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a : 0 — f, we will construct a bisimplicial set, using the 2-dimensional version of the usual Bar

construction.
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1. Introduction

By considering a well-known equivalence between the category of crossed modules of groups introduced
by Whitehead [13] and the category of simplicial groups with Moore complex of length 1 (cf. [1-4]), Farjoun
and Segev, in [6], have reformulated this association in terms of homotopy co-limits. It is well-known that,
if a group N acts on a set X, then, the usual bar construction gives a simplicial set Bar (X, N). If the set X
is any group G and the action of N on G is given by a homomorphism of groups f : N — G, then Bar(G, N)
gives also a simplicial set. In this construction, an action of an element n € N on an element g € G is given by
g" = gf(n). In the case, the homomorphism f has a normal map structure or a crossed module structure,
Bar(G, N) has a simplicial group structure. Thus, it has been associated to a crossed module an explicit
simplicial group structure on the bar construction. More specifically, if there is a normal map structure or
a crossed module structure on the homomorphism of groups f : N — G, then there is a normal simplicial
group structure on the usual bar construction Bar (G, N). For more details about normal map structure see
also [9, 11].

In this work, we define an action of a crossed module of groups 6 on a homomorphism of groups f and
by using this action and considering the usual bar construction as a 2-dimensional version, we obtain a

bisimplicial set. If 6 : N — X; is a crossed module of groups and acts on a homomorphism of groups
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f: No, — X5 via the double map «a from the crossed module 0 to the homomorphism f given pictorially by

N -2 N, (1.1

GJ/ J{f

X1T2>X2

then, the resulting Bar construction will give a bisimplicial set structure. In particular, in the case of this dia-
gram is a crossed square defined by Guin-Walery and Loday [12] then, this bisimplicial set has a bisimplicial

group structure.
2.Preliminaries

Simplicial objects are extremely useful in various algebraic settings corresponding to homotopy types of
topological space [7, 8, 10]. Simplicial sets extend ideas of simplicial complexes in a neat way. They combine
a resonably simple combinatorial definition with subtle algebraic properties. Their original construction
was motivated in algebraic topology by the singular complex of a space. If X is a topological space, Sing(X),
denotes the collection of sets and mappings defined by Sing(X),, = top(A”, X), n € N where A" is the usual
topological n-simplex. There are inclusion maps §; : A”~! — A" and squashing maps o : A"*! — A" and
these induce the face maps d; : Sing(X),, — Sing(X),,_;(0 < i < n) and degeneracy maps s; : Sing(X), —
Sing(X),,,1(0=i<n) (cf. [8]). These maps satisfy the usual simplicial identities given by

1) did;=d;_d, ifi<j
2) disj=sj1d;, ifi<j

3) djsj=id=dj.15j

4) disj=sjdi_1, ifi>j+1
5) $iSj=Sj+1Si, ifi<j

Generally, this structure is abstracted to give a family of sets {K}, : n = 0}, face maps d; : K, — K,-1, and
degeneracy maps s; : K, — Kj41 satisfying these simplicial identities.

Thus, if € is any category, a simplicial object in € is given by a family of objects of € together with the maps
d; and s; satisfying the usual simplicial identities. Therefore, a simplicial group is a simplicial object in the

category of groups.
2.1. Bisimplicial Sets and Bisimplicial Groups

In this section, we recall the 2-dimensional simplical structure in the categories of sets and groups. A bisim-
plicial set X consists of a collection of sets X;; , i, j =0,1,2,... together with the horizontal and vertical face

maps dihj (Xij— Xij-1, dlf’j : Xijj — X;_1j and degeneracy maps slhj (Xij — Xis1js slf’j (Xij— Xij+1,
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such that the simplicial identities hold. We can demonstrate it by the diagram bellow:

e

< .

