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Abstract
In this paper, we introduce Riemannian submersions of a hemi-slant submanifold of a Käh-
ler manifold by observing the integrability of the anti-invariant distribution of a hemi-slant
submanifold and the integrability of the vertical distribution of a Riemannian submersion.
Using this notion, we show that the base manifold is a Kähler manifold in the submer-
sion of a hemi-Kaehlerian slant submanifold of an almost Hermitian manifold. We obtain
an inequality between the sectional curvature of the hemi-Kaehlerian slant submanifold
and the holomorphic sectional curvature of the base manifold. If this inequality becomes
equality, a geometric result is given. In addition, the Ricci tensor field on the horizontal
distribution along this submersion is also found.
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1. Introduction
CR-submanifolds were defined by Bejancu [1] as a generalization of holomorphic sub-

manifolds and anti-invariant submanifolds. It is known that the anti-invariant distribution
of a CR-submanifold of a Kähler manifold is always integrable [3].

On the other hand, Riemannian submersions were defined by O’Neill [11] as the submer-
sion counterpart of Riemannian submanifolds. The vertical distribution in a Riemannian
submersion is also always integrable.

Observing the integrability of the vertical distribution in Riemannian submersions and
the integrability of the anti-invariant distribution of a CR-submanifold of a Kähler man-
ifold [3], Kobayashi defined and studied CR-submersions [9]. This notion later attracted
the attention of many authors and a large number of works were published, [5], [6], [7],
[12], [13].

On the other hand, generic submanifolds were defined and studied by Chen [4] as a
generalization of CR-submanifolds. Unlike the case of CR-submanifolds, the distribution
that is orthogonal to the holomorphic distribution in generic submanifolds is not always
integrable [4]. Fatima and Ali [8] applied Kobayashi’s definition to generic submanifolds,
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thus assuming the integrability of purely real distribution. Under this assumption, they
studied the effects of such submersions on submanifolds and target manifolds.

Another class of submanifolds that is a generalization of CR-submanifolds in the liter-
ature is hemi-slant submanifolds [2], [14]. The anti-invariant distribution is always inte-
grable in hemi-slant submanifolds of a Kähler manifold [14].

In this paper, the submersion of a hemi-slant submanifold is defined by analogy with
this integrability situation in hemi-slant submanifolds and Riemannian submersions. The
paper is organized as follows: In the second section, the concepts and formulas that will be
used in the paper are recalled. In the third section, we first define a Riemannian submersion
from a hemi-slant submanifold of an almost Hermitian manifold to an almost Hermitian
manifold (Definition 3.1). For a Riemannian submersion from a hemi-slant submanifold
of a Hermitian manifold to an almost Hermitian manifold, it is then shown that the tar-
get manifold is also a Hermitian manifold (Theorem 3.2). It is obtained that the target
manifold is a Kaehler manifold if the hemi-slant submanifold is a hemi-Kaehlerian slant
submanifold (Theorem 3.3). On the other hand, an inequality is obtained between the
ambient manifold of the hemi-slant submanifold and the holomorphic sectional curvatures
of the target manifold. The case of the inequality being an equality was also investigated
(Theorem 3.4). We also find necessary and sufficient conditions for the horizontal distri-
bution of such a Riemannian submersion to be integrable (Corollary 3.6). Finally, the
Ricci curvature tensor field on the horizontal distribution is obtained (Proposition 3.7).

