semiprime right npi-Artinian ring, then either
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Z(R) is atomic or R is right non-singular. Finally, we investigate when ne-Artinian

(resp., ne-Noetherian) and np-Artinian (resp., np-Noetherian) rings coincide. In

particular, as a classical case, we show that for semiprime right duo rings, any right

np-Artinian ring is right np-Noetherian.

2. Preliminaries

In this section we give some preliminary results that are needed in the sequel.

Definition 2.1. [4, Definition 4.1.1] Two modules N and P are orthogonal, written

as N ⊥ P , if they do not have non-zero isomorphic submodules. Modules N1 and

N2 are called parallel, denoted as N1 ∥ N2, if there does not exist a 0 ̸= V2 ⊆ N2

with N1 ⊥ V2, and also there does not exist a 0 ̸= V1 ⊆ N1 such that N2 ⊥ V1.

Now, we consider a particular case of the previous definition. Let M be a module

and N be a submodule of M . If N ∥ M (resp., N ∦ M), then we say that N is

a parallel (resp., non-parallel) submodule of M . A non-zero module M is called

atomic, if every submodule of M is a parallel submodule. It is not hard to verify

that a non-zero module M is atomic if and only if M does not have non-zero

orthogonal submodules if and only if all non-zero submodules of M are parallel to

each other. The following characterization of parallel submodules is easy to prove.

Lemma 2.2. Let M be a module and N be any non-zero submodule of M . The

following statements are equivalent.

(1) N is a parallel submodule of M .

(2) For any non-zero submodule M ′ of M we have M ′ ̸⊥ N .

(3) For any non-zero submodule M ′ of M , there exist non-zero submodules M ′

of M and N ′ of N such that M ′′ ∼= N ′.

(4) For any non-zero submodule M ′ of M , there exist cyclic submodules aR of

M ′ and bR of N such that aR ∼= bR.

Remark 2.3. Let M be a module. It is clear that N is an essential submodule of

M if and only if for any non-zero submodule K of M , N and K have a non-zero

equal submodule. By part (3) of the above lemma, N is a parallel submodule of

M if and only if for any non-zero submodule K of M , N and K have a non-zero

isomorphic submodule. Hence, if K is an essential submodule of M , then K is a

parallel submodule of M . In particular, any uniform module is atomic. However,

the converse of these facts is not true in the general case, for instance, see Example

3.3(3).

In the following lemma, we list some basic properties of parallel submodules, see

[10, Lemma 2.2].
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Lemma 2.4. Let N,K and L are submodules of M as an R-module. Then the

following facts hold.

(1) If N ∼= K, then N ∥ K.

(2) If N ∥ K, then N ̸⊥ K.

(3) If N ∥ K and K ∥ L, then N ∥ L.

(4) If N ∥ K and L ⊥ N , then L ⊥ K.

(5) Suppose that L ⊆ K ⊆ N . Then L ∥ N if and only if L ∥ K and K ∥ N .

Recall that a non-zero module M is called iso-simple if every non-zero submodule

of M is isomorphic to M . By part (1) of the above lemma, we have the following

chart of basic implications for modules;

simple ⇒ iso-simple ⇒ uniform ⇒ atomic.

It is not hard to verify that all implications are irreversible.

Definition 2.5. [4, Definition 4.1.2] A submodule P of a module M is called a

type submodule, denoted as P ⊆t M , if the following equivalent conditions hold:

(1) If P ⊆ Y ⊆ M with P ∥ Y , then P = Y .

(2) If P ⊆ Y ⊆ M , then P ⊥ X for some 0 ̸= X ⊆ Y .

(3) P is a complement submodule of M such P ⊕D ⊆e M and P ⊥ D for some

D ⊆ M .

The following lemma is similar to [14, Proposition 2]. But whose proof is given

for the sake of completeness.

Lemma 2.6. Let M be a module and N be any submodule of M . Then there exists

a type submodule P of M such that it is maximal with respect to N ⊆ P and N ∥ P .

Proof. Let N be a submodule of M . Define A = {K ⊆ M | N ⊆ K, N ∥ K}.
Then it is clear that A ≠ ∅. Let C = {Li}i∈I be a chain of elements of A. Put

L =
⋃

i∈I Li. Clearly, N ⊆ Li ⊆ L and N ∥ Li for all i ∈ I. We claim that N ∥ L.

If not, then L′ ⊥ N for some non-zero submodule L′ of L. Certainly, there is j ∈ I

such that L′ ⊆ Lj . Since N ∥ Lj , for any non-zero submodule L′
j of Lj we have

N ̸⊥ L′
j which is a contradiction. Therefore, L ∈ A and hence A has a maximal

element P , by Zorn’s lemma. Now, we show that P is a type submodule of M . Let

N ⊆ P ⊆ P ′ ⊆ M and P ∥ P ′. Since P ∥ N , by Lemma 2.4(3), we have N ∥ P ′.

Hence, the maximality of P implies that P = P ′. □

Lemma 2.7. [4, Lemma 4.1.7] Suppose that A1, . . . , An are pairwise orthogonal

atomic submodules of a module M with A1 ⊕ · · · ⊕ An ⊆e M . If B1, . . . , Bn are

non-zero pairwise orthogonal submodules of M , then m ≤ n.
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Definition 2.8. AmoduleM has finite type dimension n, denoted by t.dimM = n,

if M contains an essential direct sum of n pairwise orthogonal atomic submodules

of M . If such n does not exist, we say that the type dimension of M is infinite, and

write t. dimM = ∞. If M = 0, then t.dimM = 0.

The following lemma follows directly from the previous definition.

Lemma 2.9. Let M be a module.

(1) M is atomic if and only if t. dimM = 1.

(2) t. dimM = ∞ if and only if there exist an infinite number of pairwise

orthogonal non-zero submodules of M .

Proposition 2.10. [4, Lemma 4.1.10] Let M be a module and N be a non-zero

submodule of M . Then the following facts hold.

(1) If M = M1 ⊕ · · · ⊕Mn, then t.dimM ≤ t.dimM1 + · · ·+ t.dimMn.

(2) Let M = M1 ⊕ · · · ⊕ Mn. If Mi ⊥ Mj for all i ̸= j, then t.dimM =

t. dimM1 + · · ·+ t.dimMn. The converse holds if t.dimM < ∞.

