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Particulate Stokesian flows describe the hydrodynamics of rigid or deformable 
particles within Stokes flows, where viscous forces dominate over inertial effects. 
These flows are characterized by highly nonlinear fluid-structure interactions, 
moving interfaces, and multiple spatial and temporal scales, making numerical 
simulations both complex and computationally expensive. Accurately capturing 
these interactions requires sophisticated numerical approaches. The boundary 
integral equation method (BIEM) is a powerful tool for modeling such flows, as it 
reduces computational complexity by limiting the discretization to the immersed 
particle boundaries rather than the entire flow domain. This efficiency makes BIEM 
particularly suitable for studying systems with many particles or complex boundary 
geometries. In this work, we explore two fundamental BIEM formulations for 
Stokesian flows involving rigid particles: the first-kind and second-kind integral 
equations. These formulations differ in their mathematical structure and 
computational properties, impacting their stability, accuracy, and overall 
performance. By comparing these two approaches, we aim to highlight their 
respective advantages and limitations, providing insights into their applicability to 
different particulate flow scenarios. This analysis contributes to the broader 
understanding of numerical methods for Stokesian flows, addressing challenges 
inherent to fluid-structure interactions and advancing computational techniques in 
this field. 

 
1. Introduction 
 
Stokesian particulate flows are the flows of a 
collection of rigid or deformable particles (e.g., 
drops, capsules, cells, slender bodies, and 
filaments, possibly elastic or filled by a fluid) that 
are suspended in a Newtonian fluid and the 
particle Reynolds number is vanishingly small 
[1-3]. The hydrodynamics of colloidal 
suspensions of passive particles is a well-
established but still active area of research in soft 
condensed matter physics and chemical 
engineering. Recently, there has been growing 
interest in suspensions of active colloids, which 
display rich collective behaviors that are quite 
different from those of passive suspensions [4-7].  
 
The number of computational methods for 
modeling active suspensions has been increasing, 

often building on well-established techniques 
used for passive suspensions in steady Stokes 
flow, which occurs at zero Reynolds number [8-
10]. Since active particles often contain metallic 
components, they are typically much denser than 
the solvent, causing them to sediment towards 
the bottom wall. This necessitates addressing 
confinement and implementing nonperiodic 
boundary conditions in any simulation method 
aimed at experimentally relevant scenarios.  
 
Additionally, because the collective motions 
observed in active suspensions involve large 
numbers of particles and hydrodynamic 
interactions among particles decay slowly with 
distance, it is essential to develop methods that 
can capture long-range hydrodynamic effects 
while still scaling to tens or hundreds of 
thousands of particles [11].  
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A computational method for colloidal 
suspensions must incorporate two essential 
components: long-range hydrodynamic 
interactions and the correlated Brownian motion 
of the particles. When active and Brownian 
motion are not present, accurately describing the 
hydrodynamics of Stokesian suspensions 
involves solving mobility problems [12]. This 
requires calculating the linear and angular 
velocities of the particles in response to applied 
external forces and torques. For deterministic 
Stokes problems, the Boundary Integral Method 
(BIM) [13] is a highly developed technique that 
effectively manages complex particle shapes and 
ensures controlled accuracy, even in dense 
suspensions. In this approach, the steady Stokes 
equations are reformulated as an integral 
equation with unknown densities defined on the 
boundary, using either a first kind (single-layer 
densities) or second kind (double-layer densities) 
formulation, or a combination of both [14-16].  
 
Particles with intricate geometries can be directly 
discretized using a surface mesh, and with an 
appropriate choice of surface quadrature, higher-
order (or even spectral) accuracy can be attained. 
The main challenge lies in addressing the 
singularity of the Green’s functions that arise in 
the boundary integral formulation [17]. 
Discretizing the boundary integral equation 
typically results in a dense linear system, 
necessitating the use of fast algorithms, such as 
the Fast Multipole Method (FMM) [14], to 
efficiently perform the dense matrix-vector 
product and achieve linear scaling. In this study, 
we aim at comparing the first kind formulation 
with the second kind formulations. One of such 
second kind formulations is Power & Miranda’s 
formulation [18]. In addition to that, we suggest 
another symmetric formulation. The comparison 
is based on the stability and accuracy of the 
methods in two dimensions. 
 