2. Preliminaries
If there is a (1, 1) tensor field J, Riemannian metric g on a differentiable manifold M̄

and the following conditions are satisfied, (M̄, J, g) is called an almost Hermitian manifold
[10];

J2 = −I, g(Jζ1, Jζ2) = g(ζ1, ζ2),
where I is the identity map. Let (M̄, g) be an almost Hermitian manifold. Then the
Nijenhuis tensor field is given by

N(ζ1, ζ2) = [Jζ1, Jζ2] − [ζ1, ζ2] − J[Jζ1, ζ2] − J[ζ1, Jζ2] (2.1)

for ζ1, ζ2 ∈ Γ(TM̄), here Γ(TM̄) denotes the set of all vector fields on M̄. The same
notation will be used for the set of vector fields of any other manifold or submanifold under
consideration. If N = 0, then M̄ is called Hermitian manifold. For an almost Hermitian
manifold (M̄, g), if J is parallel, ∇J = 0, then (M̄, g) is called a Kähler manifold. The
holomorphic sectional curvature K of M̄ with respect to ς1 is given by

K = g(R̃(ς1, Jς1)Jς1, ς1)
(g(ς1, ς1))2 .

where R̃ is the curvature tensor field of M̄. A complex space form, denoted by M̄(c), is
a Kähler manifold of constant holomorphic sectional curvature c. In this direction, the
curvature tensor R̃ of M̄(c) is computed as

R̃(ζ1, ζ2, )ζ3 = c

4
{g(ζ2, ζ3)ζ1 − g(ζ1, ζ3)ζ2 + g(Jζ2, ζ3)Jζ1

−g(Jζ1, ζ3)Jζ2 + 2g(ζ1, Jζ2)Jζ3}, (2.2)

for every ζ1, ζ2, ζ3 ∈ Γ(TM̄).
Let M be an m-dimensional submanifold of M̄. The Riemannian connection ∇̄ on M̄

induces the Riemannian connections ∇ and ∇⊥ on M and in the normal bundle of M in
M̄, respectively. These connections are related by Gauss and Weingarten formulas

∇̄ζ1ζ2 = ∇ζ1ζ2 + h(ζ1, ζ2), (2.3)
∇̄ζ1N

′ = −ĀN ′ζ1 + ∇⊥
ζ1N

′ (2.4)
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for any ζ1, ζ2 ∈ Γ(TM) and N ′ ∈ Γ(TM⊥). h and Ā are the second fundamental form
and Weingarten map and it is easy to see that g (h(ζ1, ζ2), N ′) = g

(
ĀN ′ζ1, ζ2

)
. Here, TM

and TM⊥ denote the tangent bundle and normal bundle of the submanifold, respectively.

Let R̃ and R be the curvature tensors of M̄ and M . The equations of Gauss, Codazzi,
and Ricci are given by

R̃(ζ1, ζ2, ζ3, ς2) = R(ζ1, ζ2, ζ3, ς2) − g(h(ζ1, ς2), h(ζ2, ζ3))
+g(h(ζ1, ζ3), h(ζ2, ς2)) (2.5)

for any ζ1, ζ2, ζ3, ς2 ∈ TM and N1, N2 ∈ TM⊥. We now recall two important notions from
submanifolds of almost Hermitian manifolds.

Definition 2.1 ([1]). The submanifold M of an almost Hermitian manifold (M̄, J̄) is
called a CR-submanifold if there exists a differentiable distribution D : p → Dp ⊂ TpM
such that

(a) TM admits the orthogonal direct decomposition TM = D⊥ ⊕Dθ.
(b) The distribution DT is invariant with respect to the complex structure J̄.
(c) The distribution D⊥ is an anti-invariant distribution, i.e., J̄D⊥ ⊂ TM⊥.

Definition 2.2 ([14]). We say that M is a hemi-slant submanifold an almost Hermitian
manifold (M̄, J̄) if there exist two complementary orthogonal distributions D⊥ and Dθ on
M such that

(a) The distribution D⊥ is an anti-invariant distribution, i.e., J̄D⊥ ⊂ TM⊥.
(b) The distribution Dθ is slant with slant angle θ.

Let M be a hemi-slant submanifold of an almost Hermitian manifold (M̄, J). Then for
ζ1 ∈ Γ(TM), we write

Jζ1 = Pζ1 + ωζ1, (2.6)
where Pζ1 and ωζ1 are tangential and normal parts of Jζ1, respectively. Similarly, for
ς2 ∈ Γ(TM⊥, we write

Jς2 = Bς2 + Cς2. (2.7)
Here Bς2 and Cς2 are tangential and normal parts of Jς2, respectively.