(3) If N ∥ M , then t.dimM = t.dimN .

(4) If t.dimM < ∞, then t. dimM = t. dimN implies that N ∥ M .

3. Chain conditions on non-parallel submodules

In this section, we study some properties of modules which satisfy chain condi-

tions on non-parallel submodules. We begin with the following definition.

Definition 3.1. A module M is said to be np-Noetherian (resp., np-Artinian)

if M satisfies ACC (resp., DCC) on non-parallel submodules. A ring R is right

np-Noetherian (resp., np-Artinian) if RR is np-Noetherian (resp., np-Artinian).

Remark 3.2. By Lemma 2.4(5), it is easy to see that every submodule of an

np-Noetherian (resp., np-Artinian) module is np-Noetherian (resp., np-Artinian).

But in Example 3.15 we show that every factor module of an np-Noetherian (resp.,

np-Artinian) module need not be an np-Noetherian (resp., np-Artinian) module in

general.

Example 3.3.

(1) Evidently each atomic module is both np-Noetherian and np-Artinian. But

it is easy to see that the converse is not true in general. As an example,

consider the Abelian group M = Z2 ⊕ Z3 ⊕ Z4. Then t.dimM = 2, by [4,

Example 4.1.9(1)]. It follows that M is not atomic, see Lemma 2.9. But

M is both np-Noetherian and np-Artinian.
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(2) It is well-known that Q is a uniform Z-module and hence it is atomic,

by Remark 2.3. Therefore, QZ is both np-Noetherian and np-Artinian.

Although we note that QZ is neither Noetherian nor Artinian.

(3) Every ne-Noetherian (resp., ne-Artinian) module is np-Noetherian (resp.,

np-Artinian), see Remark 2.3. However, the converse is not true in the

general case. For example, consider M =
⊕

i>0 Zpi as a Z-module. By

[10, Example 2.3], M is atomic, so it is np-Noetherian and np-Artinian.

But it is clear that M has infinite Goldie dimension. It follows that there

exists an infinite strictly ascending (resp., descending) chain of essentially

closed submodules in M , by [9, Propositions 6.30 and 6.32]. Note that any

closed submodule is non-essential, hence M is neither ne-Noetherian nor

ne-Artinian.

We say that a module M is orthogonal decomposable if M = N1 ⊕N2 for some

submodules N1, N2 of M with N1 ⊥ N2.

We first give a characterization theorem for np-Artinian modules.

Theorem 3.4. Let M be an R-module. The following statements are equivalent.

(1) M is np-Artinian.

(2) Every non-empty family of non-parallel submodules of M has a minimal

element.

(3) Every non-empty chain of non-parallel submodules of M has a minimal

element.

(4) Every non-parallel submodule of M is Artinian.

(5) Every proper type submodule of M is Artinian.

(6) Every orthogonal decomposable submodule of M is Artinian.

Proof. (1) ⇒ (2) On the contrary, assume that there exists a non-empty family of

non-parallel submodules F such that F does not have minimal element. Since F is

non-empty, there exists N ∈ F . By our hypothesis, there exists N1 ∈ F such that

N ⊋ N1. Since N1 is not minimal, there exists N2 ∈ F such that N1 ⊋ N2. By

continuing this process, we will get an infinite descending chain N ⊋ N1 ⊋ N2 ⊋ · · ·
of non-parallel submodules of M which is a contradiction.

(2) ⇒ (3) Clear.

(3) ⇒ (4) Let N be any non-parallel submodule of M . Note that N is Artinian if

and only if every chain of submodules ofN has a minimal element. LetN = {Ni}i∈I

be a chain of submodules of N . Since N is a non-parallel submodule of M , by

Lemma 2.4(5), Ni is a non-parallel submodule of M for all i ∈ I. Now, N is a

chain of non-parallel submodules of M , so by (3), there exists j ∈ I such that
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Ni = Nk for all i ≥ k; i.e., N has a minimal element. Thus N is Artinian.

(4) ⇒ (5) Because every proper type submodule of M is non-parallel in M .

(5) ⇒ (6) Let N be an orthogonal decomposable submodule of M . Then N =

N1 ⊕N2 for some non-zero submodules N1, N2 with N1 ⊥ N2. By Lemma 2.6, for

i = 1, 2, there exists a type submodule Ki of M such that Ni ⊆ Ki and Ni ∥ Ki. We

claim that K1 ⊥ K2. If not, there exist non-zero submodules K ′
1 and K ′

2 of K1 and

K2, respectively, with K ′
1
∼= K ′

2. Since N1 ∥ K1, there exists a non-zero submodule

N ′
1 of N1 such that K ′

1
∼= N ′

1. Similarly, there exists a non-zero submodule N ′
2 of

N2 such that K ′
2
∼= N ′

2. Therefore, we get N ′
1
∼= N ′

2 which is a contradiction. Now,

it is clear that K1,K2 are proper type submodules of M . Hence, by (5), they are

Artinian, so N is Artinian.

(6 ⇒ 1) Let N1 ⊇ N2 ⊇ · · · be any descending chain of non-zero non-parallel

submodules of M . Since N1 ∦ M , there exists a non-zero submodule M ′ of M

such that M ′ ⊥ N1. Then M ′ ⊕ N1 is an orthogonal decomposable submodule of

M , so it is Artinian, by (4). Therefore, N1 is Artinian and it follows that there

exists an index k ≥ 1 such that Nk = Ni for every i ≥ k. Consequently, M is

np-Artinian. □

Theorem 3.5. Every np-Artinian module has finite type dimension.