DS S— : @2.1)

A

... Xoo — X0 — X0
— -~
M I
do,dy,d> dé‘,d{’
D, (Y —— G R X10
.
e
dO)dlrdZ dOl’dl
.. Xo2 > (Xo1) Xoo-
- sh
5351 ’

If each X;; is a group and the faces and degeneracies are homomorphisms of groups, then X is called a

bisimplicial group.
3. Bar Construction via the Group Actions

In this section, we recall the usual Bar construction for a group action on a set. Suppose that a group N acts
on a set X. We denote this action by x" for all n € N and x € X. This action satisfies the usual conditions

given by

i) (x™™M=x"" forallxe Xand n,me N

i) x®=xforallxe Xande€ N.
The Bar construction 8 = Bar (X, N) is a simplicial set which consists of the following data;

1) For ke Z* u{0}, a set By which is defined by
By =X and By = X x N¥ for k=1, together with

2) the face maps d;* = di: By — By—1,forall k=1and 0 <i < k, defined by:

1) dO(x) n]’nZ)”"nk) = (xnly nZy-u)nk)
i) d;(x,ny,ny,...,n0;) = (X,01,N2,..., 0 - Rjs1,...,0p) forl<i<k,

iii) dp(x,ny, ny,...,n) = (x,n1,n2,...,Nk_1)

3) and together with degeneracy maps s jk =5j: Br — By+1, defined by

Sj(x’nl’nZ)”ﬂnk) = (x)n])n2)~-~)nj)1)nj+l)*-~)nk)

Farjoun and Segev in [6] by taking X = G a group and the group action of N on G via a homomorphism
1n: N — G;i.e. the actionis g" = gn(n) forall g€ G, n € N, studied over the resulting simplicial set given by

Bar(G, N). This action satisfies the following conditions:

i) (g™ =(gn(m))™ = gn(nm)n(nz) = gn(n; - ny)

ii) g% =gnlen)=g-ec=g, forall n;,n, € Nand geG.
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In this context, using the action of the group N on the group G by the homomorphism n: N — G given

above, the simplicial set Bar (G, N) is as follows:

1) For ke Z* u{0}, a set By which is defined by
Bo=Gand B =G x NF fork=1, together with

2) the face maps dik =d;: By — PBy-1,forall k=1and 0 < i < k, defined by:

i) do(g ni,ny,...,n) =(gn(m),ny,...,ng)
ii) di(g,m,ny,...,n ) =(g,n1,No,..., N Njy1,..., 0g) forl <i < k,
111) dk(g’nI)HZ)“')nk):(g’nlynz»“«)nk—l)

3) and together with degeneracy maps s jk =5j: Br — PBr+1, defined by

sj(grnlvrlZ)---)nk) = (g»nlvn2)---ynjv1)nj+ly-'-)nk)

forallk=0and0<j<k, geG,njeN.
By using the homomorphism n: N — G, it can be easily shown that Bar (G, N) is a simplicial set.

4, Action of Crossed Module

In this section, we will define the notion of an action of a crossed module on a homomorphism of groups.
Using this notion, we will construct a bisimplicial set as a 2-dimensional version of the usual Bar construc-

tion. We will consider the action of a crossed module on a homomorphism via a double map a.

Recall that a crossed module defined by Whitehead [13] consists of a homomorphism of groups n: N —
G which is called a normal map in [6] together with a homomorphism ¢ : G — Aut(N) from G to the

automorphism groups of N, which is called a normal structure on 7 satisfying the following conditions;

NMI1. n(lg(n)) = g_ln(n)g, forallgeGandne N

NM2. ppy(n) = n'lnn' foralln,n' €N,

and where ¢ is given by g — ¢g: N — N and where ¢ is an automorphism of N and the action of G on N
is given by né = £, (n) for all g € G and n € N. Using this notation, we can write the above conditions briefly

as usual:

L n(n8) =g 'nn)g

2. ") = ' tpp!

forallge Gand n,n' € N.

Example 4.1. Suppose that N < G is a normal subgroup of G. Then G acts on N by conjugation. In this case,

we have

l:G— Aut(N)
g—{lg:N—N

and where £4(n) = né = g 'ng e Nsince N < G, for all g € G. Then, the inclusion map i : N — G gives a

crossed module together with this usual action.
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4.1.The Action of a Crossed Module on a Homomorphism of Groups

In this section, we will define a double action of a crossed module on a homomorphism of groups. Suppose
that f: Np — X, is a homomorphism of groups and : Ny — X; is a crossed module. The action of d on f

consists of

(i) anaction of the group N; on the group Ny, denoted by n,™,
(i) an action of the group X; on the group X,, denoted by x,™,
(iii) an action of the group N; on the group X;, denoted by x; ™,
(iv) agroup action of N, on X, denoted by x,"2,

W) fle™) = f(np)°™,
(vi) Np x Xj acts on N x X,, denoted by (12, Xx2) XD = ("1 x, 1)

forall x; € X7, xo € Xo, n1 € Ny and n, € N»

Now, consider the pair of homomorphisms of groups a; : N} — N, and a; : X; — X and the following
square

N 2> N,

a:= al lf

X —= X2

in which 0 is a crossed module and f is a homomorphisms of groups. If this square is a commutative

diagram, i.e, fa; = @20, then we call a := (a1, @) is a double map.