Definition 2.3 ([11]). Let (Mm, gM ) and (Nn, gN ) be Riemannian manifolds, where
dim(M) = m, dim(N) = n and m > n. A Riemannian submersion S : M −→ N is
a surjective map of M onto N satisfying the following axioms:

(S1) S has maximal rank.
(S2) The differential S∗ preserves the lengths of horizontal vectors.

For each q ∈ N , S−1(q) is an (m−n)−dimensional submanifold of M . The submanifolds
S−1(q), q ∈ N , are called fibers. A vector field on M is called vertical if it is always tangent
to fibers. A vector field on M is called horizontal if it is always orthogonal to fibers.Thus
for every p ∈ M , M has the following decomposition:

TpM = Vp ⊕ Hp = Vp ⊕ V⊥
p .

A vector field ζ1 on M is called basic if ζ1 is horizontal and S− related to a vector field ζ́1∗
on N , i.e., S∗ζ1p = ζ́1∗S(p) for all p ∈ M . Note that we denote the projection morphisms
on the distributions kerS∗ and (kerS∗)⊥ by V and H, respectively. The geometry of
Riemannian submersions is characterized by O’Neill’s tensors T and A defined for vector
fields ξ1, ξ2 on M by

Aξ1ξ2 = H∇Hξ1Vξ2 + V∇Hξ1Hξ2,Tξ1ξ2 = H∇Vξ1Vξ2 + V∇Vξ1Hξ2, (2.8)
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where ∇ is the Levi-Civita connection of gM . From (2.8) we have

g(R(ζ1, ζ2)ζ3, ζ4) = g(R∗(ζ1, ζ2)ζ3, ζ4) + 2g(Aζ3ζ4, Aζ1ζ2)
+g(Aζ2ζ4, Aζ1ζ3) − g(Aζ1ζ4, Aζ2ζ3) (2.9)

for basic vector fields ζ1, ζ2, ζ3 and ζ4, where R∗ represents the horizontal lift of the curva-
ture tensor field R′ of the manifold N , i.e. S∗(R∗(ζ1, ζ2)ζ3) = R′(S∗(ζ1),S∗(ζ2))S∗(ζ3).

Observing the similarity between CR-submanifolds and Riemannian submersions, Kobayashi
defined the following notion.

Definition 2.4 ([9]). Let M be a CR submanifold of an almost Hermitian manifold
(M̄, J̄) with distributions D and D⊥ and the normal bundle T⊥M . By a submersion
S : M −→ N of M onto an almost Hermitian manifold N we mean a Riemannian
submersion S : M → N together with the following conditions:

(1) D⊥ is the kernel of S∗, that is, S∗D
⊥ = {0},

(2) S∗Dp = TS(p)N is complex isometry, where p ∈ M and TS(p)N is the tangent
space of N at S(p),

(3) J̄ interchanges D⊥ and T⊥M .

Based on this notion, he showed that if N is a Kähler manifold then M̄ is a Kähler
manifold. He also found relation between holomorphic sectional curvatures.

3. Submersed hemi-slant submanifolds
In this section, we define the submersion of a hemi-slant submanifold to an almost Her-

mitian manifold, determine the character of the target manifold, and obtain an inequality
between the holomorphic sectional curvature of the ambient space of the submanifold and
the holomorphic sectional curvature of the target manifold, and discuss the condition of
equality.

We first recall from [14] that the anti-invariant distribution of hemi-slant submanifold
of a Kähler manifold is always integrable. Thus we are able to present the following
definition.

