
 

 

       
 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

INTRODUCTION 

 
Information on moisture distribution patterns in porous 

media is necessary for the proper design and operation of 

complex systems in different branches of applied sciences 

such as hydrology, agricultural and petroleum engineering. 

The moisture distribution pattern is influenced by the soil 

properties and the manner water is applied and withdrawn 

from the soil profile. Flow from a point-source, because of its 

multi-dimensional nature, leads to complexities in modeling 

of the soil moisture dynamics. 

Mathematical models have been proven very useful for 

predicting water movement through the soil [1], but they 

need a primer knowledge about laboratory water retention 

parameters which is somehow difficult to be obtained. Philip 

[2] developed a mathematical theory for a two- and three-

dimensional unsaturated water flow from buried point 

sources and spherical cavities. Schwartzman and Zur [3] 

studied the geometry of the wetted soil volume under point 

source and developed a series of empirical equations relating 

the width and depth of the wetted soil volume to the 

discharge of point source, saturated hydraulic conductivity of 

the soil and volume of the water in the wetted soil volume. 

Clark et al. [4] reported that the lateral movement of water 

varied in the range of 15.5 - 20 cm for discharge rates of 1.5 - 

1.9 L.hr-1 from a point source in a sandy soil. Or [5] 

investigated the effects of mild spatial variation of soil 

hydraulic properties on wetting pattern of different soils. 

Smith and Warrick [6] presented basic relations of soil water 

flow to measure the soil water content, pressure head and 

hydraulic conductivity. They also discussed on calculation 

procedures of soil infiltration rates and the measurement of 

soil infiltration parameters, as well as on many of the 

complexities and challenges for applying the current 

understanding of water movement in the soil.  

Numerical methods also have been developed to simulate 

this phenomenon [7,8,9]. For instance, HYDRUS 2D is a 

model based on finite-element numerical solutions of the 

flow equations [10], allowing simulations of three-

dimensional axially symmetric water flow. Many studies 

proved the capabilities of HYDRUS 2D model for simulation 

of water and solute transport in different soils [11, 12, 13, 14, 

15, 16]. 

Pore-scale modeling has been widely used as a platform 

to study multiphase flow in petroleum engineering, 

hydrology and environment engineering [17, 18, 19] and 

offers an alternative to empirical models. Pore-scale or 

network models can be used to predict multiphase flow 

behavior by simulating the flow process based on a detailed 

description of the pore structure, fluid characteristics, and the 

governing pore-scale displacement mechanisms. The pore 

space in a porous medium is represented by a network of 

pores (corresponding to the larger void spaces) and throats 

(the narrow openings connecting the pores) with 

parameterized geometries and topology through which 

multiphase flow can be simulated. 

Network models were first developed by Fatt [20] based 

on the idea that pore space might be represented as an 

interconnected network of capillary tubes whose radii would 

represent the dimensions of the pores within a porous 

medium. Koplik and Lasseter [21] simulated primary 

drainage in networks of spherical pores connected to 

cylindrical pore throats. Touboul et al. [22] and Blunt et al. 
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 Abstract  

Water flow simulation in porous medium such as soil is an important topic in several branches of hydrology, soil science and agricultural 

engineering. In the present study, numerical results from a dynamic pore network model were used to determine a macroscopic relationship 

between capillary pressure and fluid saturations. Then using the resulted relationship from pore network modeling and solving the partial 
differential Richards' equation by finite difference scheme (PNMCRE), water movement in the soil has been simulated. Also, soil water 

movement was investigated by laboratory experiments on sandy soil. The performance of PNMCRE was evaluated by comparing the simulated 

wetting fronts with both of the observed patterns and those simulated by HUDRUS software package. Statistical analysis showed that 
PNMCRE model with minimum errors and high correlation coefficients for all discharge rates and in time intervals had a better agreement with 

observed patterns in comparison with HYDRUS 2D.  
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[23] used a simplification of the model of Koplik, assuming 

that the pores had volume but no resistance to flow and the 

throats had resistance to flow but no volume. Valvanides and 

Payatakes [24] simulated water flow in a network of 

spherical chambers connected through long cylindrical 

throats with a sinusoidally varying cross section. Dahle and 

Celia [25] extended the model of Blunt et al. [23] to study the 

effect of material heterogeneities on the capillary pressure-

saturation relationship, effect of nonzero stress at the fluid-

fluid interface, interfacial area and its relation to capillary 

pressure, and interfacial velocity. Singh and Mohanty [26]  

developed a dynamic model to simulate two-phase flow. 