2. General Methods 
 
Here we mostly follow the notation in [19]. We 
consider a suspension of M rigid bodies 
{ℬ}𝑀𝑀𝑝𝑝=1, with tracking points 𝒒𝒒𝑝𝑝 and 
orientations 𝜃𝜃𝑝𝑝; in compact form 𝒙𝒙𝑝𝑝 = �𝒒𝒒𝑝𝑝,𝜃𝜃𝑝𝑝�. 
We denote the linear and angular velocity by 𝒖𝒖𝑝𝑝 
and 𝜔𝜔𝑝𝑝, respectively. The force and the torque on 

the body are shown with 𝒇𝒇𝑝𝑝 and 𝜏𝜏𝑝𝑝. In compact 
notation, 𝑭𝑭𝑝𝑝 = {𝒇𝒇𝑝𝑝, 𝜏𝜏𝑝𝑝} and 𝑼𝑼𝑝𝑝 = {𝒖𝒖𝑝𝑝,𝜔𝜔𝑝𝑝}. 
Vectors without scripts refer to the composite 
vector formed by the variables of all the bodies, 
i.e., 𝑼𝑼 = �𝑼𝑼𝑝𝑝�

𝑀𝑀
𝑝𝑝=1

. We define a block diagonal 

geometric operator, 𝒦𝒦 = �𝒦𝒦𝑝𝑝�
𝑀𝑀
𝑝𝑝=1

, that 
transforms rigid body velocities into surface 
velocities 
𝒦𝒦[𝑼𝑼](𝒙𝒙) = 𝒖𝒖𝑝𝑝 + 𝜔𝜔𝑝𝑝�𝒙𝒙 − 𝒒𝒒𝑝𝑝�

⊥ for 𝒙𝒙 ∈ 𝜕𝜕𝓑𝓑𝑝𝑝 (1) 
 
where 𝒙𝒙⊥ = (𝑥𝑥2,−𝑥𝑥1). The adjoint of 𝒦𝒦 
integrates the surface traction of the bodies and 
yields the total external force and torque on the 
bodies 

𝒦𝒦∗𝝀𝝀 = 𝑭𝑭

=

⎩
⎪
⎨

⎪
⎧

�
�𝝀𝝀(𝒙𝒙)𝑑𝑑ℬ𝑝𝑝

�(𝒙𝒙 − 𝒒𝒒)⊥ ⋅ 𝝀𝝀(𝒙𝒙)𝑑𝑑ℬ𝑝𝑝
�

𝑝𝑝⎭
⎪
⎬

⎪
⎫

𝑝𝑝=1 

𝑀𝑀

. (2) 

 
The operators 𝒦𝒦 and 𝒦𝒦∗ are adjoint. For an 
arbitrary function defined on the surface of the 
bodies, 𝒈𝒈(𝒙𝒙), and a collection of vectors defined 
on the bodies, 𝑼𝑼, these operators satisfy 
 

(𝒈𝒈,𝒦𝒦[𝑼𝑼]) = ∫ 𝒈𝒈(𝒙𝒙) ⋅ 𝒦𝒦[𝑼𝑼](𝒙𝒙) 𝑑𝑑ℬ
= (𝒦𝒦∗𝒈𝒈) ⋅ 𝑼𝑼. 

 (3) 

 
Flows of rigid bodies in the limit of vanishing 
Reynolds numbers (i.e., the ratio of inertial 
forces to the viscous forces is zero) are governed 
by the Stokes equations 
 
−∇𝑝𝑝 + 𝜂𝜂∇2𝒗𝒗 = 0 (4) 
  
∇ ⋅ 𝒗𝒗 = 0 (5) 

 
where 𝑝𝑝 is fluid pressure, 𝜂𝜂 is fluid viscosity and 
𝒗𝒗 is fluid velocity. The Green’s functions for the 
Stokes equations are the so-called Stokeslet and 
stresslet. We consider a two-dimensional 
problem. The Stokeslet is  
 