Assume that the crossed module 0 : N — X acts on the homomorphism of groups f : N, — X» via the

double map «. In this case, for the action of d on f via a, we can write;
i) the action of N} on Nj is given by n™ = np a1 (1),

ii) the action of X; on X; is given by x,™ = x, a2 (x1),

iii) the action of Nj on X is given by x;"™ = x;0(ny),

iv) the action of N, on X is given by x2"2 = x, f (1),

V)

f(n™) = f(npay(ny))
= f(n2) fay(ny)
= f(ny)a20(n)
= f(np)0™)
for all Xx; € X;j,n; €N; andi=1,2,

vi) the action of N} x X; on N, x X5, is given by

(12, %2) ") = (np, x2)a((ny, x1)) = (M2, X2) (@1 (1), @2(x1)) = (M2a1 (M), X2a2(x1)),
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for all x; € X3, x2 € X5, n1 € N; and np € No.
5. Construction of Bisimplicial Set Via o

Using the action of 0 : Ny — Xj on f: N, — X5 via a , we use the Bar construction to obtain bisimplicial

sets analogously to that given by simplicial set.

First of all, using the action of N, on X, given by x,"2 = x, f (n,), we obtain a simplicial set as follows

— - . do,dy,d>
—

. — — do,di
...XZXNgk XQXN234>X2XN2XN24>X2XN24>X2
< - - $
. D — $0,51 0
s —

together with face and degeneracy maps given by respectively

D) D) do(x2,n21,n22,..., No) = (22, ngo, ..., M) = (X2 f (n21), N22, ..., N2k)
ii) d;(xo, n21, N22,..., N2k) = (X2, N21, M22, ...y N2 11241, ..., N2k)

iii) di(x2,n21, n22, ..., No) = (X2, N21, N22, ..., N2k—1)

2) §i(x2,n21, N22, ..., N2g) = (X2, 21, N22, ...y 24, 1, M24 41, .00y F2K)

for all x; € X, and ny; € No,. We denote this simplicial set by X2//N;. In this structure, (X2//N2)o=X> ,
(Xg//N2)1=X2 X Nz , and (Xz//Nz)kIXZ X (Ng)k for all k.

Similarly, using the action of N} on X; given by x;"™ = x;0(n1), we can create the simplicial set (X;//Nj,
where (X;1//N1)o=X1 , (X1//N1)1=X; x N1, and (X3//N1)p=X3 x (Np)* for all k together with

1) the face operators

i) do(xy,n11, 12,000y yE) = (1™, 12, o0y M) = (X20(111), M2, o0y M),
i) di(x1,R11,R12y 000y B k) = (X1, 115 12y 000y BLi P41 000 PUE),
iii) dg(x1, 11, P12y 00y B1E) = (X1, P11, P12y eeey B -1)
2) and the degeneracy operators
i (X1, 11y B12) 00y B1E) = (X1, 115 P12y 000y BLiy Ly P14 15 00ny R K-
We can define a map

®: (X7//N1) — (X2//N3)

on each step defined by
®: X; x Ni*¥ — Xp x (N)*

@ (X1, B11, P12y eeey P1E) = (@2(X1), @) (R11), @1 (R12), ..., @1 (R )
Assume that X3 x N; ¥ acts on X, x No¥ via @ &, namely;

(X1,711,112yee0y 1K) _
(X2, 121, M22,y eeey Pipg) 1 VT2 TR = (X0, 21, M22y ooy P2k) - @k (X1, R11, P12y oeny P )

= (x2@2(x1), n21 @1 (n11), n22 @y (N12), ..., Bop 1 (R1))).
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Using this action, we obtain a bisimplicial set 8 = (X2//N»)//(X1//N;) for each i, j € Z* U {0};