Definition 3.1. Let M be a hemi-slant submanifold of an almost Hermitian manifold
(M̄, J

M̄
, g◦). Let g = ψ∗g◦ be the induced metric on M , where ψ : M −→ M̄ is the

given immersion. Let (N, JN , gN ) be an almost Hermitian manifold. We say that M is
submersed over N if there is a Riemannian submersion S : M −→ N of (M, g) onto
(N, gN ) such that the following conditions are fulfilled:

(1) The slant distribution Dθ of M and the horizontal distribution H of the Riemann-
ian submersion S coincide , i.e., Dθ

p = Hp for any p ∈ M .
(2) The map S∗p : Dθ

p −→ TS(p)N is (P, JN )- holomorphic i.e.,

sec θS∗p(Ppζ1p) = JN pS∗p(ζ1p) (3.1)

for p ∈ M and ζ1 ∈ Γ(Dθ).
(3) kerS∗p = D⊥

p .
We say that a slant distribution Dθ is a Kähler slant if ∇P = 0 on Dθ. It is clear that
J̃ = secθP is a complex structure on Dθ.

First of all from Definition 3.1 and the definition of the Nijenhuis tensor field, we have
the following result.

Theorem 3.2. Let M be a hemi-slant submanifold of a Hermitian manifold M̃ . Sup-
pose that M is submersed over the almost Hermitian manifold (N, JN , gN ). Then N is a
Hermitian manifold.
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Proof. Consider the Nijenhuis tensor field of N as [JN , JN ] (ζ1
′
, ζ2

′), ζ1
′
, ζ2

′ ∈ χ(M).
Then, we have

[JN , JN ] (ζ1
′
, ζ2

′) = [JNS∗(ζ1), JNS∗(ζ2)] − [S∗(ζ1),S∗(ζ2)]
− JN [JNS∗(ζ1),S∗(ζ2)] − JN [S∗(ζ1), JNS∗(ζ2)] .

Since S∗(H [ζ1, ζ2]) = [S∗(ζ1),S∗(ζ2)] from the second condition Definition 3.1, we get

[JN , JN ] (ζ1
′
, ζ2

′) = S∗(N
J̃
(ζ1, ζ2))

where N
J̃

denotes the Nijenhuis tensor field of J̃ . On the other hand, since S is a isometry
between H and N , we have

gN (S∗(ζ1),S∗(ζ2)) = g(ζ1, ζ2)

for ζ1, ζ2 ∈ Γ(Dθ). Then Hermitian manifold M̃ implies that

g(J̃ζ1, J̃ζ2) = g(ζ1, ζ2).

Thus from (3.1), we get

gN (S∗(ζ1),S∗(ζ2)) = sec2 θg(S∗(Pζ1),S∗(Pζ2))
= gN (JNS∗(ζ1), JNS∗(ζ2))

which shows that JN is compatible with gN . □

We are now ready to prove the following theorem.

Theorem 3.3. Let M be a hemi- Kählerian slant submanifold of a Hermitian manifold
and (N, g, JN ) an almost Hermitian manifold. Suppose that M is submersed over the
manifold N . Then N is a Kähler manifold.

Proof. We take the basic vector fields ζ1, and ζ2 on Dθ. Then we have

(
2
∇S∗(ζ1)JN )S∗(ζ2) =

2
∇S∗(ζ1)JNS∗(ζ2) − JN

2
∇S∗(ζ1)S∗(ζ2),

where
2
∇ is the Levi-Civita connection of N . From (3.1), we get

(
2
∇S∗(ζ1)JN )S∗(ζ2) =

2
∇S∗(ζ1)secθS∗(Pζ2) − JN

2
∇S∗(ζ1)S∗(ζ2)

Since H∇ζ1Pζ2 is the basic vector field corresponding to
2
∇S∗(ζ1)S∗(Pζ2), we obtain