They used a cubic network with cubic pores and throats of 

square cross section. The model was used to study primary 

drainage with constant inlet flow rate. Saturation and relative 

permeability were computed as a function of capillary 

number, viscosity ratio, and pore-throat size distribution. 

Fenwick and Blunt [27] investigated wedge and corner flows 

with an angular representation of pore throats within a 

network model. Reeves and Celia [28] employed a three-

dimensional network of interconnected pores and throats to 

simulate drainage and imbibition processes in a strongly 

water-wet air–water system. Their results showed a smooth 

functional relationship between capillary pressure, saturation 

and interfacial area in a wide range of capillary pressure and 

saturation. Held and Celia [29] used network modeling to 

compute relationships between capillary pressure, saturation 

and interfacial areas. Joekar-Niasar et al. [30] used a tube 

network model, in which zero volume was assigned to the 

nodes, as well as a sphere-and-tube model to study the water 

– air interfacial area relationships with capillary pressure and 

saturation in two-phase systems through primary drainage 

and imbibition simulations. The authors included phase 

entrapment caused by piston-like mechanism in their work. 

Although mathematical and numerical models have been 

proven very appropriate in simulation of water flow in porous 

media, but in these models, the prior knowledge of water 

retention parameters is mandatory for further simulations. 

The mentioned parameters usually can be obtained in two 

ways: 1) By performing laboratory experiments with pressure 

plate membrane which are time consuming. 2) By using 

software packages like Rosetta or RETC which implement a 

number of pedotransfer functions to predict water retention 

parameters of soil hydraulic models such as Van Genuchten 

[31] from readily accessible soil data and therefore these 

predictions are not reliable. The goal of this study is to 

propose an alternative way based on dynamic pore network 

modeling and solving partial differential Richards' equation 

by finite difference scheme for simulation of water 

movement in the sandy soil under a surface point source. 

This mentioned approach uses only grain size distribution 

curve for computation of water retention parameters. The 

accuracy of the proposed method has been verified by 

comparison with the observation as well as HUDRUS 2D 

results. 

 

MATERIALS AND METHODS 
 

Dynamic pore network model  

In this research we have used a dynamic pore network 

model proposed by Joekar-Niasar et al. [32]. The mentioned 

pore network model has a three-dimensional regular lattice 

structure with fixed coordination number of six. Pore bodies 

have cubic shape and pore throats have square cross sections. 

Fig. 1 shows a schematic presentation of two pore bodies and 

the connected pore throat. Additional details about dynamic 

pore network model can be found in Joekar-Niasar et al. [32]. 

 

 
 

Fig. 1 Schematic presentation of two pore bodies and the connected 

pore throats 

 

Numerical solving of Richards' equation using finite 

difference scheme  

The Richards' equation (Richards [33]) is the most 

general method to compute soil moistures and hydrological 

fluxes, such as infiltration in porous media. Consider two-

and/or three-dimensional isothermal uniform Darcian flow of 

water in a variably saturated rigid porous medium and 

assume that the air phase plays an insignificant role in the 

liquid flow process. The governing flow equation for these 

conditions is given by the following modified form of the 

Richards' equation (Bear [34]): 
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where C= specific capacity of water (m-1), h= pressure 

head (m), r, z= radial and vertical directions, t= time (hr), S= 

sink term (hr-1) and K= unsaturated hydraulic conductivity 

function (L.hr-1). 

The general form of Richards' equation after 

discretization, linearization and simplification can be 

expressed as (Besharat et al. [35]): 
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In Eq. 2, superscript n refers to the current time step and 

superscript n+1/2 denotes the arithmetic mean of a parameter 

at time steps n and n+1. Furthermore, unsaturated hydraulic 
conductivity function (K) is defined by: 
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where Ks= saturated hydraulic conductivity (m.hr-1), Se= 

effective saturation (-), m and l= shape parameters (-). For K, 

we take the geometrical mean as proposed by Vauclin et al. 

[36]. 
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ji,j1,ij,21i KKK  
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ji,j1,ij,21i KKK  
                                                                 

(5) 

 

It should be noted that a third-type (Cauchy type) 

boundary condition is used to prescribe the water flux from 

point source in the soil surface and constant water content has 

been used as initial condition in numerical scheme [37]. 