𝐺𝐺𝑖𝑖𝑖𝑖(𝒙𝒙,𝒚𝒚) = 𝐺𝐺𝑖𝑖𝑖𝑖(𝒓𝒓) =

1
4𝜋𝜋𝜋𝜋 �

−𝛿𝛿𝑖𝑖𝑖𝑖 log 𝑟𝑟 +
𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗
𝑟𝑟2

 � 

   
(6) 

where 𝒓𝒓 = 𝒙𝒙 − 𝒚𝒚 and 𝑟𝑟 = |𝒓𝒓|2. The stresslet is  
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𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖(𝒙𝒙,𝒚𝒚) = 𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖(𝒓𝒓) = −
1
𝜋𝜋
𝑟𝑟𝑖𝑖𝑟𝑟𝑗𝑗𝑟𝑟𝑘𝑘
𝑟𝑟4

 
 

(7) 

The single layer, the double layer and the adjoint 
double layer operators acting on an arbitrary 
function 𝒈𝒈(𝒙𝒙) on a body surface are defined as 
 

(𝒮𝒮[𝒈𝒈])𝑖𝑖(𝒙𝒙) =  𝒮𝒮𝑖𝑖[𝒈𝒈](𝒙𝒙) = �𝐺𝐺𝑖𝑖𝑖𝑖(𝒙𝒙,𝒚𝒚)𝑔𝑔𝑗𝑗(𝒚𝒚)𝑑𝑑ℬ (8) 
 

(𝒟𝒟[𝒈𝒈])𝑖𝑖(𝒙𝒙) = 𝒟𝒟[𝒈𝒈](𝒙𝒙)

= �𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖(𝒙𝒙,𝒚𝒚)𝑛𝑛𝑘𝑘(𝒚𝒚)𝑔𝑔𝑗𝑗(𝒚𝒚)𝑑𝑑ℬ 

 
(9) 

(𝒟𝒟∗[𝒈𝒈])𝑖𝑖(𝒙𝒙) =  𝒟𝒟𝑖𝑖∗[𝒈𝒈](𝒙𝒙)

= −𝑛𝑛𝑘𝑘(𝒙𝒙)�𝑇𝑇𝑖𝑖𝑖𝑖𝑖𝑖(𝒙𝒙,𝒚𝒚)𝑔𝑔𝑗𝑗(𝒚𝒚)𝑑𝑑ℬ (10) 

where 𝒏𝒏 is the surface normal pointing into the 
fluid. The last two double layer operators are 
adjoint, i.e., for any functions 𝒈𝒈 and 𝒉𝒉 

(𝒈𝒈,𝒟𝒟[𝒉𝒉]) = (𝒟𝒟∗[𝒈𝒈],𝒉𝒉).  (11) 
 
2.1. First kind formulation 
 
Now, let us complete the continuous formulation 
for flows rigid particles. As mentioned above, the 
fluid flow is governed by the Stokes equations. 
The fluid satisfies the no-slip boundary condition 
on the bodies 

𝒗𝒗(𝒙𝒙) = 𝒦𝒦[𝑼𝑼](𝒙𝒙) for 𝒙𝒙 ∈ 𝜕𝜕ℬ (12) 

If −𝝀𝝀 is the fluid traction on the bodies, the force-
torque balance leads to  

𝒦𝒦∗𝝀𝝀 = 𝑭𝑭. (13) 

Let 𝒖𝒖∞ be the background flow moving the 
particles. With these equations, we can write the 
first-kind formulation that leads to a symmetric, 
positive-definite matrix in the linear system to be 
solved for the traction and rigid body velocity: 

� 𝒮𝒮 −𝒦𝒦
−𝒦𝒦∗ 0 � � 𝝀𝝀𝑼𝑼 � = � 𝒖𝒖∞−𝑭𝑭�. (14) 

  
2.2. Second kind formulation 
 
Second kind formulation involves the double 
layer integral which has better conditioning than 
the single layer integral. One alternative for the 
second kind formulation is as follows. According 
to Pozrikidis [13], the no-slip boundary condition 
can be written as  

1
2
𝒦𝒦[𝑼𝑼] + 𝒟𝒟(𝒦𝒦[𝑼𝑼]) + 𝒖𝒖∞ = 𝒮𝒮[𝝀𝝀](𝒙𝒙) (15) 

The force-torque balance on the bodies can be 
written as  

1
2
𝒦𝒦∗𝜆𝜆 + 𝒦𝒦∗𝒟𝒟∗[𝝀𝝀] = 𝑭𝑭. (16) 

These equations form a linear system for the 
traction and rigid body velocities 

�
𝒮𝒮 −

1
2
𝒦𝒦 −𝒟𝒟𝒟𝒟

−
1
2
𝒦𝒦∗ −𝒦𝒦∗𝒟𝒟∗ 0

� � 𝝀𝝀𝑼𝑼 �

= � 𝒖𝒖∞−𝑭𝑭�. 