Bij = (X2 x Na') x (X3 x N,

For example: Boo = X2, Bo1 = X2 x X7, B1o = X2 x No , P11 = (X2 x No) x (X3 x N7) and so on. We can

illustrate this bisimplicial set picturially as:

L L'"Hiﬁ i ...“_..]E

(X2 x N2 x N») x (X7 x Ny x Np)? —= (X2 x N2 x N2) x (X3 x N; x N1) —=< (X2 x N2 x Np)

it S W Tl

(X2 x N2) x (X3 x Np) x (X x Np) = (X2 x N2) x (X1 x Np) (X2 x Np)
It i |
dOvdlrdZ dﬂrdl
...(XzXX] XX]) (XzXXl) X2

$0,51

Now we define the horizontal faces and degeneracy maps as follows:

i)

ii)

iii)

iv)

doijh:@ijﬁ%ij_l iz0and j=1
doijh((xmn21,---;nzi),(x1,n111,---»n1i1);---,(xhnuj;---»nlij))

= (X2, Ba1yeee, H2g) S0 i) (0 032,00 102, ey (X1, 0Ly 1))

= (%2, 215+ ooy M) (X1, 11 Yy ooy 1Y), (X1, 112 e 132D, oy (1, 00 oy 1))

_ 1 1 2 2 i
= ((x2, B21) ..., 127) (@2(X1), @1 (R11) .o ey @1 (B13)7), (X1, R11) e ey 1)y e ey (K1) eeny 1Y)

-.h . .
d," 2 Bij — Bij-1 iz0andj=1
..h 1 1 . .
A (X2, 121,00, 127), (X1, 117 5oy 1 )y eney (X1, B11Y 000y 113Y)) = (X2, B21,4..0, B2,

1 1 +1 +1 j
(xlynll yeesy N1 )""’(xlynllmy"-’nlim)(xlynllm ’-"ynlim )"")(xlr--'ynlij))

.-h . .
dj” :Bij — Bij-1 iz0and j=1

jih ) ) . .
dj' (X2, 21,00y M2i), (X1, 11 yeeey Y )y enny (X1, 110y )

_ 1 1 i—1 i—1
= ((x2, B21, 0+, 27), (X1, B11 yeeey B1G )yeeey (X, 110 7700y 17 70))

iih . .
sm*! 2 Bij — Bijr1 i,j=0
.. h 1 1 . .
sm” ((nyn21)---;n2i)r(x1)n11 yeeoy N1 ),...,(xl,n11’,...,n1,-]))
_ 1 1
—((xZ;n21’-'-)n2i)y(x1)nll yeeey M1 ))---;(xlynllm’"-)nlim)y(ly1)-'-r1)y

+1 +1 j j
(xX,n ™ n ™) e (R, R )

Similarly we can define the vertical face and degeneracy maps:

i)

- ) )
do*’ :e%ij_’e%i—lj i=zlandj=0

ijv 1 1 i i
do'l " ((x2, 21,0, 127), (X1, 11" yee ey P17 )yeney (X1, B0 0oy 1Y)
_ 1 1 1 J j j
= ((x2", 12200y n27), (1™ 12y BE )yees, (1™, 127,000, 3Y)

= (2 f (n21), 220, M27), (X180 (n11 V), M12Ys ooy 1Y), e, (61O (11 T), a2 .y 1y i)
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.. iiv . .
i) dp' 1 Bij — Bij i>=land j=0
- ) . , ,
dp'l (2,021,000, 121), (X1, B11 5oy B1G ) yeney (X1, B0 4000, 1137))
_ 1 1
= ((x2, n21y ..., (M2mm) (M211141)5 - -+, M21), (X1, B11 5 ooy (R1m) (A1) -2 LG )y eeey

(x1, 117,00y (1) (B1ma1)s o0, B13T))

iii) d,‘” :%ij_’ggi—lj lZland]ZO
- ) . ; ;
d;i'l " ((x2, 21,0, 127), (X1, 11 5eeey BL )y enny (X1, 117,00, 113 )

— 1 1 j j
_((x27nZly'"rnZi—l);(xlynll yeeeyR1j—1 ))"w(xlynll])"'ynli—lj))

