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Abstract

In this manuscript, we introduce and study co-coatomically ps-supplemented modules. On condition that each
co-coatomic submodule of an T-module A has a ps-supplement within 4, then 4 is termed co-coatomically ps-
supplemented. Each radical module is co-coatomically ps-supplemented module. On condition that each left T-
module is PS-coinjective, then each left T-module is co-coatomically ps-supplemented. We show that on
condition that A is semilocal and Rad(A) < A, for 4, being a co-coatomically ps-supplemented module is
equivalent to being ps-supplemented. If A4 is co-coatomically ps-supplemented T-module, at that case the

module has each of its coatomic submodules as direct summands. Assuming T to be a left SI-ring with

Socp(A)
an essential socle, it implies that each left T-module is co-coatomically ps-supplemented.

Keywords: Ps-supplement submodule, co-coatomically ps-supplemented module, projective semisimple
module.

Es-Esatomik Ps-Tiimlenmis Modiiller

Oz
Bu makalede es-esatomik ps-timlenmis modiilleri tanimliyor ve ¢alisiyoruz. Bir A T-modiiliiniin her es-
esatomik alt modiilii A’da bir ps-tiimleyene sahipse bu takdirde A T-modiilii, es-esatomik ps-tiimlenmis modiil

olarak adlandirilir. Her radikal modiil es-esatomik ps-tiimlenmis modiildiir. Her sol T-modiil PS-koinjektif ise
bu takdirde her sol T-modiil es-esatomik ps-tiimlenmistir. Biz gosterdik ki, A yariyerel ve Rad(A) < A ise
A’nin es-esatomik ps-tlimlenmis modiil olmasi icin gerek ve yeter sart A’nin ps-timlenmis olmasidir. Eger A

es-esatomik ps-tiimlenmis T-modiil ise bu durumda ‘nin her esatom alt modiilii direkt toplam terimidir.

Socp(A)
T halkasmin biiylik destege sahip bir sol SI-halka oldugunu varsayarsak her sol T-modiil es-esatomik ps-
tiimlenmis T-modiil olur.

Anahtar Kelimeler: Ps-tiimlenmis modiil, es-esatomik ps-tiimlenmis modiil, projektif yaribasit modiil.
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1. Introduction

In this paper, T signify an associative ring having an identity element, and assuming that all the
modules being considered are unital left T-modules. The notation U < A (U £ A) is employed
to signify that U is a (proper) submodule of A. Assuming A be an T-module. The module 4 is
termed semisimple if it is a direct sum of simple submodules. This is equivalent to the property
that every submodule of 4 is a direct summand (see [4], [9] and [12]). Assume T denote a ring
and A denote a left T-module. The notation Soc(A) represents the socle of A, Socp(A)
represents the sum of the projective simple submodules of A, and Z(A) represents the singular
submodule of A. If a nonzero submodule U of A4 has the feature that U N V # 0 for each nonzero
submodule V of 4, it is denoted as essential in A and written as U 2 A. The singular submodule
of a module A is the set Z(A) of these members a € A for which the annihilator {s € T | sa =
0} is an essential left ideal of T. Alternatively, Z(A) ={a € A|la =0 forl < T}. The
property of being singular (respectively, nonsingular) is attributed to a module A when it meets
the condition of Z(A4) being equal to A (respectively, Z(A) = 0) [6].

Assume A be an T-module and B < A. If C = A for each submodule C of A such that A = B +
C, at that case B is termed a small submodule of A together with denoted by B < A. Assume C
and B be submodules of 4, C is termed a supplement of B within A if A= B + C and C is
minimal with respect to this property, or equivalently, A = B+ Cand BN C < C. Ais termed
a supplemented module if for each submodule B of A there exists a submodule C of A such that
A=B+C and BN C K C (see [4] and [12]). It is clear that supplemented modules are a
generalization of semisimple modules. It follow from [12, 43.9] a ring R is left perfect if and
only if every left R-module is supplemented.

In [10], we introduce and study ps-supplement submodules. A submodule B of a module 4 is
termed ps-supplement within A on condition that there exists a submodule C of A such that A =
C + B together with C N B is projective semisimple. The module A is termed ps-supplemented
on the condition that each submodule of A owns a ps-supplement within A. For a module 4,
they denote by Socp(A) the sum of all projective simple submodules of A, that is, Socp(A) =
2{S S A| S issimple and projective}. Then Socp(A) S Soc(A) and Socp(A) is the largest
projective semisimple submodule of 4 (see [10]).