(17) 

The fact that this first alternative has the single 
layer operator on the diagonal, its conditioning is 
determined mostly by the single layer operator. 
Another alternative can be  

�𝒮𝒮 +
1
𝜂𝜂

(−𝐼𝐼 + 𝒟𝒟 + 𝒟𝒟∗) −𝒦𝒦

−𝒦𝒦∗ 0
� � 𝝀𝝀𝑼𝑼 � = � 𝒖𝒖∞−𝑭𝑭�. (18) 

 
The proof is as follows. An arbitrary flow on a 
surface ℒ surrounding a particle ℬ but far from 
the particle can be written as [20] 

𝒗𝒗(𝒙𝒙) = �𝒮𝒮 +
1
𝜂𝜂

[𝒟𝒟 + 𝒟𝒟∗]� [𝝀𝝀](𝒙𝒙) for 𝒙𝒙 ∈ ℒ. (19) 

When the surface ℒ approaches to the particle 
surface, we get 

𝒗𝒗(𝒙𝒙) = �𝒮𝒮 +
1
𝜂𝜂

[−𝐼𝐼 + 𝒟𝒟𝑃𝑃.𝑉𝑉.

+ (𝒟𝒟∗)𝑃𝑃.𝑉𝑉.]� [𝝀𝝀](𝒙𝒙) for 𝒙𝒙 ∈ ℬ. 
(20) 

The integrals are in the principal value sense.  
 
2.3. Confined flow 
 
In confined flows, the confining boundary 
induces flow on the particles. To maintain the 
symmetry properties of the linear system, we 
write an integral equation for the outer boundary 
using the same second kind formulation used for 
the rigid body. Let us introduce operators for the 
interaction between the outer boundary (denoted 
with subscript o) and the rigid body (denoted 
with subscript b). 𝓢𝓢𝒐𝒐 and 𝓢𝓢𝒃𝒃 denote the single 
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layer integral for self-interaction for the outer 
boundary and the rigid body, respectively. 𝓢𝓢𝒐𝒐𝒐𝒐 is 
the single layer integral due to the sources on the 
body at the target points on the outer boundary 
(𝓢𝓢𝒃𝒃𝒃𝒃 is defined similarly). There are double layer 
integral counterparts of these integrals as well. 
We can write the following equations 
 

• The no-slip condition on the rigid body is  
 

𝟏𝟏
𝟐𝟐
𝒗𝒗(𝒙𝒙) + 𝓓𝓓[𝒗𝒗](𝒙𝒙) = 𝓢𝓢𝒃𝒃[𝝀𝝀𝒃𝒃](𝒙𝒙) + 𝓢𝓢𝒃𝒃𝒃𝒃[𝝀𝝀𝒐𝒐](𝒙𝒙) (21) 

  
• The balance of force and torque on the 

body is  
 

𝟏𝟏
𝟐𝟐
𝓚𝓚∗𝝀𝝀𝒃𝒃 + 𝓚𝓚∗(𝓓𝓓𝒃𝒃

∗ [𝝀𝝀𝒃𝒃] + 𝓓𝓓𝒃𝒃𝒃𝒃
∗ [𝝀𝝀𝒐𝒐]) = 𝑭𝑭 (22) 

  
• The no-slip condition on the outer 

boundary is 
 

𝓢𝓢𝒐𝒐𝒐𝒐[𝝀𝝀𝒃𝒃](𝒙𝒙) −𝓓𝓓𝒐𝒐𝒐𝒐[𝓚𝓚𝓚𝓚](𝒙𝒙) + 𝓢𝓢𝒐𝒐[𝝀𝝀𝒐𝒐](𝒙𝒙) = 𝟎𝟎 (23) 
 