. iil o o
iv) s’ 1 Bij— Binj i,j=0
v 1 1 , ,
Sm' (X2, M1y 000y 127), (X1, R11 5o ey B )y eney (X1, 11,00y 1Y)
_ 1 1
—((nyn21,-'-y(an))lr(n2m+l)’---,n2i))(xlynll r'--y(nlm)ylr(nlerl))--'nli )’

ey (xly nllj)"-) (nlm)’ 1) (n1m+1)y-") nlij))
Now, we will show that these maps satisfy the usual Bisimplicial identities;

Da) fork+1=m
1" dyy 13" (62, m2), (1, 11)7)
= dkijh((x2, 1n21), (x1, 1)L, ooy (1, 1) ™ (%1, 1) ™Y, (31, 114)Y)
= (%2, m24), (%1, 111) Yooy (o1, 11 2) K (1, 1) ™ (0, 1) ™Y, (1, 112)T) e (1)
dm—lijhdkijh((xz, n2;), (x1,n17)7)
= din1 " (2 m20), ey 1), ey 1) Gy )0, (1, ) )
= ((x%2y M20), (X1, 1) Yy ey (61, 112) K (31, 1) 4 (01, 1) P2, (01, 1)) o (),
from (1) = (2), we obtain that;
A" " = dpy 1" 1"
fork+1<m
3" T (0, ), (1, 1 1))
= di " (e maa), ey 1)y Gty )™ Gy 1) ™ Gy 1))
= (%2, 121), (X1, 110) Yooy (61, ) K (1, ) FHL o, (o, 10) ™ (0, 1) ™ (g, 1)) o (1)
s '3" 5" (g, m23), (1, 1))
= dm—lijh((ernZi)y(xlynli)ly---y(xl’nli)k(xlynli)k+1y---y(xlynli)j)
= (X2, m2i), (X1, M)y Gory 1) X oy 1) 4, (1, ) ™ (01, i)™, (61, 1))l ()
from (1) = (2) for k < m, we obtain that;
" dy " = a1 1"

b)fork+1=m

dic7” dp T (32, 120), (1, m11)7) =

dic Y (2o ooy BamMamatyeees 1205 K1y ooy B Mima 1y oo er 1) Yy oo ey (B1yeees B i1y eee, M11)T) =

(X252 e s M2k 2mM2m 15+ o» 122)y (K15 ooy BU R m M 1o o0y B0 Ly oy (K1y ooy RIEPIm P a1y oo oy B17)7) o0 (1)
A1 di 7" (32, m20), (01, m1)9) =

A1 (K2 ey M2k M 1y ooy 1200, (X1 ooy MUKt 1y oo oy 1) oo ey (B0 y oo oy YRR 15 eeey M1 2)T) =

(X2 e e ey B2 P2k 1 M2kcs 25 w003 120)5 (K1y ooy RUERL 41 M1 K425 00 o» T10) oo ey (RLpony RUE R K1 Bt 25 005 1))
...(2),
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from (1) = (2) , we obtain that;
a1’ d " = iy

fork+1<m
oy aep ;
dil' " d' T (X2, n2:), (%1, m17)7) =
- . .
di' (X2 ey M2mM2met1see ey 120)y (X1yee ey BLmBimi1see s B1i) yenes (X1 eeey RimRima1seesr B1)Y) =
((X2) e ey B2k 241y P22t 1y ooy 1120)y oo ey (X1y oo ey 1K RI K41, BIm B m1s oo H13)7) oo (1)
v e .
A" di ((x2, n2:), (x1,113)7) =
.- . .
A1 ((X2)ee 0y Bk M2k 1500y 127)y (X1yee ey BUER k1 ee ey L) yeeny (X1yeeey BRIk RIki15eeey B13)T) =
((X2y0e ey 2k P24 1) P2m P2t 1y oo oy 1120) y ooy (X1y oo ey 1L PRI 1, BImPIms 1500y M13)7) 000 (2)
from (1) = (2), we obtain that;
oy aep oy e
.t d," =duY dit .