Authors, explore particular modules characterized by maximal submodules with supplements
and introduce the concept of cofinitely supplemented modules. When the factor module %
satisfies the property of being finitely generated, then within module A, a submodule L is termed
as cofinite. A is termed a cofinitely supplemented module on the condition that each cofinite
submodule of A possesses a supplement within A. It is evident that each module that is
supplemented is also cofinitely supplemented, although the converse is not necessarily true in
all cases (see [1]).
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A module A is identified as coatomic if all its proper submodules are included in maximal
submodules (see [14]). In [2] and [7], authors introduced co-coatomically supplemented
modules. Assume L becomes a submodule of a module A. They state that L is a co-coatomic

submodule within A on the condition that % is coatomic. It is clear that modules which are

semisimple, local, together with finitely generated are coatomic. Due to fact that each factor
module of a coatomic module is coatomic, each submodule of semisimple, local together with
finitely generated modules is co-coatomic. A module A claimed to becomes co-coatomically
supplemented module on the condition that each co-coatomic submodule of A owns a
supplement within A. They prove that so long as a submodule L of A is co-coatomically

supplemented together with % lacks of maximal submodule, following that A is co-coatomically

supplemented. Also, they said that a co-coatomically supplemented module is cofinitely
supplemented together with a coatomic module is co-coatomically supplemented if and only if
it is a supplemented module (for detailed information about this modules, see [2]).

In [11], authors studied and introduced cofinitely ps-supplemented modules. According to their
definition, a module A is termed cofinitely ps-supplemented when each cofinite submodule of
A possesses a ps-supplement within A. They obtain some properties of these modules.

Ifinaring T, each singular left T-module possesses the property of being injective, T is referred
to as a left SI-ring (for detailed information about SI-ring, see [5] and [6]). In [13], researchers
describe a left T-module A as an SI-module when each singular left T-module is A-injective.

Motivated by the above results, it is of interest to investigate a new type of co-coatomically
supplemented.

2. Prelimneries

The aim of the current essay is to present the concept of co-coatomically ps-supplemented
modules. A submodule B of a module A is termed co-coatomically ps-supplemented or briefly
ccps-supplemented on the condition that each co-coatomic submodule of A owns a ps-
supplement within A. Consider A as a module. Clearly, each ps-supplemented module is ccps-
supplemented. We show that on condition that each left T-module PS-coinjective, then each
left T-module is ccps-supplemented. Also, each ccps-supplemented module is cofinitely ps-
supplemented.

3. Main Theorem and Proof

In this part of the text, we analyze the essential properties of ccps-supplemented modules. We
begin with the definition below.

Definition 3.1. If each co-coatomic submodule of an T-module A possess a ps-supplement
within A, at that case A is termed co-coatomically ps-supplemented or briefly ccps-
supplemented.

Lemma 3.2. Let A remain a module together with A = Rad(A). Then A is ccps-supplemented.
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Proof. Due to A being radical, the only co-coatomic submodule of A is A. Therefore the trivial
submodule 0 of A4 is a ps-supplement of A. Hence A is ccps-supplemented.

While a ps-supplemented module undoubtedly qualifies as ccps-supplemented, the reverse
doesn’t hold true, as evidenced in the example that follows.

Example 3.3. Given the left Z-module Q. According to Lemma 3.2, Q is identified as ccps-
supplemented, while in contrast, A does not possess ps-supplemented due to the fact that

Soc(,Q) =0.

T
Socp(T)

follows that each left T-module is ccps-supplemented.

Proposition 3.4. Assume T be a ring, and if qualifies as a semisimple module, then it

Proof. Due to fact that each left T-module is ps-supplemented by [ 10, Theorem 4.2.6], the proof
is clear.

In [10], the author introduced the PS class, which is the class of all short sequences 0—

f . . .
A5B5¢ — 0 such that Im(f) is a ps-supplement submodule in B. A module A is PS-
coinjective, if each short sequence of left T-modules, starting with 4, is in the class PS, where

O—)AiBiC—>O.

Corollary 3.5. Assuming that each left T-module is PS-coinjective, then each of them also
becomes ccps-supplemented.

Proof. Due to fact that each left T-module is ps-supplemented, the proof is clear.

Proposition 3.6. Let A becomes a semilocal module together with Rad(4) < A. Then A is
ccps-supplemented if and only if A4 is ps-supplemented.

i

Proof. Assume C becomes a submodule within A. Due to fact that A is semilocal, Rad )

.. . A . . C . .
semisimple, that is, ——— is coatomic. In this situation, we have the capability to write the
Rad(A)

A

. . . A Rad(A . .
following isomorphism: CrRaald) = +;afi(34) . Since the factor modules of coatomic modules are
Rad(A)

also coatomic, is coatomic. On account of this C + Rad(A) owns a ps-supplement in

C+Rad(A)
A, say L. Then A= C+ Rad(A)+ L together with (C + Rad(A)) NL is projective
semisimple. Since Rad(4) K A, A=C+ L becomes and CNL < (C+ Rad(A))NL is
projective semisimple. Thereby A is ps-supplemented. The converse is obvious.