Proof. Suppose that M is an np-Artinian module with infinite type dimension. By

Lemma 2.9(2), there is a family {Ni}∞i=1 of pairwise orthogonal non-zero submodules

of M . It is easy to see that we have a direct sum
⊕∞

i=1 Ni of non-zero submodules

of M . Clearly this gives the following infinite descending chain
∞⊕
i=2

Ni ⊋
∞⊕
i=3

Ni ⊋
∞⊕
i=4

Ni ⊋ · · · (1)

of submodules of M . We claim that
⊕∞

i=j Ni ∦
⊕∞

i=j−1 Ni for all j ≥ 3. If not, then

any non-zero submodule of
⊕∞

i=j−1 Ni is not orthogonal to
⊕∞

i=j Ni. In particular,

Nj−1 ̸⊥
⊕∞

i=j Ni. Then there exist non-zero submodules N ′
j−1 of Nj and N ′ of⊕∞

i=j Ni such that N ′
j−1

∼= N ′. But N ′ ∩Nk ̸= (0) for some k ≥ j. It follows that

Nj and Nj−1 have isomorphic submodules, which is a contradiction. Therefore, by

Lemma 2.4(5), the chain (1) is a chain of non-parallel submodules of M which is a

contradiction. Consequently, M has finite type dimension. □

A module M is finitely embedded (or finitely cogenerated), if its socle is essential

and finitely generated. For the next result we need the following characterization

of finitely embedded modules, whose proof is given for the sake of completeness.

Proposition 3.6. A module is finitely embedded if and only if it has an essential

Artinian submodule.
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Proof. Let M be a finitely embedded module. Then it is clear that soc(M) is

an essential Artinian submodule of M . Conversely, let N be an essential Artinian

submodule of M . Note that soc(M) ⊆ N , so it is Artinian. Therefore, soc(M) is

a semisimple Artinian submodule of M . Hence, it is finitely generated. Now, we

show that soc(M) ⊆e M . Let K be a non-zero submodule of M . Since N ∩ K

is Artinian, it has a simple submodule. It follows that (N ∩K) ∩ soc(M) ̸= 0, so

soc(M) ∩K ̸= 0. □

We have the following interesting result.

Theorem 3.7. Every np-Artinian module is either atomic or finitely embedded.

Proof. Suppose that M is not atomic. By Theorem 3.5, M has finite type dimen-

sion. Hence, there exists a positive integer n ≥ 2 such that M contains an essential

submodule of the form A = A1 ⊕ · · · ⊕ An, where Ai’s are pairwise orthogonal

atomic submodules of M . It is clear that Ai is a non-parallel submodule of M , so

by Theorem 3.4, Ai is Artinian for each 1 ≤ i ≤ n. Therefore, A is Artinian. Now,

Proposition 3.6 implies that M is finitely embedded and we are done. □

Corollary 3.8. Let M be an np-Artinian module.

(1) Any non-atomic submodule of M contains a simple submodule.

(2) Any non-zero submodule of M contains an atomic submodule.

(3) The intersection of all maximal type submodules of M is equal to 0.

Proof. (1) Let N be a non-atomic submodule of M . Then N is np-Artinian, by

Remark 3.2. Hence, the previous theorem implies that soc(N) ⊆e N . It follows

that N contains a simple submodule.

(2) If M is not atomic, then by (1) we are done. If M is atomic, then using Lemma

2.4(3), it is easy to see that every non-zero submodule of M is atomic.

(3) Follows by (2) and [13, Lemma 3.1]. □

A commutative ring R is called locally Noetherian if each localization Rm is Noe-

therian for all maximal ideals m. It is well known that over locally Noetherian

rings, finitely embedded modules are Artinian, see [12, Theorem 2].

Corollary 3.9. Let R be a locally Noetherian ring. Then an R-module M is np-

Artinian if and only if M is either atomic or Artinian.

Proof. If M is not atomic, then Theorem 3.7 implies that M is finitely embedded,

so by the above comment, M is Artinian. The converse is clear. □

Proposition 3.10. [2, Theorem 4.6] Let R be a Noetherian ring and assume that

the right socle of R is essential as a right ideal or as a left ideal, then R is Artinian.
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Corollary 3.11. Let R be a Noetherian ring. Then R is right np-Artinian if and

only if R is either right atomic or Artinian.

Proof. If R is not right atomic, then Proposition 3.6 implies that RR is finitely

embedded, so soc(RR) ⊆e RR. Therefore, R is an Artinian ring, by the previous

proposition. The converse is clear. □

Next, we investigate np-Noetherian modules. Let us start with an analogue of

Theorem 3.4 which characterizes np-Noetherian modules.

Theorem 3.12. Let M be an R-module. The following statements are equivalent.

(1) M is np-Noetherian.

(2) Every non-empty family of non-parallel submodules of M has a maximal

element.

(3) Every non-empty chain of non-parallel submodules of M has a maximal

element.

(4) Every non-parallel submodule of M is Noetherian.

(5) Every non-parallel submodule of M is finitely generated.

(6) Every proper type submodule of M is Noetherian.

(7) Every orthogonal decomposable submodule of M is finitely generated.

In this case, M has finite type dimension.

Proof. (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (6) ⇒ (7) Similar to the proof of Theorem 3.4.

(7) ⇒ (5) Let N be a non-parallel submodule of M . By Lemma 2.2, there exists a

non-zero submodule M ′ of M such that M ′ ⊥ N . Hence, N ⊕M ′ is an orthogonal

decomposable submodule of M , so by (7), it is clear that N ∼= M ′⊕N
M ′ is finitely

generated.

(5) ⇒ (1) First, we show that M has finite type dimension. On the contrary,

suppose that M has infinite type dimension. Then there is a family {Hi}∞i=1 of

pairwise orthogonal non-zero submodules of M , by Lemma 2.9(2). Hence, H1 ⊕
H2⊕H3⊕· · · be a direct sum of non-zero submodules of M . Let H = H2⊕H3⊕· · · .
We have to show that H1 ⊥ H. Otherwise, there are non-zero submodules H ′

1 of

H1 and H ′ of H such that H ′
1
∼= H ′. Note that K = H ′ ∩ Hk ̸= (0) for some

k ≥ 2. Since K is a submodule of H ′, from H ′
1
∼= H ′ we easily get H1 and Hk

have isomorphic submodule which is a contradiction. Therefore, H is a non-parallel

submodule of M , so it is finitely generated, by (3). Hence, H ⊆ H2 ⊕ · · · ⊕Hk for

some integer k ≥ 2, so Hk+1 = 0 which is a contradiction. It follows that M has

finite type dimension.

Now, let K1 ⊆ K2 ⊆ K3 ⊆ · · · be any ascending chain of non-parallel submodules
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of M . It is clear that

t.dim (K1) ≤ t.dim (K2) ≤ t.dim (K3) ≤ · · · ≤ t.dim (M) < ∞.