2)a) fork+1=m
i7" 510" (2, ma0), (o1, ma)) =
dkijh((nynZi),(xlynli)ly---;(xlynli)my(ly L., 1), (x1, )™, 0, (21, m1)Y) =
(%2, 123, (o1, 1) Yooy (21, 1) (o )™, (1,10, 1), (21, 1 )™ (2, 1)) . (D)
Sm—lijhdkijh((xz,nzﬁy(x1,n1i)j) =
Sm—1ijh((x2,n2i), x1, 1) Y eee, (1, 1) K (1, ) 6L, (00, 0 0)T) =
(%2, 121), (X1, 1), ooy (61, 1) 6 (or, ) 4, (1, 1,00, 1), (o, ) K42, (61, m0) ) 0 (2),
from (1) = (2), we obtain that;
dkijhsmijh = Sm_lijhdkijh.
fork+1<m
di1" 513" (2, maa), (o1, ma)) =
i " (2, i), (o1, 11) ey (B )™, (1, 1, 1), (o, )™, (g )) =
(%2, m20), (X1, 1) ey (o1, 1) * 01, 1), (01, )™, (1, 1,0, 1D, (g, 1) ™1 (1, ) )
. (1)
Sm—1ijhdkijh((x2,nzi),(xlynu)j) =
sm—lijh((nynZi)y(xlynli)ly---,(xl)nli)k(xlynli)k+1y---’(x1»nli)j) =
(%2, m20), (X1, 1)y (o1, 1) 01, 1 )Y, (01, )™, (1, 1,0, 1), (61, 1) ™ Gy 22)Y)
...(2),
from (1) = (2), we obtain that;

‘h  ::h

dki] Smtd h

=Sm_1ijhdkij .
b)fork+1=m

di 'Y s 1Y (302, 12:), (1, m17)7) =
dkijy((xz,nm,...,nzm,1,n2m+1y---yn2i)y---;(xlynlly---ynlm;11n1m+1v"-rn1i)j) =
((xZ)nZI’---)nanZm’lyn2m+1)---)n2i))---’(xI)nlly---ynlknlm’1)n1m+1y---)nli)j)---(1)
smo1” di T (2, m21), (1, m1)T) =

Sm—1" (X2, 21, ooy M2k Mok 15w eer M20) ooy (X1, BA 1y ooy By kRt 1y oo ey 1)) =

((x2, 2150y Mok N2k 1, 1, M2k s 2500y H27)5 e ey (X1, B11y ey 1k R1 K11, L, B R4 2y e 0oy B17)T) 00 (2)
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3) a)

4) a)

from (1) = (2), we obtain that;
Cu e oy i
dil' sy’ = sy d
fork+1<m
. ,
di"l sy (%2, n2:), (%1, 013)7) =
. ,
dk” ((x21n21y---)n2m1lyn2m+l)-°'yn2i)y”-;(xlynll)-"ynlm)1’n1m+l!'")nli)1):
(X2, P21y ooy Mok Makes 1 M2y Ly M2ms 1y ooy 123) 5o eey (X1, 11y ooy Bk R ks 1y By Ly R 1+ -, 112)F)
...(1)
ijv q, 4" ; 2y =
Sm-1 kY ((x2,n24), (x1,m13))) =
.- ,
Sm-1"" (X2, 215 0oy M2k M2k 15000y 127)5 e ey (X1, B1Tyee ey BRI RI K41y 000 B1i)T) =
(X2, 121+ oy B2k M2ke 1, M2y Ly W21y e e ey M20) 50 eey (X1, 11y e ey M1k P et 1 Ly Ly PL s 1y ooy 1 1)T)
...(2),
from (1) = (2), we obtain that;
Cw e iy i
dil" sy’ = sy M dyY

It can be seen that;

dkijhskijh((xzynzi), (x1,m13)7) =

A" (g, ma), (1, 1) e, Goty 1)K, (1,1, 1), o, ) F4Y, o iy 1)) =
(%2, 27, (1, 1) Yooy (o1, 1)K, (0, ), (o)) = i

At the same time it can be seen that ;

dk+1ijh3kijh((x2,nzi),(xlynu)j) =

dk+1ijh((x2, n2:), (x1, )Y .., (o1, 1) %, (1, 1,00, 1), (01, 1) ¥, (g, e ) ) =
(%2, 127, (o1, )Yy (o1, 1)K, (e, ), (e, m)Y) = i

b) Similarly it can be seen that;

di. T 5317 (202, m2:), (1, m1)T) =

dic Y (%2, 21, e ooy Moty 1y Mafei 1y e ooy 20)y ooy (X1, B Ly oo ey ARy Ly By o1y eeey M1 1)T) =
(X2, 1215 ey B2y Mol 1y e ey 1123)yeeey (X1, M1 yeeey Bify Bat1yeeor 1)) = id.

and also it can be shown that;

dys1 7 5117 (02, m27), (01, m1)T) =

diei1” (X2, 21w e ey M2y 1y Mgk 1y evey M), e ey (X1, P11 ey iy 1, a1y eeey 111)T) =

(X2, 21y e e ey M2ky M2kt 1o e ey 127) 50 ey (X1, BTy eeey Biky Bl i 150+ R13)T) = Ed.