Suppose T is a ring. It is termed as a left max ring if Rad(A) < A for each left T-module A.
Put another way, T is termed a left max ring if each nonzero left T-module includes a maximal
submodule. Also, a ring T is termed a perfect ring if it satisfies the conditions of being a left
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max ring and is semisimple when considered as a left T-module. For each module A

Rad(T)

over a left perfect ring is semisimple (see [3]).

Rad(A)

Proposition 3.7. Assume T becomes a left max ring together with A becomes a ccps-
supplemented module. At that case A is ps-supplemented.

Proof. In accordance with the assumption, it is posited that each non-zero left T-module is
coatomic. Thus, all submodules of A demonstrate coatomic properties, leading to the conclusion
that A is ps-supplemented.

Let T becomes a ring. T is defined as a left V-ring on the condition that each simple left T-
module is injective. As a generalization of left V-rings, a ring T is termed a left weakly V-ring

(for short WV -ring) on the condition that each simple left T-module is ; —injective for every

left ideal such that ; is proper. A WV-ring is also a left max ring. For detailed information

about left WV -rings, we refer to [8]. The next outcome is of paramount importance.

Corollary 3.8. Assume T becomes a WV -ring. Then each ccps-supplemented T-module is ps-
supplemented.

Proposition 3.9. Assume T becomes a left perfect ring together with A be an T-module. At that
case A is ccps-supplemented if and only if A4 is ps-supplemented.

Proof. The proof can becomes executed similarly to Proposition 3.6.

Proposition 3.10. On condution that a module is ccps-supplemented, by then its homomorphic
images are also ccps-supplemented.

Proof. Assume A becomes a ccps-supplemented T-module together with B a submodule of A.
At that case arbitrary co-coatomic submodule of % is of the format % such that the B is co-

coatomic submodule of A together with L < B. Due to fact that 4 is ccps-supplemented, 4 =
B+K

B + K together with B N K is projective semisimple for some K < A. In that case % ==

. . . . A .
§+% . Using the canonical epimorphism m: 4 — 7 consequently, we ascertain that

n(BNK) = (BNL{)H = Bn(IZJrL) = % N % is projective semisimple by [10, Lemma 4.1.3].

Thereby% is ccps-supplemented.

Proposition 3.11. Assume A becomes a ccps-supplemented T-module. At that case each co-

is a direct summand.

coatomic submodule of the module
Socp(4)

B . A .
becomes a co-coatomic submodule of At that case B is also co-

Socp(4) Socp(4)’
coatomic submodule of A such that the Rad(A) < B. Due to fact that A is ccps-supplemented,
there exists a submodule Y of A such that the A = B + Y together with B NY is projective

Proof. Assume
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.. , A B+Y B Y+Socp(A)
semisimple. That’s why B NY < Socp(4). Hence Soen () = Socr(D) = Seer( SOCPE’A)
. B Y+Socp(4) _ Bn(Y+Socp(4)) _ (BNY)+Socp(A) _ Socp(A)
together with Socp(A) N Socr () = Soend) = T secr ) Soer() 0. Thereby

A _ B Y+Socp(4)
Socp(4) - Socp(4) Socp(A)

Lemma 3.12. Let A be an T-module, B together with C submodules of A such that B is ccps-
supplemented, C is co-coatomic together with B + C has a ps-supplement D within A. At that
case B N (C + D) has a ps-supplement U within B together with D + U is a ps-supplement of
C within A.

Proof. Due to fact that D is ps-supplement of B + C in A4, at that case A = B + C + D together

with (B + C) N D is projective semisimple. Due to fact that 4is coatomic, SEAAL
c BN(C+D) C+D
A
A c

i =T is coatomic. Thereby B N (C + D) is cocoatomic submodule of B. Due to fact that
¢

B is ccps-supplemented, B N (C + D) has a ps-supplement U in B, thatis, BN (C + D) + U =
Band U N (C + D) is projective semisimple. ThenA =B+ C+D =BnN({C+D)+U+C+
D=C+D+U. Additionally CNnU+D)<(Dn(C +U)+UnNC +D))<Dn
(C+B))+({Un(C+D)) is projective semisimple, that is, C N (U + D) is projective
semisimple. Hence U + D is a ps-supplement of C within A.

Corollary 3.13. Assume B together with K becomes submodules of an T-module A such that
B is co-coatomic, K is ccps-supplemented together with B + K owns a ps-supplement within
A. At that case B owns a ps-supplement within A.