(
2
∇S∗(ζ1)JN )(S∗(ζ2)) = secθS∗(∇ζ1Pζ2) − JNS∗(∇ζ1ζ2)

where ∇ is the Levi-Civita connection on M . Hence we get

(
2
∇S∗(ζ1)JN )(S∗(ζ2)) = secθS∗(P∇ζ1ζ2) − JNS∗(∇ζ1ζ2)

due to Dθ is a Kählerian slant distribution. Thus using (3.1), we have

(
2
∇S∗(ζ1)JN )(S∗(ζ2)) = secθS∗(P∇ζ1ζ2) − secθS∗(P∇ζ1ζ2) = 0

which proves the assertion. □

We now give a relation between the holomorphic sectional curvatures. First of all, we
denote the holomorphic sectional curvatures of the manifolds N and M̄ by KN

J
N

(S∗(ζ1))
and K̄

J̃
(ζ1) with respect to ζ1 ∈ Γ(Dθ), respectively. Accordingly, the following inequality

exists between the holomorphic sectional curvatures of N and M̄.
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Theorem 3.4. Let M be a hemi- Kählerian slant submanifold of a Kähler manifold
(M̄, J, g). Suppose that M is submersed over an almost Hermitian manifold (N, JN , gN ).
If the morphism ω given by (2.6) is parallel, then we have

K̄
J̃
(ζ1) ≥ KN

J
N

(S∗(ζ1))

for ζ1 ∈ Γ(Dθ). The equality is satisfied if and only if M is Dθ- geodesic.

Proof. From (2.9), we have
g(R(ζ1, ζ2)ζ3, ζ4) = g(RN (S∗(ζ1),S∗(ζ2))S∗(ζ3),S∗(ζ4)) + 2g(Aζ3ζ4, Aζ1ζ2)

+g(Aζ2ζ4, Aζ1ζ3) − g(Aζ1ζ4, Aζ2ζ3)

for ζ1, ζ2, ζ3, ζ4 ∈ Γ(Dθ). Thus we get

g(R(ζ1, J̃ζ1, ζ1, J̃ζ1) = g(RN (ζ1
′
, JN ζ1

′)ζ1
′
, JN ζ1

′) + 3g(Aζ1 J̃ζ1, Aζ1 J̃ζ1)
+g(A

J̃ζ1
J̃ζ1, Aζ1ζ1),

where ζ1
′ = S∗(ζ1). Since M is a hemi- Kählerian slant submanifold, (∇ζ1 J̃)ζ2 = 0 for

ζ1, ζ2 ∈ Γ(Dθ).Using (2.9) we derive
h∇ζ1 J̃ζ2 +Aζ1 J̃ζ2 = J̃h∇ζ1ζ2 + J̃Aζ1ζ2.

Taking the vertical components of this equation, we obtain
Aζ1 J̃ζ2 = J̃Aζ1ζ2

which implies that Aζ1Jζ1 = 0. Therefore we get

g(R(ζ1, J̃ζ1)ζ1, J̃ζ1) = g(RN (ζ1
′
, JN ζ1

′)ζ1
′
, JN ζ1

′)
On the other hand from Gauss equation (2.5), we get

g(R(ζ1, J̃ζ1)ζ1, J̃ζ1) = g(R̄(ζ1, J̃ζ1)ζ1, J̃ζ1) + g(h(ζ1, J̃ζ1), h(J̃ζ1, ζ1))
− g(h(ζ1, ζ1), h(J̃ζ1, J̃ζ1)) (3.2)

Since M̄ is a Kähler manifold we have ∇J = 0. Using Gauss and Weingarten formulas we
get