There exists a positive integer t such that t.dim (Kt) = t.dim (Kt+1). SinceKt ∦ M ,

there exists a non-zero submodule M ′ of M such that M ′ ⊥ Kt. Since for each

i ≥ t we have t.dim (Kt) = t.dim (Ki), Proposition 2.10(4) implies that Kt ∥ Ki, so

M ′ ⊥ Ki, by Lemma 2.4(4). Therefore, it is not hard to check that M ′ ⊥
⋃

i≥t Ki.

Hence,
⋃

i≥t Ki is a non-parallel submodule of M , so it is finitely generated, by (3).

This implies that Ks = Ks+1 = · · · for some s ≥ t. This proves (1). □

By Theorem 3.5 and the previous theorem, np-Artinian (resp., np-Noetherian)

modules have finite type dimension. In the following example, we show that the

converse of these facts is not true in general.

Example 3.13. Consider M = Z⊕ Zp∞ as a Z-module. It is clear that Z ⊥ Zp∞ .

Hence, by Proposition 2.10(2) and Lemma 2.9(1), we have

t.dimM = t.dimZ+ t.dimZp∞ = 1 + 1 = 2.

Now, considerN = 2Z⊕Zp∞ . Then it is clear thatN is an orthogonal decomposable

submodule of M which is not Artinian nor Noetherian. Therefore, Theorems 3.4

and 3.12 imply that M is not np-Artinian nor np-Noetherian.

It is easy to see that Example 3.13 also shows that a direct sum of np-Artinian

(resp., np-Noetherian) modules are not np-Artinian (resp., np-Noetherian) in gen-

eral. Next, we show that npi-Noetherian modules are not closed under essential

extension.

Example 3.14. Consider M = Z2⊕Z3. It is easy to see that E(M) = Z2∞ ⊕Z3∞ .

Also, note that Z2∞ is a non-parallel submodule of E(M) which is not Noetherian.

Hence, Theorem 3.12 implies that E(M) is not np-Noetherian.

Example 3.15. By Example 3.3(2), QZ is np-Noetherian and np-Artinian both.

Consider the factor module Q
Z of QZ. Then it is well-known that Q

Z
∼=

⊕
p∈P Zp∞ ,

where P is the set of all prime numbers. Note that for each distinct prime number

pi and pj , the order of any subgroup of Zp∞
i

and Zp∞
j

is pni and pmj for some non-

negative integer n,m, respectively. It follows that {Z2∞ ,Z3∞ ,Z5∞ , . . .} is a set of

pairwise orthogonal non-zero submodules of Q
Z . Hence, Q

Z has infinite type dimen-

sion, by Lemma 2.9(2). Consequently, Q
Z is neither np-Artinian nor np-Noetherian,

by the previous theorem and Theorem 3.5, respectively.

Example 3.15 shows that every factor module of an np-Noetherian (resp., np-

Artinian) module need not be an np-Noetherian (resp., np-Artinian) module in
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general. In the following proposition we find a class of submodules whose factors

satisfy this property.

Proposition 3.16. Let M be an np-Noetherian (resp., np-Artinian) module and

N ⊆t M . Then M
N is np-Noetherian (resp., np-Artinian).

Proof. Suppose that N is a type submodule of an np-Noetherian module M . By

Theorem 3.12, it suffices to show that every type submodule of M
N is Noetherian.

Note that type submodules of M
N are exactly of the form K

N , where K is a type

submodule of M which contains N , see [4, Lemma 4.3.19 (1)]. By Theorem 3.12,

N and K are Noetherian. It follows that K
N is Noetherian and we are done. □

According to [10, Section 3], pk-dim(M) = 0 (resp., pn-dim(M) = 0) if and only if

M satisfies DCC (resp., ACC) on parallel submodules.

Proposition 3.17. Let M be an R-module.

(1) M is Artinian if and only if pk-dim(M) = 0 and M is np-Artinian.

(2) M is Noetherian if and only if pn-dim(M) = 0 and M is np-Noetherian.

Proof. (1) Let M be an np-Artinian module with pk-dim(M) = 0. Suppose that

N1 ⊇ N2 ⊇ · · · be a descending chain of submodules of M . If each Ni, i = 1, 2, . . .,

is a parallel submodule of M , then nothing to prove. Hence, assume that there

exists k ≥ 1 such that Nk ∦ M . Then there exists a non-zero submodule M ′ of M

such that M ′ ⊥ Nk, by Lemma 2.2. Clearly it follows that for each i ≥ k, M ′ ⊥ Ni,

so by Lemma 2.4(2), we have Ni ∦ M . Since M is np-Artinian, there exists t ≥ k

such that Nt = Nt+1 = Nt+2 = · · · . Therefore, M is Artinian. The converse is

clear.

(2) Let N1 ⊆ N2 ⊆ · · · be an ascending chain of submodules of M . If each Ni,

i = 1, 2, . . ., is a non-parallel submodule of M , then nothing to prove. Suppose that

there exists k ≥ 1 such that Nk ∥ M . Then, by Lemma 2.4 (5), Ni ∥ M for all

i ≥ k. Now, Since M is p-Noetherian, there exists t ≥ k such that Nt = Nt+1 =

Nt+2 = · · · . Therefore, M is Noetherian. The converse is clear. □

Next, we give some various sufficient conditions for np-Noetherian (resp., np-

Artinian) modules to be Noetherian (resp., Artinian).

Let M be an R-module. It is defined that T (M) =
⋂

i∈I Ni, where Mi’s are

parallel submodules of M , see [10]. Note that the socle of a module M is the

intersection of all essential submodules of M . Hence, by Remark 2.3, T (M) ⊆
soc(M).

Proposition 3.18. Let M be a module such that T (M) ⊈ rad(M).
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(1) M is np-Noetherian if and only if M is Noetherian.

(2) M is np-Artinian if and only if M is Artinian.

Proof. (1) Suppose that M is np-Noetherian with T (M) ⊈ rad(M). Then there

exists a maximal submodule N of M such that N ∦ M (otherwise, we have T (M) ⊆
rad(M) which is a contradiction). Hence, M

N is a simple module, so it is Noetherian.

Since N ∦ M , Theorem 3.12 implies that N is a Noetherian submodule of M .

Therefore, M is a Noetherian module. The converse is clear.

(2) It is similar to (1). □

Note that for any commutative ring R we have Nil(R) = Nil∗(R). Now, the

following is immediate.