With this formulation, the linear system becomes 
 

⎣
⎢
⎢
⎢
⎡ 𝓢𝓢𝒃𝒃 −

𝟏𝟏
𝟐𝟐
𝓚𝓚−𝓓𝓓𝒃𝒃𝓚𝓚 𝓢𝓢𝒃𝒃𝒃𝒃

−
𝟏𝟏
𝟐𝟐
𝓚𝓚∗ −𝓚𝓚∗𝓓𝓓𝒃𝒃

∗ 𝟎𝟎 −𝓚𝓚∗𝓓𝓓𝒃𝒃𝒃𝒃
∗

𝓢𝓢𝒐𝒐𝒐𝒐 −𝓓𝓓𝒐𝒐𝒐𝒐𝓚𝓚 𝓢𝓢𝒐𝒐 ⎦
⎥
⎥
⎥
⎤

 

 �
𝝀𝝀𝒃𝒃
𝑼𝑼
𝝀𝝀𝒐𝒐
� = �

𝒖𝒖∞
−𝑭𝑭
𝟎𝟎
�. 

(24) 

  

 
This is again a symmetric linear system. Note 
that we implemented the decoupled and coupled 
formulations which give similar results up to 1E-
4 error.  
 
2.4. Suspensions 
 
When there are multiple bodies in a flow, they 
induce flow on to each other. That adjusts the net 
flow on the bodies. These changes can be seen 
below. Let’s consider M rigid bodies in a free-
space flow 𝒖𝒖∞(𝒙𝒙). The no-slip condition on the 
pth body is  
 

1
2
𝒦𝒦�𝑼𝑼𝑝𝑝�(𝒙𝒙) + 𝒟𝒟𝑝𝑝 �𝒦𝒦�𝑼𝑼𝑝𝑝�� (𝒙𝒙)

= 𝒖𝒖∞(𝒙𝒙) + 𝒮𝒮𝑝𝑝�𝝀𝝀𝑝𝑝�(𝒙𝒙)

+ ��𝒮𝒮𝑝𝑝𝑝𝑝�𝝀𝝀𝑞𝑞�(𝒙𝒙)
𝑀𝑀

𝑞𝑞=1
𝑞𝑞≠𝑝𝑝

− 𝒟𝒟𝑝𝑝𝑝𝑝 �𝒦𝒦�𝑼𝑼𝑞𝑞�� (𝒙𝒙)�. 

(25) 

 
Here, the subscript (pq) denotes the 
hydrodynamic interaction between the pth and qth 
bodies. Then, the force-torque balance on the pth 
body is 

1
2
𝒦𝒦𝑝𝑝

∗𝝀𝝀𝑝𝑝 + 𝒦𝒦∗�𝒟𝒟𝑝𝑝
∗�𝝀𝝀𝑝𝑝� + �𝒟𝒟𝑝𝑝𝑝𝑝

∗ �𝝀𝝀𝑞𝑞�
𝑀𝑀

𝑞𝑞=1
𝑞𝑞≠𝑝𝑝

� = 𝑭𝑭𝑝𝑝. (26) 

 
2.5. Discretization 
 
Since the single layer integral has a logarithmic 
singularity, we use the hybrid Gauss-trapezoid 
quadrature rule [21]. The double layer integral 
has no singularity in two dimensions. Therefore, 
the trapezoid rule is used. Let H be a diagonal 
matrix storing the quadrature weights, i.e., 𝐻𝐻 =
diag(ℎ). Hence, the single layer integral can be 
discretized as  

𝒮𝒮𝝀𝝀 ≈ 𝑆𝑆𝑆𝑆𝝀𝝀 = 𝑆𝑆(𝐻𝐻𝝀𝝀) (27) 

Note that the operator SH is not symmetric 
((𝑆𝑆𝑆𝑆)𝑇𝑇 = 𝐻𝐻𝐻𝐻 ≠ 𝑆𝑆𝑆𝑆). However, the operator S 
acting on the discrete traction H𝝀𝝀 is symmetric. 
The geometric matrices can be discretized as  

𝒦𝒦𝑼𝑼 ≈ 𝐾𝐾𝑼𝑼 (28) 