∇ζ1Pζ2 + h(ζ1, P ζ2) − Āωζ2ζ1 + ∇⊥
ζ1
ωζ2 = P∇ζ1ζ2 + ω∇ζ1ζ2

+Bh(ζ1, ζ2) + Ch(ζ1, ζ2)
for ζ1, ζ2 ∈ Γ(Dθ). Thus we get

secθ(∇ζ1ω)ζ2 = −h(ζ1, J̃ζ2) + secθCh(ζ1, ζ2)
and

secθ(∇ζ2ω)ζ1 = −h(ζ2, J̃ζ1) + secθCh(ζ1, ζ2)
Hence we have

sec θ(∇ζ1ω)ζ2 − sec θ(∇ζ2ω)ζ1 = −h(ζ1, J̃ζ2) + h(ζ2, J̃ζ1)
If ω is parallel, we obtain

h(ζ1, J̃ζ2) = h(ζ2, J̃ζ1) (3.3)
Putting (3.3) in (3.2) we find

g(R̄(ζ1, J̃ζ1)ζ1, J̃ζ1) =
∣∣∣∣∣∣h(ζ1, J̃ζ1)

∣∣∣∣∣∣2 + ||h(ζ1, ζ1)||2 + g(R∗(ζ1, J̃ζ1)ζ1, J̃ζ1)

Thus we arrive at

K̄
J̃
(ζ1) =

∣∣∣∣∣∣h(ζ1, J̃ζ1)
∣∣∣∣∣∣2 + ||h(ζ1, ζ1)||2 + KN

J
N

(S∗(ζ1)).

This gives the inequality. The equality is satisfied if and only if h(ζ1, ζ2) = 0 for ζ1, ζ2 ∈
Γ(Dθ) which completes the proof. □

We now have the following lemma.
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Lemma 3.5. Let M be a hemi-slant submanifold of a Kähler manifold (M̄, J, g). Suppose
that M is submersed over an almost Hermitian manifold (N, JN , gN ), then we have

Aζ1Pζ2 = Āωζ2ζ1kerS∗
+ PAζ1ζ2 +Bh(ζ1, ζ2)

kerS∗ (3.4)

for ζ1, ζ2 ∈ Γ(Dθ).

Proof. Since M̄ is a Kähler manifold, we have
(∇̄ζ1J)ζ2 = 0.

Thus using (2.6), (2.7), O’Neill’s tensor fields and Gauss-Weingarten formulas, we get

Aζ1Pζ2 + H∇ζ1Pζ2 + h(ζ1, P ζ2) − Āωζ2ζ1 + ∇⊥
ζ1ωζ2 = PAζ1ζ2 + PH∇ζ1ζ2

+ ω∇ζ1ζ2 +Bh(ζ1, ζ2) + Ch(ζ1, ζ2).
Taking the tangential parts of this equation, we derive

Aζ1Pζ2 + H∇ζ1Pζ2 − Āωζ2ζ1 = PAζ1ζ2 + PH∇ζ1ζ2 +Bh(ζ1, ζ2).
Finally, taking the vertical components of the above equation, we have

Aζ1Pζ2 − Āωζ2ζ1kerS∗
= PAζ1ζ2 +Bh(ζ1, ζ2)

kerS∗ .

which is (3.4). □

From Lemma 3.5 we have the following corollary.

Corollary 3.6. Let M be a hemi-slant submanifold of a Kähler manifold (M̄, J, g). Sup-
pose that M is submersed over an almost Hermitian manifold (N, JN , gN ). If

AP ζ1Pζ2 = Āωζ2Pζ1kerS∗
− PĀωζ1ζ2 − PBh(ζ1, ζ2)

kerS∗

for ζ1, ζ2 ∈ Γ(Dθ), then the distribution Dθ is integrable. Conversely, if the distribution
Dθ is integrable, we have

Āωζ2Pζ1kerS∗
= PĀωζ1ζ2 + PBh(ζ1, ζ2)

kerS∗

Proof. From (3.4), for ζ1, ζ2 ∈ Γ(Dθ) we have

AP ζ1Pζ2 = Āωζ2Pζ1kerS∗
− PĀωζ1ζ2 + cos2 θAζ2ζ1 − PBh(ζ1, ζ2)

kerS∗

which completes the proof. □

Finally, we give Ricci tensor of horizontal distribution along a Riemannian submersion.