Corollary 3.19. Let R be a commutative zero-dimensional ring such that T (RR)

contains a non-nilpotent element. Then R is an np-Noetherian ring if and only if

R is Noetherian.

Lemma 3.20. Let R be a ring such that either

(1) R is not right Artinian but it is np-Artinian, or

(2) R is not right Noetherian but it is np-Noetherian.

If c ∈ R, then cR is a parallel right ideal of R or r(c) is a parallel right ideal of R.

Proof. Suppose that (1) holds (the proof for (2) is similar). Suppose that cR is a

non-parallel right ideal of R. By Theorem 3.4, cR is Artinian. Since cR ∼= R
r(c) , it is

easy to see that r(c) is not Artinian. Hence, r(c) is a parallel right ideal of R. □

Analogous to [11], we shall say that a ring R has many parallel right ideals, if for

every element a in R, aR, is a parallel right ideal or r(a) is a parallel right ideal of

R. Now, the following is immediate.

Corollary 3.21. Let R be an np-Artinian (resp., np-Noetherian) ring. Then either

R is right Artinian (resp., Noetherian) or R has many parallel right ideals.

4. Chain conditions up to isomorphism

In this section, we investigate modules with ascending (resp., descending) chain

condition up to isomorphism on non-parallel submodules and generalize some re-

sults of the previous section for these modules.

Definition 4.1. A right R-module M is said to be npi-Noetherian (resp., npi-

Artinian) if for every ascending (resp., descending) chain M1 ⊆ M2 ⊆ . . . (resp.,

M1 ⊇ M2 ⊇ . . .) of non-parallel submodules of M , there exists an index n such

that Mi is isomorphic to Mn, for every i ≥ n. We say that a ring R is right
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npi-Noetherian (resp., npi-Artinian) if R as an R-module is npi-Noetherian (resp.,

npi-Artinian).

It is clear that any iso-Noetherian (resp., iso-Artinian) module is npi-Noetherian

(resp., npi-Artinian). But we note that Zp∞ is an npi-Noetherian Z-module, which

is not iso-Noetherian. Next, we give an example of an npi-Artinian ring which is

not iso-Artinian.

Example 4.2. LetD be any commutative domain which is not field. Set R = D[x].

Then R is a domain, so it is npi-Artinian (in fact, R is atomic). Note that any

domain is right iso-Artinian if and only if it is a principal right ideal domain, see [5,

Section 2]. Since D is not field, R is not a PID. Consequently, R is not iso-Artinian.

Remark 4.3. Any nei-Noetherian module is npi-Noetherian, see Remark 3.2. But

the converse is not true in general. For example, if we consider M =
⊕

i>0 Zpi as

a Z-module. Then M is npi-Noetherian (resp., npi-Artinian), by Example 3.3(3).

But M has infinite Goldie dimension, so [3, Proposition 2.12] implies that M is not

nei-Noetherian.

Remark 4.4. By Lemma 2.4(5), it is easy to see that every submodule of an npi-

Noetherian (resp., npi-Artinian) module is npi-Noetherian (resp., npi-Artinian).

But in Remark 4.13, we see that this property does not hold for factors of npi-

Noetherian modules.

Next, we give structure theorems for npi-Artinian and npi-Noetherian modules.

Before this, let us recall the following definition from [7].

Definition 4.5. Let F be a non-empty set of submodules of M . Then N ∈ F
is called an iso-maximal (resp., iso-minimal) element of F provided that for any

N ⊆ N ′ (resp., N ′ ⊆ N) if N ′ ∈ F , then N ∼= N ′. In particular, if F is the

set of all proper (resp., non-zero) submodules of M , then iso-maximal (resp., iso-

minimal) elements ofM are said to be iso-maximal (resp., iso-minimal or iso-simple)

submodules of M .

Theorem 4.6. Let M be an R-module. The following statements are equivalent.

(1) M is npi-Artinian.

(2) Every non-empty family of non-parallel submodules of M has an iso-minimal

element.

(3) Every non-empty chain of non-parallel submodules of M has an iso-minimal

element.

(4) Every non-parallel submodule of M is iso-Artinian.
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(5) Every proper type submodule of M is iso-Artinian.

Proof. (1) ⇒ (2) Similar to the proof of (1) ⇒ (2) of Theorem 3.4.

(2) ⇒ (3) Clear.

(3) ⇒ (5) Let N be any proper type submodule of M . Then it is clear that N is

a non-parallel submodule of M . By the above definition, it is easy to see that N

is iso-Artinian if and only if every chain of submodules of N has an iso-minimal

element, see [5, Lemma 2.1]. Now, the rest of the proof is similar to the proof of

(3) ⇒ (4) of Theorem 3.4.

(5) ⇒ (4) Let N1 be a non-parallel submodule of M . If N1 is a type submodule

of M , then we are done. If not, by Lemma 2.6, there exists a type submodule

N of M such that N ∥ N1. It is clear that N is a proper type submodule of M

(otherwise, N1 becomes parallel inM). Consider a descending chain N2 ⊇ N3 ⊇ · · ·
of submodules of N1. Then we have a descending chain N ⊇ N1 ⊇ N2 ⊇ · · · of

submodules of N . Since, by (3), N is iso-Artinian, there exists k ∈ N such that

Ni
∼= Nk, for all i ≥ k. Therefore, N1 becomes iso-Artinian.

(4) ⇒ (1) Let M1 ⊇ M2 ⊇ · · · be a descending chain of non-parallel submodules of

M . Since M1 is non-parallel, it is iso-Artinian. Therefore, there exists n ∈ N such

that Mi
∼= Mn, for all i ≥ n. Thus, M is npi-Artinian. □

Dually, we have the following result for npi-Noetherian modules.

Theorem 4.7. Let M be an R-module. The following statements are equivalent.

(1) M is npi-Noetherian.

(2) Every non-empty family of non-parallel submodules of M has an iso-maximal

element.

(3) Every non-empty chain of non-parallel submodules of M has an iso-maximal

element.

(4) Every non-parallel submodule of M is iso-Noetherian.

(5) Every proper type submodule of M is iso-Noetherian.

It is clear that np-Artinian (resp., np-Noetherian) modules are npi-Artinian

(resp., npi-Noetherian). But in the following example, we show that the converse

is not true in general.