𝒦𝒦∗𝝀𝝀 ≈ 𝐾𝐾𝑇𝑇𝐻𝐻𝝀𝝀 = 𝐾𝐾𝑇𝑇(𝑯𝑯𝑯𝑯) (29) 

Similarly, we can maintain the symmetry by 
using the discretized traction H𝝀𝝀 instead of the 
traction itself. Finally, the double layer operator 
is discretized as follows 

𝒟𝒟𝒟𝒟𝑼𝑼 ≈ 𝐷𝐷𝐷𝐷𝐷𝐷𝑼𝑼 (30) 

𝒦𝒦∗𝒟𝒟∗𝝀𝝀 ≈ 𝐾𝐾𝑇𝑇𝐻𝐻𝐷𝐷𝑇𝑇𝐻𝐻𝝀𝝀 = 𝐾𝐾𝑇𝑇𝐻𝐻𝐷𝐷𝑇𝑇(𝐻𝐻𝝀𝝀). (31) 

Let g = H𝝀𝝀, the linear system for the first 
alternative of the second kind formulation in the 
discrete form is  
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�
𝑆𝑆 −

1
2
𝐾𝐾 − 𝐷𝐷𝐷𝐷𝐷𝐷

−
1
2
𝐾𝐾𝑇𝑇 −

1
2
𝐾𝐾𝑇𝑇𝐻𝐻𝐷𝐷𝑇𝑇 0

� �𝒈𝒈𝑼𝑼 �

= � 𝒖𝒖∞−𝑭𝑭�. 

 

(32) 

The discrete form for the confined flow is 

⎣
⎢
⎢
⎢
⎡ 𝑆𝑆𝑏𝑏 −

1
2𝐾𝐾 − 𝐷𝐷𝑏𝑏𝐻𝐻𝐻𝐻 𝑆𝑆𝑏𝑏𝑏𝑏

−
1
2𝐾𝐾

∗ − 𝐾𝐾∗𝐻𝐻𝒟𝒟𝑏𝑏∗ 0 −𝐾𝐾∗𝐻𝐻𝐷𝐷𝑏𝑏𝑏𝑏∗

𝑆𝑆𝑜𝑜𝑜𝑜 −𝐷𝐷𝑜𝑜𝑜𝑜𝐻𝐻𝐻𝐻 𝑆𝑆𝑜𝑜 ⎦
⎥
⎥
⎥
⎤

  

�
𝒈𝒈𝒃𝒃
𝑼𝑼
𝒈𝒈𝒐𝒐
� = �

𝒖𝒖∞
−𝑭𝑭
𝟎𝟎
�. 

  
(33) 

3. Results and Discussion 
 
First, we will present the validation results of the 
numerical scheme. Then, we will compare the 
formulations for (i) single disk in a circular 
confinement, (ii) two disks pushed towards each 
other, (iii) suspension in a shear flow.  
 

 
Figure 1. Validation results for the translational 

mobility test performed with the symmetric Alpert’s 
quadrature implementation. As the number of points 
increases, the error decreases as expected. Besides, 
the error is much less for larger confinements since 

the confinement effects decrease in larger 
confinements 

 
3.1. Validation 
 
In our first test, we put a circular body of unit 
radius into a circular confinement of radius R. 
We set the fluid viscosity to unity as well. We 
apply a unit force in the x-direction for the 
translational mobility test and a unit torque for 

the rotational mobility test. We discretized the 
body with N = [16, 32, 64, 128] points. We 
performed simulations for R = [2, 4, 8, 16, 32, 
64]. For a chosen N, we made sure that the arc-
length spacing is the same for the body and the 
confinement as we changed the confinement 
radius. We tested our scheme against the 
analytical results. The analytical translational 
velocity in the x-direction due to a force fx in the 
same direction is 

𝑢𝑢𝑥𝑥 = −
𝑓𝑓𝑥𝑥

4𝜋𝜋𝜋𝜋ℎ
 

where the geometry related coefficient h is 

ℎ =
𝑅𝑅12 + 𝑅𝑅22

𝑅𝑅12(log𝑅𝑅2 + 1) + 𝑅𝑅22(log𝑅𝑅2) − 𝑅𝑅22 − (𝑅𝑅12 + 𝑅𝑅22) log𝑅𝑅1
 

with 𝑅𝑅1 is the radius of the disk (it is unity) inside 
the circular confinement of radius 𝑅𝑅2. The results 
of the translational mobility test are in Figure 1. 
The analytical rotational velocity 𝜔𝜔 due to a 
torque 𝜏𝜏 is  

𝜔𝜔 =
𝜏𝜏

4𝜋𝜋𝜋𝜋
𝑅𝑅22 − 𝑅𝑅12

𝑅𝑅12𝑅𝑅22
. 