Proposition 3.14. Let A; besides A, be arbitrary submodules contained within module A, with
A being expressible as the sum of A; together with A,. If A; and A, are ccps-supplemented, at
that case A is ccps-supplemented.

Proof. Assume B denote an arbitrary co-coatomic submodule of A. Then A = A; + A, + B.
Due to fact that A, + B is co-coatomic submodule of A, A; is ccps-supplemented besides the
submodule 0, which is self-evident, serves as a ps-supplement of A = 4; + A, + Bin A, A, +
B owns a ps-supplement in A by Corollary 3.13. Due to fact that A, is ccps-supplemented
besides B is co-coatomic, once again in that situation by Corollary 3.13, B owns a ps-
supplement within A. Thereby A is ccps-supplemented.

Corollary 3.15. Finitely sums of modules that are ccps-supplemented are also ccps-
supplemented.

Suppose A and B are T-modules. If an epimorphism y: AY) — B exists for a finite set I, at
that case B is known as a finitely A-generated module. The subsequent corollary is deduced
from Proposition 3.10 and Corollary 3.15.

Corollary 3.16. If A is ccps-supplemented module, at that case arbitrary finitely A-generated
module is a ccps-supplemented module.
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Corollary 3.17. Finitely direct sums of modules that are ccps-supplemented are also ccps-
supplemented.

Theorem 3.18. Let K denote a ccps-supplemented submodule contained in the T-module A and

let % lacks of maximal submodule. At that case A is a ccps-supplemented module.

. A . .
Proof. Assume B becomes a co-coatomic submodule of A. In that case 5 1 coatomic and also

A . ) A ) A )
P coatomic. Due to fact that < has no maximal submodule, P has no maximal submodule,

that’s why A = K + B. From Corollary 3.13, B owns a ps-supplement in A. Thereby A is a
ccps-supplemented module.

Corollary 3.19. Assume A becomes a module and lacks of maximal submodule. At that

Socp(A)
case A is a ccps-supplemented module.

Note that a module A is classified as a co-coatomically supplemented module when each co-
coatomic submodule of A owns a supplement within A (see [2]). As illustrated in the example
to follow, there is instances where a module being co-coatomically supplemented does not
imply it is ccps-supplemented.

Example 3.20. Let T = Z,n, where p € P together with for values of n equal to or exceeding

2. Therefore T is a local ring and so ;T is co-coatomically supplemented. Hovewer, ;T isn’t
ccps-supplemented since all simple T-modules are singular.

The proposition to follow delineates how co-coatomically supplemented modules relate to ccps-
supplemented modules.

Proposition 3.21. Assume A becomes a co-coatomically supplemented T-module. On
condition that Rad (A4) < Socp(A), at that case A is ccps-supplemented.

Proof. Assume B becomes any a co-coatomic submodule of A. Due to fact that 4 is co-
coatomically supplemented module, there exists a submodule D within A such that A = B + D
together with B N D < D, thatis, BN D < Rad(D) < Rad(A) < Socp(A). Thereby A is ccps-
supplemented.

Proposition 3.22. Assume T a V-ring and A becomes a module over T. If A is a co-coatomically
supplemented module, at that case A is also a ccps-supplemented module.

Proof. Given that 4 is a co-coatomically supplemented module, it follows from [2, Theorem

A
2.1] that o7

23.1] that —4— c —*4 —Rad(

Socp(4) ~ Soc(4) - Soc(A)
meaning A is a ccps-supplemented module.

has no maximal submodule. Additionally, since T is a V-ring, we have from [12,

) = 0. Consequently, A is projective-semisimple,

Proposition 3.23. Every ccps-supplemented module is cofinitely ps-supplemented.
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Proof. Assume A becomes a ccps-supplemented T-module besides B be any cofinite submodule
of A. At that case % is finitely generated, that is, % is coatomic. That’s why B is co-coatomic

submodule of A. Due to fact that A is ccps-supplemented module, B possesses a ps-supplement
in A. Thereby A cofinitely ps-supplemented.

The ring T is called an SI-ring if each singular left T —module is injective (see [5] and [6]).

Corollary 3.24. If T is a left SI-ring with an essential socle, then each left T-module is ccps-
supplemented.

Proof. In accordance with [11, Corollary 2.3].
4. Conclusion

In this paper, we discuss the idea of ccps-supplemented modules and analyze their basic
characteristics using ps-supplemented submodules and co-coatomically supplemented
modules. We have given the relation between the concepts of ccps-supplemented, ps-
supplemented, ps-supplement submodule, co-coatomic submodule and projective-semisimple
module. In addition, ps-supplemented of ccps-supplemented modules could be achieved with
left max rings and also WV-rings. An important result in Corollary 3.24 has been reached with
the help of left SI-rings.
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