Example 4.8. Set R = Z⊕ Z4. Then it is easy to verify that

{0, 0⊕ Z4, 0⊕ ⟨2̄⟩, nZ⊕ 0̄}

for any n ∈ N, is the set of all non-parallel ideals of the ring R. Clearly, each non-

parallel ideal of R is iso-Artinian (resp., iso-Noetherian), so Theorem 4.6 (resp.,
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Theorem 4.7) implies that R is an npi-Artinian (resp., npi-Noetherian) ring. How-

ever, we note that nZ ⊕ 0̄ is not Artinian and hence R is not np-Artinian, by

Theorem 3.4.

For the definition of the homogeneous parallel Krull dimension we refer to [10].

Proposition 4.9. Let M be an npi-Noetherian module and N ∦ M . If N has

homogeneous parallel Krull dimension, then N has Krull dimension.

Proof. Suppose that M is an npi-Noetherian module and N is a non-parallel sub-

module of M . Then N is iso-Noetherian, by the previous theorem. Now, [7,

Proposition 3.7] implies that N has Krull dimension. □

Corollary 4.10. Let M be an npi-Noetherian module and N ∦ M . If every sub-

module of N has DCC on its parallel submodules, then N is Artinian.

Proof. If N has DCC on its parallel submodules, then pk-dim(N) = 0. By the

proof of the previous proposition, N has Krull dimension. Now, [10, Theorem 3.11]

implies that k-dim(N) = 0. Therefore, N is Artinian. □

Proposition 4.11. [5, Proposition 5.1] Any iso-Noetherian module has finite uni-

form dimension.

Recall that we show that any np-Noetherian module has finite type dimension

(see Theorem 3.12). In the next result, we present a generalization of this fact.

Proposition 4.12. If M is an npi-Noetherian R-module, then M has finite type

dimension.

Proof. On the contrary, suppose that M is an npi-Noetherian module with infinite

type dimension. By Lemma 2.9(2), there is a family {Ni}∞i=1 of pairwise orthogonal

non-zero submodules of M . Hence, we have a direct sum
⊕∞

i=1 Ni of non-zero

submodules of M . But we note that N =
⊕∞

i=2 Ni is a non-parallel submodule of

M (see the proof of the Theorem 3.5). Then N is iso-Noetherian, by Theorem 4.7.

Therefore, the previous proposition implies that N has finite uniform dimension,

so it has finite type dimension which is a contradiction. □

Remark 4.13.

(1) We have to show that the converse of the previuos proposition is not true

in general. Consider M = Z⊕Zp∞ as a Z-module. Then t. dimM = 2, see

Example 3.13. But it is easy to see that Zp∞ is a non-parallel submodule

of M which is not iso-Noetherian. Thus, M is not npi-Noetherian, by

Theorem 4.7.
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(2) The previous part implies that npi-Noetherian modules are not closed under

direct sums.

(3) It is clear that QZ is npi-Noetherian. By Example 3.15, Q
Z has infinite type

dimension, so by the previous proposition, it is not npi-Noetherian, . Thus,

npi-Noetherian modules are not closed under factor module.

(4) By Example 3.14, it is easy to see that npi-Noetherian modules are not

closed under essential extension.

We have an analogue of Corollary 3.8 for npi-Artinian modules as follows.

Proposition 4.14. Let M be an npi-Artinian module. Then

(1) Every non-zero submodule of M which is not atomic contains an iso-simple

submodule. In particular, if M is non-atomic, then M contains an iso-

simple submodule.

(2) Every non-zero submodule of M contains an atomic submodule.

(3) The intersection of all maximal type submodules of M is equal to 0.

Proof. (1) Let M be an npi-Artinian module and N be a non-atomic submodule

of M . Hence, N has a non-parallel submodule. Suppose that N1 ⊇ N2 ⊇ N3 ⊇ · · ·
is a descending chain of non-parallel submodules of N . By Remark 4.4, N is npi-

Artinian, so there exists k ∈ N such that Ni
∼= Nk, for all i ≥ k. Since Nk

is non-parallel, Theorem 4.6 implies that Nk is iso-Artinian. Note that any iso-

Artinian module contains an iso-simple submodule, see [5, Lemma 2.1]. Therefore,

Nk contains an iso-simple submodule.

(2) Let N be any non-zero submodule of M . If N is not atomic, then since any

iso-simple submodule is atomic, by (1) we are done. If N is atomic, then using

Lemma 2.4(3), it is easy to see that every non-zero submodule of M is atomic.

(3) Follows by (2) and [13, Lemma 3.1]. □

Theorem 4.15. Let M be an npi-Artinian module. Then M has an essential

submodule that is a direct sum of atomic submodules.

Proof. Suppose that M is an npi-Artinian module. By the previous proposition,

M contains at least one atomic submodule. Let S denotes the set of all families of

independent atomic submodules of M . By Zorn’s Lemma, S has maximal member

W = {Vi | i ∈ I}. Put V =
⊕

i∈I Vi. Now, let N be a non-zero submodule

of M . Since M is an npi-Artinian module, by Remark 4.4, N is npi-Artinian.

Hence, N has an atomic submodule K, by the previous proposition. Thus, we have

K ∩ V ̸= (0) (since otherwise, W ∪ {K} is a set of independent atomic submodules

which contradicts with the maximality of W ). It follows that N ∩ V ̸= 0. Hence,
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V is an essential submodule of M which is a direct sum of atomic submodules of

M . □

Let U denote the class of all iso-simple R-modules. A module M is called

(finitely) generated by U , or (finitely) U-generated, in case there are a (finite)

indexed set (Uα)α∈A in U and an epimorphism
⊕

α∈A Uα → M . Dually, a module

M is (finitely) cogenerated by U , or (finitely) U-cogenerated, in case there is an

(finite) indexed set (Uα)α∈A in U and a monomorphism M →
∏

α∈A Uα. Using the

notation of [6], for any R-module M we set

I-soc(M) = TrM (U) =
∑

{Im(f) | f ∈ HomR(U,M) for some U ∈ U},

I-rad(M) = RejM (U) =
⋂

{ker(g) | g ∈ HomR(U,M) for some U ∈ U}.