The validation results of the rotational mobility 
test are in Figure 2. In both tests, the error is the 
relative error in the translational (or rotational) 
velocity given the force (or torque). The results 
show that the error exponentially decreases to the 
machine precision as the number of points to 
discretize the body increases.  

 
Figure 2. Validation results fort he rotational 

mobility test 
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3.2. Comparison: Second kind vs. first kind 
 
Here, we compare the second kind and the first 
kind formulations in various examples. We test 
how the number of GMRES iterations differs in 
the problems where (a) the disk is driven by a 
vertical force and (b) the disk is driven by the 
motion defined on a circular confinement.  
 
In the first problem, we consider a disk of radius 
0.5 in a circular confinement of radius 5. We 
ensure that the disk and the confinement have the 
same minimum arclength spacing while 
changing the number of points on the disk. The 
disk is initially off-centered at x = 0.5. The 
GMRES tolerance is set to 1E-10. The results are 
in Table 1. In this test problem, both formulations 
lead to the same number of GMRES iterations 
when solving the linear system.  
 

Table 1. Number of GMRES iterations required 
when solving the linear system with first and second 

kind formulations for a disk moving under a 
constant vertical force in a confinement 

Number of points First kind Second kind 
16 26 26 
32 26 26 
64 26 26 

128 25 25 
 
In the second problem, we consider a disk in a 
confinement on which a tangential velocity is 
defined. The results are in Table 2. While both 
formulations lead to the same number of GMRES 
iterations, this problem requires a smaller 
number of GMRES iterations than the case where 
the disk is moved with a force.  
 

Table 2. Number of GMRES iterations required 
when solving the linear system with first and second 

kind formulations for a disk moving in a 
confinement on which tangential velocity is defined 
Number of points First kind Second kind 

16 19 19 
32 19 19 
64 20 20 

128 21 21 
 
Later, we test problems where there are two 
disks. In the first problem, we consider two disks 
driven towards each other by an external force in 
free space. The disks have the same radius of 0.5. 
One of them is at [-4, 0] and the other one is at 

[4, 0]. They are driven towards each other with 
force [1, 0] and [-1, 0], respectively. The true 
physics involve two disks staying at a minimum 
distance in the equilibrium. The GMRES 
tolerance is 1E-10. The results are in Tables 3 and 
4 for the second and first kind formulations, 
respectively. The results show that the second 
kind formulation gives the converged solution 
with 32 points while the first kind formulation 
requires another step of refinement (convergence 
in the minimum distance between particles). In 
terms of the number of GMRES iterations, there 
are not major differences between both 
formulations. 
 

Table 3. Number of GMRES iterations for the 
problem of two disks driven towards each other with 

external force solved with the second kind 
formulation 

Number 
of points 

Average 
GMRES 

Maximum 
GMRES 

Minimum 
distance 

16 25 34 0.0782 
32 29 53 0.0714 
64 29 71 0.0714 

128 26 88 0.0714 
 

Table 4. Number of GMRES iterations for the 
problem of two disks driven towards each other with 
external force solved with the first kind formulation 

Number 
of points 

Average 
GMRES 

Maximum 
GMRES 

Minimum 
distance 

16 25 34 0.0788 
32 29 53 0.0715 
64 29 69 0.0714 

128 26 88 0.0714 
 
 

Table 5. Number of GMRES iterations for the 
problem of two disks in a free-space shear flow 

solved with the second kind formulation 
Number 
of points 

Average 
GMRES 

Maximum 
GMRES 

Minimum 
distance 

16 29 54 0.1315 
32 29 75 0.1316 
64 28 101 0.1316 

128 27 46 0.1316 
 
In the second problem with multiple disks, we 
place them in a free-space shear flow. One disk 
is at [-8, 0.25] and the other one is at [0, 0]. 
Hence, the disk on the left flows towards the disk 
at [0, 0] and passes over it. The results are 
tabulated in Tables 5 and 6 for the first and 
second kind formulations, respectively. The first 
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kind formulation requires a smaller number of 
maximum GMRES iterations at a step however 
the average GMRES iterations is similar in both 
cases. 
 