 
Numerical simulation of water movement under a 

surface point source using HYDRUS 2D  

HYDRUS 2D which uses the Galerkin finite-element 

method to solve partial differential Richards' equation was 

applied to simulate the three dimensional axial symmetric 

water flow. Simulations were carried out considering a 100 

cm deep and 120 cm wide soil profile, where a point source 

was placed on the soil surface. The computational flow 

domain was made large enough to ensure that the side and 

bottom boundaries did not affect the simulations. Absence of 

flux was considered along the surface and the lateral 

boundaries and free drainage along the bottom boundary of 

the soil profile. A constant flux density corresponding to the 

point source discharge rate was assumed along the surface 

boundary. Also initial water content in whole domain was 

assumed as initial condition. An unstructured mesh was 

automatically generated to discretize the flow domain into 

triangles. A total of 4658 nodes were used to represent the 

entire simulation domain. Furthermore, the trial and error 

procedure has been used for selecting the best mesh size. Fig. 

2 shows the scheme of the grid used for the numerical 

simulations by HYDRUS 2D. 

 

Laboratory experiments 

For evaluating the accuracy of the proposed PNMCRE 

and HYDRUS 2D models, experiments of water infiltration 

under point source were conducted on a sandy soil (90% 

sand, 5% silt and 5% clay). Laboratory experiments were 

carried out using a 120 cm × 120 cm × 120 cm transparent 

Plexiglas box (as shown in Fig. 3). Air dried sand with a 

mean particle size d50 = 0.4 mm was compacted at 

predetermined dry bulk density of 1.5 g.cm-3. A polyethylene 

pipeline connected to water reservoir was laid on the soil 

surface which had a 16 mm outside diameter, a wall 

thickness of 2 mm and used for supplying the discharge rate 

of 2, 4 and 6 L.hr-1. During operation, wetting pattern 

dimensions were measured using high performance 

photography and were analyzed by Digimizer Software. The 

observed soil wetting pattern had a high degree of horizontal 

symmetry. 

 

 
Fig. 2 Scheme of the finite element grid used in the numerical simulations 

 

 

 
Fig. 3 A schema of laboratory experiment 
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Evaluation parameters 

Several parameters can be considered for the evaluation of 

radius and depth of wetting pattern estimates. In this study the 

following statistic criteria were used: correlation coefficient 

(R), mean absolute error (MAE), root mean squared error 

(RMSE) and index of agreement (IA). 
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where xi = distance from point source computed by 

PNMCRE and HYDRUS 2D (cm), yi = observed distance 

from point source (cm) and n = number of values. 

 

RESULTS AND DISCUSSION 

 
 As were mentioned earlier, the studied pore network 

model had a three dimensional regular lattice structure. In this 

network, each pore body was connected with six pore throat. 

Also it was assumed that the volume of pore throats was 

negligible compared to the volume of pore bodies. Fig. 4 

shows a sample of the developed pore network with 10 pore 

bodies in each direction. It should be noted that all 

computations related to dynamic pore network modeling and 

numerical solving of partial differential Richards' equation by 

finite difference scheme were done by an algorithm which has 

been developed in Wolfram Mathematica 8.0. 

 

 
Fig. 4 A sample of developed pore network with 10 pore bodies in 

each direction 

To achieve an optimum pore network size, series of 

computations were done using the developed algorithm in 

Wolfram Mathematica 8.0. For this purpose, 6 different 

networks by having 12, 16, 20, 24, 28 and 32 pore bodies in 

each direction have been considered. These simulations took 4 

to 170 hours on Intel (R) Core(TM) i3 CPU, 3.07 GHz with 4 

GB RAM, which is somehow time consuming process. The 

resulted capillary pressure – saturation relationships for 

different networks are shown in Fig. 5. 
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Fig. 5 Resulted capillary pressure – saturation relationship for 
different networks 

 

It is obvious from Fig. 5 that capillary pressure - 

saturation curve changes with the network size until a network 

size of 28×28×28 pore bodies and then this change in 

mentioned curves is negligible at networks with more than 28 

pore bodies in each direction. Therefore, resulted curve from 

selected network with 32 pore bodies in each direction was 

used for simulating wetting front in macro scale. Table 1 

shows the network specifications used in the simulations.  

 

Table 1. Pore network parameters 

Specification Value Unit 

Lattice dimension 32 × 32 ×32 - 

Lattice size 29 × 29 ×29 mm3 

Min. pore body inscribed radius 0.320 mm 

Max. pore body inscribed radius 0.496 mm 

Mean pore body inscribed radius 0.405 mm 

Standard deviation 0.024 mm 

 

After selecting the representative network with 32 pore 

bodies in each direction, simulations of water movement in 

the sandy soil was continued by using the resulted capillary 

pressure – saturation relationship from dynamic pore network 

simulations. Then whole domain with 100 cm depth and 120 

cm width was divided to a grid with 1 cm intervals and an 

algorithm has been developed in Wolfram Mathematica 8.0. 