Proposition 3.7. Let M be a hemi- Kählerian slant submanifold of a Kähler manifold
(M,J, g). Suppose that M is submersed over an almost Hermitian manifold (N, JN , gN ).
If the morphism ω is parallel, then we have

Ric(kerS∗)⊥(ζ1, ζ2) = c

4
rg(ζ1, ζ2) − trace(kerS∗)(∇.T )ζ1ζ2, .) − trace(∇.A)ζ1ζ2, .)

+ g(TEiζ1, TEiζ2) + trace(kerS∗)Aζ1Aζ2 + 3trace(kerS∗)⊥Aζ1Aζ2

−
r∑

k=1
g(ĀFk

ζ2(kerS∗)⊥ , ĀFk
ζ1(kerS∗)⊥) (3.5)

for ζ1, ζ2 ∈ Γ(Dθ) where {E1, ..., Es} is the orthonormal frame of the vertical distribution
and {F1, ..., Fr} is the orthonormal frame of the horizontal distribution.

Proof. Since M̄ is a complex space form, from Gauss equation, we have
c

4
{g(ζ2, ζ3)g(ζ1, ς2) − g(ζ1, ζ3)g(ζ2, ς2) + g(Jζ2, ζ3)g(Jζ1, ς2) − g(Jζ1, ζ3)g(Jζ2, ς2)

+2g(ζ1, Jζ2)g(Jζ3, ς2)} = R(ζ1, ζ2, ζ3, ς2) − g(h(ζ1, ς2), h(ζ2, ζ3)) + g(h(ζ1, ζ3), h(ζ2, ς2))
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Choose an adapted slant frame for Dθ as {e1, secθPe1, ..., en, secθPen}, then we compute
the Ricci tensor Ric(ζ1, ζ2) for ζ1, ζ2 ∈ Γ(Dθ). We have

r∑
i=1

c

4
{g(ζ1, ζ2)g(ej , ej) − g(ej , ζ2)g(ζ1, ej) − g(Jej , ζ2)g(Jζ1, ej) + 2g(ej , Jζ1)g(Jζ2, ej)}

=
r∑

i=1
{R(ej , ζ1, ζ2, ej) − g(h(ej , ej), h(ζ1, ζ2)) + g(h(ej , ζ2), h(ζ1, ej))}

Arranging this equation
rc

4
g(ζ1, ζ2) =

r∑
i=1

{R(ej , ζ1, ζ2, ej) − g(h(ej , ej), h(ζ1, ζ2)) + g(h(ej , ζ2), h(ζ1, ej))}

From (3.3) if ω is parallel, we get

c

4
rg(ζ1, ζ2) =

r∑
i=1

{R(ej , ζ1, ζ2, ej) + g(h(ej , ζ2), h(ζ1, ej))}.

If the frame of the vertical distribution is denoted by {E1, ..., Es},we obtain

Ric(ζ1, ζ2) =
s∑

i=1
g(R(Ei, ζ1)ζ2, Ei) +

r∑
j=1

g(R(ej , ζ1)ζ2, ej)

+
r∑

j=1
g(R(sec θPej , ζ1)ζ2, sec θPej)

= trace(kerS∗)(∇.T )ζ1ζ2, .) + trace(∇.A)ζ1ζ2, .)

−
s∑

i=1
g(TEiζ1, TEiζ2) − trace(kerS∗)Aζ1Aζ2

+ Ric(kerS∗)(ζ1, ζ2) +
r∑

i=1
{−2g(Aeiζ1, Aζ2ei)

− 2 sec2 θg(AP eiζ1, Aζ2Pei) + g(Aζ1ζ2, Aeiei)
+ sec2 θg(Aζ1ζ2, AP eiPei) − g(Aeiζ2, Aζ1ei)
− sec2 θg(AP eiζ2, Aζ1Pei)}

Since A and T are skew symmetric with respect to g, and A is symmetric on Dθ, we get
(3.5) □
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