Table 6. Number of GMRES iterations for the 
problem of two in a free-space shear flow solved 

with the first kind formulation 
Number 
of points 

Average 
GMRES 

Maximum 
GMRES 

Minimum 
distance 

16 28 50 0.1310 
32 28 59 0.1316 
64 27 78 0.1316 

128 27 46 0.1316 
 

 
Figure 3. Suspension of 16 star-shaped disks in free-

space shear flow 
 
Finally, we put 16 disks in star-shape (Figure 3) 
in a free-space shear flow. They are discretized 
with N = 64 points. We simulate this case for 
various values of the GMRES tolerance. Table 7 
shows the number of GMRES iterations obtained 
in both formulations. While for large tolerances 
both formulations require similar numbers of 
GMRES iterations, for small GMRES tolerance 
the first kind formulation requires a smaller 
number of GMRES iterations, and hence is more 
preferred.    
 

Table 7. Number of GMRES iterations required 
when solving the linear system with first and second 
kind formulations for 16 disks (discretized with 64 

points) in free-space shear flow 
GMRES tolerance First kind Second kind 

1E-4 97 97 

1E-6 120 120 

1E-10 190 269 

 

The second kind formulations are known to have 
better conditioning than the first kind 
formulations because of the presence of the 
double layer operator instead of the single layer 
operator in the formulation. The question is why 
the proposed symmetric second kind formulation 
gives similar numbers of GMRES iterations with 
the first kind formulation. Youngren & Acrivos 
[22] distinguishes the two formulations based on 
whether the double layer integral appears alone 
or with the single layer integral. If the double 
layer integral appears by itself, the problem is 
solved for an unknown (non-physical) density 
which is then postprocessed to find physical 
quantities such as traction and velocity. This kind 
of formulation is called the second kind 
formulation. If the single layer integral appears 
in the formulation, that formulation becomes the 
first kind. Since the single layer operator has 
unbounded condition number (whereas the 
double layer operator’s condition number is 
bounded), the appearance of the single layer 
operator in our proposed formulation makes it 
first-kind.  
 
To conclude the comparison, we compare the 
formulations so far with Power & Miranda’s 
second kind formulation [18] in the case of 16 
star-shaped disks in free-space shear flow 
(Figure 3). For the first kind formulation, the 
number of GMRES iterations is 191 without a 
preconditioner and 27 with the block-diagonal 
preconditioner [23]. For the proposed 
formulation here, the number of GMRES 
iterations is 269 without the preconditioner and 
27 with the preconditioner. Finally, for the Power 
& Miranda’s second kind formulation, the 
number of GMRES iterations is 111 without a 
preconditioner and 27 with the block-diagonal 
preconditioner. Overall, we suggest the first kind 
formulation for the simulations of Stokesian 
flows of rigid particles. The formulation is easy 
to implement and is symmetric. It results in 
similar stability and convergence properties as 
the Power & Miranda’s second kind formulation 
and the second kind formulation proposed in this 
article. 
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4. Conclusion 
 
In this article, we presented a detailed 
comparison of the first kind and second kind 
integral equation formulations for the Stokesian 
particulate flows in two dimensions in terms of 
stability, accuracy and performance. To the best 
of our knowledge, this is one of the first 
comparative studies of these different 
formulations. We first aimed at developing a 
symmetric positive definite second kind 
formulation that can be used to simulate active 
particles with Brownian motion. This 
formulation inherently included the single-layer 
integral operator that causes the formulation to 
have similar stability properties as the first kind 
formulation. Hence, the first kind formulation 
must still be preferred over the proposed second 
kind formulation. After comparing these two 
formulations with the Power & Miranda’s second 
kind formulation, we found out that the first kind 
formulation does not have much worse stability 
properties than the second kind formulation. 
Hence, we conclude that the first kind 
formulation provides efficient means to simulate 
active particles in their Stokesian flows.  
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