Also, wetting pattern under the point source were simulated 

by solving Richards' equation with finite difference scheme 

(PNMCRE). The results of PNMCRE and HYDRUS 2D 

simulations for different discharge rates (Q) and time 

durations (D) are presented in Fig. 6. 
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Fig. 6 Illustration of the observed and simulated wetting fronts in sandy soil under the point source with discharge rates of 2, 4 and 6 L.hr-1 and 

duration of 1 to 6 h. (Q: discharge rate and D: time durations) 
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Fig. 6 Continued 
 

 

The illustrated patterns in Fig. 6 are for the time duration 

of 1, 2, 3, 4, 5 and 6 h from the beginning of experiments and 

for three discharge rates of 2, 4 and 6 L.hr-1. The HYDRUS 

2D model output data are closer to the observed wetting fronts 

than those of the PNMCRE model with discharge rates of 2 

L.hr-1 in all durations (Fig. 6). The estimated wetting fronts 

via implementation of PNMCRE in low discharge rates have 

not very good agreement with the observed data. PNMCRE 

model gives better estimates than HYDRUS 2D with the 

discharge rates of 4 and 6  L.hr-1. As it is clearly seen from 

Fig. 6, the HYDRUS 2D simulated wetting fronts are more 

stretched than those observed and simulated with PNMCRE in 

the cases of supplying 4 and 6 L.hr-1. It can be concluded that 

the PNMCRE model accurately predicts the observed wetting 

pattern in discharge rates more than 2 L.hr-1. Furthermore, 

PNMCRE overestimates the radial distances in low discharge 

rate (2 L.hr-1) and underestimates them in medium discharge 

rate (4 L.hr-1). But in the case of high discharge rate (6 L.hr-1) 

it has better predictions in comparison with the two 

aforementioned discharge rates in all directions. On the other 

hand, this trend is not seen in the predictions of the HYDRUS 

2D model. Overally, it can be concluded that PNMCRE 

estimations are closer to the corresponding observed values 

than those of the HYDRUS 2D model. These results suggest 

that in the case of low discharge rates, PNMCRE may not give

any significant advantage over the HYDRUS 2D model. For 

evaluating accuracy of the proposed PNMCRE and HYDRUS 

2D model, the radial distances of wetting pattern from point 

source with direction angle of θ (which is shown in Fig. 7) are 

computed according to the predicted results by each one and 

using statistical parameters (Eqs. 6-9), accuracies of the both 

models have been computed as shown in Table 2. 

 

 
 

Fig. 7 Illustration of a radial distance (EA) with θ angle from a point 

source 
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Table 2 Statistical comparison of PNMCRE and HYDRUS 2D models with observed wetting front distances in different 