In [6], it is proved that the (right) iso-radical I-rad(RR) of a ring R is the intersec-

tion of the annihilators of all iso-simple R-modules. In Proposition 5.11, we provide

a characterization of semiprime npi-Artinian rings using the notion of iso-radical.

Proposition 4.16. Let M be an npi-Artinian module. Then I-soc(N) ̸= 0 for

each non-atomic submodule N of M . Moreover, if any non-zero submodule of M

is non-atomic, then I-soc(M) is an essential submodule of M .

Proof. LetN be a non-atomic submodule ofM . By Remark 4.4, N is npi-Artinian,

so N has an iso-simple submodule K, by Proposition 4.14. Therefore, I-soc(N) ̸= 0.

Now, suppose that K is a non-zero submodule of M . Since K is non-atomic, by [1,

Proposition 8.16], we get

0 ̸= I-soc(K) = K ∩ I-soc(K) ⊆ K ∩ I-soc(M) ⊆ I-soc(M).

Thus, I-soc(M) ⊆e M . □

Recall that a ring R is said to be right semihereditary, if every finitely generated

right ideal of R is projective as an R-module. Also, a ring R is called a right

Rickart ring, if the right annihilator of any element in R is of the form eR for some

idempotent e ∈ R. For the next result, we recall the following characterization of

right Rickart rings, which implies that right semihereditary rings are right Rickart.

Proposition 4.17. [9, Proposition 7.48] A ring R is right Rickart if and only if

every principal right ideal in R is projective (as an R-module).

The following result is a generalization of Lemma 3.20 in the case of right Rickart

rings, see also [3, Lemma 2.14].
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Proposition 4.18. Let R be right Rickart ring such that R is not right iso-

Noetherian (iso-Artinian) but npi-Noetherian (npi-Artinian). Then, for c ∈ R

either cR is a parallel right ideal of R or r(c) is a parallel right ideal of R.

Proof. Suppose that cR ∦ R. By Theorem 4.7, cR is iso-Noetherian. Since cR ∼=
R

r(c) , we may consider the short exact sequence 0 → r(c) → R → cR → 0. Now,

Since R is right Rickart, by the previous proposition, cR is projective. Therefore,

the short exact sequence splits i.e., R ∼= r(c) ⊕ cR. If r(c) is right iso-Noetherian,

then R becomes right iso-Noetherian, which is a contradiction. Therefore, r(c) is

not right iso-Noetherian and hence, by Theorem 4.7, r(c) is a parallel right ideal of

R. The proof of the npi-Artinian case is similar. □

Corollary 4.19. Let R be a right Rickart np-Artinian (resp., np-Noetherian) ring.

Then either R is right iso-Artinian (resp., iso-Noetherian) or it has many parallel

right ideals.

5. Semiprime np-Artinian rings

In this section, we give some properties of semiprime right np-Artinian (resp.,

npi-Artinian) rings. We begin with the following proposition.

Proposition 5.1. Let R be a right np-Artinian ring such that J(R) is not atomic.

Then R is semiprime if and only if J(R) = 0.

Proof. First, suppose that J(R) = 0. Since Nil∗(R) ⊆ J(R), it follows that R is

semiprime. Conversely, assume that R is a semiprime right np-Artinian ring. On

the contrary, suppose that J(R) ̸= 0. Then J(R) is right np-Artinian, by Remark

3.2. Since J(R) is not atomic, Corollary 3.8 implies that J(R) contains a minimal

right ideal S. Note that SJ(R) = 0 and hence, S2 ⊆ SJ(R) = 0. Since R is

semiprime, it follows that S = 0, which is a contradiction. □

Corollary 5.2. Let R be a semiprime right np-Artinian ring. Then either J(R) is

atomic or T (RR) = 0.

Proof. It follows from Propositions 3.18 and 5.1. □

By a similar argument, we can prove the following version of Proposition 5.1.

Lemma 5.3. Let R be a right ne-Artinian ring such that J(R) is not uniform.

Then R is semiprime if and only if J(R) = 0.

Now, we present an application of the previous result. First, let us recall a result

from [11].
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Lemma 5.4. [11, Theorem 2.1] A semiprime ring R is right ne-Artinian if and

only if R is right uniform or right Artinian.

Proposition 5.5. Let R be a right ne-Artinian ring such that J(R) is not uniform.

Then R is semiprime if and only if it is semisimple.

Proof. Suppose that R is a semiprime right ne-Artinian ring. Then we have

J(R) = 0, by Lemma 5.3. It is clear that R is not right uniform. Hence, the

previous lemma implies that R is right Artinian. Now, R is a right Artinian ring

with zero Jacobson radical, so R is semisimple, see [8, Theorem 4.14]. □

It is well known that for a right Artinian ring R, all three radicals Nil∗(R),

Nil∗(R) and J(R) coincide, for example see [9, Proposition 10.27].

Proposition 5.6. Let R be any ring such that R
Nil∗(R) is a right np-Artinian ring.

If J
(

R
Nil∗(R)

)
is not atomic, then Nil∗(R) = Nil∗(R) = J(R).

Proof. We know that for any ring R, Nil∗(R) ⊆ Nil∗(R) ⊆ J(R). Thus, it suffices

to show that J(R) ⊆ Nil∗(R). It is clear that R
Nil∗(R) is a semiprime ring, so by

Proposition 5.1, we have J
(

R
Nil∗(R)

)
= (0). Note that Nil∗(R) ⊆ J(R). Hence, by

[9, Proposition 4.6], we have J(R)
Nil∗(R) = (0). It follows that Nil∗(R) = Nil∗(R) =

J(R). □

Now, we give an analogue of Proposition 5.5 for np-Artinian rings as follows.

Theorem 5.7. Let R be a semiprime ring such that J(R) is not atomic. Then R

is right np-Artinian if and only if it is semisimple.

Proof. The sufficiency is clear. Conversely, suppose that R is a semiprime right

np-Artinian ring with non-atomic Jacobson radical. By Proposition 5.1, we have

J(R) = 0. Note that J(R) is the intersection of all maximal right ideals of R,

by Theorem 3.7, R is finitely embedded. It follows that there exist maximal right

ideals m1, . . .mn of R such that
⋂n

i=1 mi = 0. Now, consider the map φ : R →⊕n
i=1

R
mi

defined by φ(r) = (r + m1, . . . , r + mn). It is easy to see that φ is an

R-monomorphism. Since each of R
mi

is a simple R-module, we conclude that R is a

semisimple ring. □

In view of the Theorem 5.7, Proposition 5.1 and Hopkins-Levitzki theorem (see

[8, Theorem 4.15]), the following is immediate.