Fork=m+2

dkiihsmifh((xz,nzi)y (x1,m13)7) =

dkijh((xz,nzz'),(xh mi)ly.eee, L )™, (1, 1,0, 1), (X1, 1) ™oL (21, m13)) =

(2, 122, (1, )Y oy (1, 1) ™, (L, 1,0, 1), oy 1) ™ o1y 1) ™2, (1, 1)) . (1)
smiihdk_lifh((xg,nzi),(xh nii)d) =
sm"fh((xz,ng,-),(xl,nli)lr-"’(xl’n”)k_l(xl’"”)k""’(xl’mi)j) =

(62, 20), (1, 1) Yooy (1, 1) ™, (L, L, oy 1), (g, ) K g, m ) K4, (g, 1)) 0 (2)

from (1) = (2) we obtain that;

ch  ::h ..h ..h
dil' st = st di Y

Fork>m+2

..h  ::h .
di st (%, n2;), (x1,m13))) =
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5) a)

3" (e, mai), (1, 1) ey (1, )™, (1, Ly, 1), (o1, 1 )™, () ) =
((x2y 124), (X1, 112) Y eeny (1, 1) ™, (1, 1,000y 1), (1, 1 ) ™Y, (1, ) R (1, ) FHL, o (0, 10)Y)
eee(1)
smtd " e 19" (2, ), (o1, i) =
Smijh((x2, n2:), (x1, 1), .., (01, 11 ) ¥ (01, M), (1, 1)) =
(%2, 27, (o1, 1) Yooy (21, 1 )™, (1, 1,y 1), Gy 1) ™Y, (o1, 1) K0 o )5 (1, 0 0))
... (2)
from (1) = (2), we obtain that;
dkijhsmijh = smijhdk—lijh
b) Fork=m+2
di T s 1Y (302, 12:), (1, m17)7) =
AT (X2, 21y ooy B2y Ly a1y ey 120) ooy (K15 P11y ey By Ly Rigmi 1y eeey 1)) =
((X2) 121, -+ B2y L, o1 Maky v ey 112:) oo oy (X1, M1y ooy By Ly B 1 By ooy M12)7) o (1)
sm' " dy_1 9 (2, m20), (%1, m1 1)) =
Sm' 7Y (X2) Ma1yeeey Makm1 Makyee ey M2)yevey (X1, M1 Lyeeey Mig—1 Maky oo, M1)T) =
((xz,n21,...,n2m,l,ngk_lnzk,...,nZi),...,(xl,nu,...,nlm,l,nlk_lnlk,...,nli)j)...(2)
from (1) = (2). we obtain that;
dkijvsmijv = Smijvdk_lijv.
Fork>m+2
i7" 517" (62, 121), (31, m12)9) =
AT (X2, 21y oo ey B2y Ly a1y ey 120) ooy (K15 P11y ey By Ly R 1y eeey 1)) =
(X2, 121, -+ B2y Ly Rogmi1, Mok Makes 1y e ey M20)y e vey (X1, B11y o ey By Ly B 15 UKL Kt 1 o oo p P11
..(1)
sm' " die_ T (2, m20), (01, 1)) =
S (X2, 21, ee ey Mak—1 gy ey 20)yeeey (X1, B11, oo ey Mag—1 Bpfeyeeey B13)T) =
(X2, 121w+ P2y Ly Mo 1, M2k—1 M2kr ooy M20)y e vny (X1, B11 5 ooy By Ly B 15 B —1 R Ky o ooy P11
.. (2)
from (1) = (2), we obtain that;