directions from point source 

Angle Model 
Statistical parameters 

Angle Model 
Statistical parameters 

R MAE RMSE IA R MAE RMSE IA 

0 
PNMCRE 0.752 5.427 6.125 0.855 

100 
PNMCRE 0.905 4.568 5.273 0.945 

HUDRUS 0.770 8.389 9.349 0.630 HUDRUS 0.959 11.490 13.833 0.804 

10 
PNMCRE 0.753 6.133 6.706 0.855 

110 
PNMCRE 0.907 4.511 5.210 0.942 

HUDRUS 0.623 9.513 10.830 0.571 HUDRUS 0.962 9.388 11.339 0.835 

20 
PNMCRE 0.738 6.741 7.473 0.848 

120 
PNMCRE 0.893 4.501 5.179 0.940 

HUDRUS 0.818 9.023 10.249 0.688 HUDRUS 0.954 5.352 6.504 0.924 

30 
PNMCRE 0.779 6.289 7.004 0.877 

130 
PNMCRE 0.853 5.100 5.758 0.922 

HUDRUS 0.845 7.745 8.518 0.779 HUDRUS 0.928 3.260 4.010 0.962 

40 
PNMCRE 0.851 5.399 5.999 0.919 

140 
PNMCRE 0.822 5.428 6.179 0.904 

HUDRUS 0.893 5.747 6.303 0.893 HUDRUS 0.912 4.972 5.447 0.913 

50 
PNMCRE 0.902 4.154 4.796 0.949 

150 
PNMCRE 0.798 5.989 6.652 0.885 

HUDRUS 0.939 3.129 3.804 0.967 HUDRUS 0.897 7.107 8.356 0.791 

60 
PNMCRE 0.917 3.864 4.561 0.957 

160 
PNMCRE 0.721 6.888 7.806 0.835 

HUDRUS 0.954 4.580 5.639 0.945 HUDRUS 0.823 9.018 10.273 0.688 

70 
PNMCRE 0.911 4.106 4.861 0.953 

170 
PNMCRE 0.677 6.998 7.894 0.809 

HUDRUS 0.957 8.137 9.800 0.880 HUDRUS 0.753 9.634 10.670 0.639 

80 
PNMCRE 0.905 4.322 5.159 0.949 

180 
PNMCRE 0.702 6.093 7.107 0.818 

HUDRUS 0.957 11.070 13.293 0.821 HUDRUS 0.727 9.079 9.985 0.614 

90 
PNMCRE 0.901 4.434 5.329 0.946       

HUDRUS 0.953 11.822 14.180 0.805       

            

As it can be seen from Table 2, PNMCRE has a better 

performance than HYDRUS 2D in all directions except at the 

angles of 50, 130 and 140 degrees. In the mentioned 

directions, HYDRUS 2D estimates wetting pattern slightly 

better than PNMCRE. Also IA values of PNMCRE in all 

directions are higher than the corresponding HYDRUS 2D 

values except at the angles of 50, 130 and 140 degrees. 

Finally, for a better comparison of the two mentioned models, 

their precisions in simulation of the wetting pattern at different 

discharge rates are evaluated. In this case, the predicted radial 

distances of wetting front from point source in all directions 

related to each discharge rate, namely 2, 4 and 6 L.hr-1 are 

presented separately in Figs. 8 and 9. These figures show the 

scatter plots of observed versus predicted values by PNMCRE 

and HYDRUS 2D models respectively. Nevertheless, Table 3 

shows corresponding statistical comparison of the mentioned 

models related to Figs. 8 and 9. 
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Fig. 8 Scatter plots of the observed (x-axis) and predicted (y-axis) values by PNMCRE for radial distance of point source from 

wetting front in all directions 
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Fig. 9 Scatter plots of the observed (x-axis) and predicted (y-axis) values by HYDRUS 2D for radial distance of point source 

from wetting front in all directions 

 

Table 3 Performance assessments of PNMCRE and HYDRUS 2D methods for predicting wetting fronts in different discharge 

rats  

Discharge rate (L.hr-1) Model 
Statistical parameters 

R MAE RMSE IA 

2 
PNMCRE 0.950 7.039 7.767 0.751 

HUDRUS 0.912 5.494 7.464 0.780 

4 
PNMCRE 0.969 6.023 6.445 0.873 

HUDRUS 0.756 8.079 9.276 0.799 

6 
PNMCRE 0.968 2.876 3.367 0.972 

HUDRUS 0.698 9.799 11.476 0.765 

      

 

Significant overestimations and underestimations are 

seen for the PNMCRE model for the discharge rates of 2 and 

4 L.hr-1, respectively. Similarly, overestimates can be seen 

for the HYDRUS 2D model for the discharge rate of 2 L.hr-1. 

Both PNMCRE and HYDRUS 2D models significantly 

overestimate low discharge rates and underestimate high 

discharge rates. As can be clearly seen from Fig. 9, too much 

scattered estimates were obtained from the HYDRUS 2D 

model in the case of 4 and 6 L.hr-1. 

 

CONCLUSION  

 
In this study, dynamic pore network modeling conjuncted 

by Richards' equation (PNMCRE) was used to simulate 

wetting patterns under a surface point source. The accuracy 

of this model was verified by comparison with the more 

commonly used HYDRUS 2D software and observed data. In 

the PNMCRE model, based on the grain size distribution 

curve, the network of pore bodies and throats was constructed 

and then by dynamic simulation of wetting and nonwetting 

phases in the mentioned network, water retention curve was 

computed and used for further simulations of water 

movement in a sandy soil. The results are promising and 

allow the users to estimate wetting front dimensions for any 

given time, discharge rate in the sandy soil without a need to 

perform detailed laboratory experiments to obtain soil 

hydraulic properties. Results showed that the PNMCRE 

model performed better than the HYDRUS 2D model for 

discharge rates of 4 and 6 L.hr-1. Meanwhile, the performance 

of the HYDRUS 2D model was better than the PNMCRE for 

discharge rate of 2 L.hr-1. The comparison of the results with 

laboratory experiments revealed that the dynamic pore 

network models could be employed successfully in modeling 

water movement in the soil. 
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