Corollary 5.8. Let R be a semiprime right np-Artinian ring. If J(R) is non-

atomic, then for any R-module M the following are equivalent.

(1) M is Noetherian.
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(2) M is Artinian.

(3) M has a composition series.

Next, we investigate semiprime npi-Artinian rings. Recall that a module M is

called Hopfian, if any surjective R-endomorphism of M is an automorphism. Note

that any Noetherian module is Hopfian.

Theorem 5.9. Let R be a semiprime right npi-Artinian ring. Then either Z(R)

is atomic or R is right non-singular.

Proof. On the contrary, suppose Z(R) ̸= 0. It is clear that Z(R) is right npi-

Artinian. Since Z(R) is not atomic, Proposition 4.14 implies that Z(R) contains

a non-zero iso-simple right ideal I. Since R is semiprime, I2 ̸= 0. Thus, aI ̸= 0

for some a ∈ I, so I ∼= aI ∼= I
r(a)∩I . Now, consider the surjective R-endomorphism

fa : I → aI defined by fa(x) = ax. Note that iso-simple modules are Noetherian.

Therefore, I is Hopfian and so, ker(fa) = r(a)∩ I = (0), which contradicts the fact

that r(a) is an essential right ideal of R. Consequently, Z(R) = 0. □

Following [14], a module M is said to be a TS-module, if every type submodule

of M is a summand of M .

Corollary 5.10. Let R be a right npi-Artinian semiprime ring such that Z(R) is

not atomic. Then the following are equivalent.

(1) RR has finite type dimension.

(2) The maximal right quotient ring of R is a finite direct sum of indecompos-

able right self-injective regular rings.

(3) For every family {Mi}i∈I of pairwise orthogonal non-singular modules we

have
⊕

i∈I E(Mi) is injective.

(4) Every cyclic (or finitely generated) non-singular module has finite type di-

mension.

(5) Every non-singular TS-module is a direct sum of atomic modules.

(6) Every non-singular injective module is a direct sum of atomic modules.

(7) Every non-singular module contains a maximal injective type submodule.

Proof. It follows by the previous theorem and [13, Theorem 2.2]. □

Proposition 5.11. Let R be a right npi-Artinian ring such that I-rad(RR) is not

right atomic. Then R is semiprime if and only if I-rad(RR) = 0.

Proof. Let I = I-rad(RR) be the intersection of the annihilators of all iso-simple

right R-modules. Assume by contradiction that R is semiprime and I ̸= 0. Since

IR is non-atomic npi-Artinian, it contains an iso-simple right ideal J of R, by
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Proposition 4.14. Then J2 ⊆ JI = 0, so J = 0 which is a contradiction. For the

converse, suppose I = 0. Let K be an ideal of R such that K2 = 0. If for any iso-

simple R-module M we have MK = 0, then K ⊆ I = 0 and we are done. Now, let

M be an iso-simple R-module such that MK ̸= 0. It is clear that MK is iso-simple

and K ⊈ ann(M). Hence, K ⊈ I = (0) which is a contradiction. Therefore, R is

semiprime. □

At the end of this paper, we investigate when ne-Artinian (resp., ne-Noetherian)

and np-Artinian (resp., np-Noetherian) rings coincide. For this, we need the fol-

lowing lemma.

Lemma 5.12. Let R be any semiprime ring and I, J two ideals of R. Then the

following are equivalent.

(1) I ⊥ J .

(2) I ∩ J = (0).

(3) IJ = (0).

Proof. It is easy to see that (1) ⇒ (2) ⇒ (3).

(3) ⇒ (1) By contrary suppose that I ̸⊥ J . Then there exist non-zero ideals I1

and J1 of R which are contained in I and J respectively, such that I1 ∼= J1. Let

f denotes this isomorphism. Define φ : I1J1 → J2
1 by φ(a1b1 + · · · + anbn) =

f(a1)b1 + · · · + f(an)bn for each ai ∈ I1, bi ∈ J1 and n ∈ N. It is easy to see that

φ is an R-isomorphism. Since I1J1 ⊆ IJ = (0). It follows that J2
1 = 0, so J1 = 0

(since R is semiprime), which is a contradiction. □

Recall that a ring R is called right duo, if any right ideal of R is two sided.

Proposition 5.13. Let R be a semiprime right duo ring.

(1) R is right np-Artinian (resp., np-Noetherian) if and only if R is right ne-

Artinian (resp., ne-Noetherian).

(2) R is right npi-Artinian (resp., npi-Noetherian) if and only if R is right

nei-Artinian (resp., nei-Noetherian).

Proof. (1) Assume that R is right np-Artinian. We have to show that R is right

ne-Artinian. For this goal, by [11, Theorem 1.4], it suffices to show that every

non-essential right ideal of R is Artinian. Let I be a non-essential right ideal of

R. Since R is right duo, I is an ideal of R which is non-essential as a right ideal.

It follows that I ∩ J = (0) for some non-zero right ideal J of R. Again, since R

is right duo, J is a non-zero ideal of R, so I ⊥ J , by the previous lemma. Now,

Lemma 2.2 implies that I is non-parallel as a right ideal. Consequently, since R is

np-Artinian, by Theorem 3.4, I is Artinian and we are done. The converse is clear
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and the proof of np-Noetherian case is similar to the above argument.

(2) Analogous to (1). □

Corollary 5.14. Let R be a semiprime right duo ring. Then the following state-

ments are equivalent.

(1) R is right ne-Noetherian.

(2) R is right uniform or right Noetherian.

(3) R is right atomic or right Noetherian.

(4) R is right np-Noetherian.

Proof. It follows from the previous proposition and [11, Theorem 2.9]. □

Remark 5.15. In view of the previous corollary, Proposition 5.13 (and its proof),

Theorem 5.7 and Hopkins-Levitzki theorem, we have the following diagram for

semiprime right duo rings.

right ne-Artinian right uniform right ne-Noetherian

right Artinian right Noetherian

right np-Artinian right atomic right np-Noetherian
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