T, .y oy
dil" syt = s T di Y

Fork=m
ijh . ijh jy —
Skl sm T ((x2y n24), (%1, 017))) =
.. h .
sk” ((xZ’nZi)’(xhnli)l’---y(xlynli)my(l)ly---)1)1(xlynli)m+lr---)(xlynli)])
:((xZ;n2i)’(xlynli)l"";(xlynli)m;(lyly---rl))(lr1’---;1))(xlrnli)m+1’--°’(xlynli)j)---(1)
2h o i:h .
Sm+1"! sk (%2, n24), (%1, n13)T) =
. h .
sm+l” ((xZ)nZi)y(xlynli)ly---’(xl)nli)k’(1’1)---y1)’(x1!nli)k+1)--'r(xlrnli)])
:((nynZi)y(xlynli)l!"-)(xlrnli)k)(lyly"-’l))(lyly'")1))(xlynli)k+1;°--y(xlvnli)j)"-(z)
from (1) = (2), we obtain that;
518" 510" = 5y 10" 1,
Fork<m
ijh . ijh jy —
Sk sm' T ((x2y n2i), (%1, 017))) =
.. h .
sk” ((XZ,nzi),(xl,nli)l,...,(X1,n1i)m,(1,1,...,1),(x1,n1i)m+l,...,(xl,l’l]i)])

= ((xZ’ n2i)’(xl) nli)ly'--)(xI’ nli)k; (1,...,1),(]?1, nli)m’(ly---) 1),(.761, nli)m+1"--)(x1’ nli)j)

59



E.Ceyranetal. / IKIM / 7(1) (2025) 49-61 60

...(1)
ijhg ijh . i) =
Sme1'sEt (%2, n2;), (X1, 11;)7) =
c:h .
sm+l” ((x2)n2i)y(xlynli)lr"'y(xl)nli)ky(1)11"')1)1(x1)nli)k+1)"'r(x1rnli)])
= (%2, 124)y000» (X1, mD)¥, (1, 1,00, 1), (21, 11) L, (1,0, 1), (01, 1) ™, (31, 110)T) . (2)
from (1) = (2), we obtain that; for k < m

h

i g 10" = gy 19" s 1T,

Sic? Sm

b)Fork+1=m
sk s (o2, i), (o1, 1)) =
skij”((xg,...,ngm,1,n2m+1,...,n2,~),(xl,...,nlm,1,n1m+1,...,n1i)1,...,(xl,...,nlm,l,n1m+1,...,nli)f) =
((X25+e ey M2ky 1, 2y 1, Bomi1yeees 121)y (X1yeees Btey Ly Bimy L, Bimms1yee ey 7)Yy enes
(xl,...,nlk,l,nlm,l,nlmﬂ,...,nl,-)j)...(l)
sme19” 51197 (%2, ma3), (%1, 1)) =
sm+lijv((x2)---’n2k)1)n2k+1y---)n2i))(xly---’nlk’lrn1k+1)---)nli)1,---’(xly---)nlk)1’n1k+1)---’nli)j) =
((ny---ankrlrn2k+1)1’n2m+1r---ynZi);(xlv--’nlk)1;n1k+1r1’n1m+1y---vnli)1y--°y
(xly---)nlkllyn1k+1»1’nlm+1)---’nli)j)---(2)
from (1) = (2), we obtain that;

sk smi” = sV s 1
Fork+1<m
sk s ((e2y 12, (%1, m)Y) =
skijy((xZ,---ran’1,n2m+1"--)n2i)y(xly---rnlm’1,n1m+1"--)nli)1;---,(xly---’nlm)1)n1m+lr---’nli)j) =
((X25 000y M2ky 1, 21, B2y 1, M2 1y ooy M24) 500y (X150 ey By 1y Ry 415 Ry 1 n1m+1y---ynli)j)---(1)
sm1 7 sik0” (02, m2:), (61, 1)) =
Sma1 7 ((F2peees Moty 1y Mfes 1y e ey 1200y K1y vy Mgy Ly i1 ooy 1) Yoy (B0 ooy B 1y Btk oo, 110)F) =
((x2yeeey Mgy 1, Mg i1, M2y Ly Mopp 15 e 0oy M21) 50 e ey (X1 y ey Ry Ly Ry i1y Py 1)n1m+1r---1n1i)j)---(2)
from (1) = (2), we obtain that;

oy i v e
sk sm' T = s st

Therefore, we obtain from the action of the crossed module 8 on the homomorphism of the groups f given
by the double map «, a bisimplicial set (X2//N2)//(X;//Ny).
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