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ABSTRACT. In this paper, a new graph type similar to binomial graphs is constructed using fibonomial
coefficients. The spectrum of this new graph was obtained, the energy of the graph and the sum of the
Laplacian eigenvalues are calculated. In addition, the connectivity feature of the graph is examined and
the properties of the vertices forming the graph are revealed.
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1. INTRODUCTION

Binomial graphs were introduced by Peter R. Christopher and John W. Kennedy [1]. For n > 0, the
binomial graph B,, has vertex set V, and edge set E,, where |V, | = 2" and {v;,v;} € E, if (Z';J) =
1(mod2). The eigenvalues and eigenvectors of the adjancency matrices of the binomial graphs give
important information about the closed walks in the binomial graphs. It was shown that the sum of the
degrees is of the vertices in the binomial graph B, is

2m 1 2" -1 n—1 n
> deg(vj) =deg (vo) + Y deg(v;) = 2"+ 1)+ Y _ (1)20 =1+ ()27 =3"+1.
=0 j=1 3=0 g=0

Thus, the number of edges in binomial graph B, is 3 (3" + 1) [1].

The Fibonacci sequence, which has been widely studied, also holds an important place in graph theory.
The Fibonacci sequence is defined by the F, 11 = F,,+ F;,_1 relation, where F; = 1 and F» = 1. Similar to
binomial coefficients, fibonomial coefficients are obtained with the help of Fibonacci numbers. Fibonomial
coefficients are obtained as follows, for 1 < j < m,

|:m:| _ Fm Fm—l F7n—j+1
ile P Fy .. F

where [TS]F =1 and [TﬂF =0 for m < j.
If F,, in the numerator of the fraction is replaced by F;Fp,_j+1 + Fj_1Fy—j, the following equation

is obtained
3], = e [ 2] 7]
J F mo J—=1 F ok J F
2.

In our work, we frequently use the Kronecker product operation of matrices to obtain the adjacency
matrices. Kronecker product make it easier for us to calculate the eigenvalues of graphs. Let A be a
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m X n matrix and B be a r X s matrix. Then, the Kronecker product between A and B is the block
matrix A ® B = [a;;B], where A ® B is a mr X ns matrix [6].

The n x n adjacency matrix A (G) of a graph G with n vertices is a binary matrix. The non-diagonal
entry a;; of the adjacency matrix A is 1 if the ¢ and j vertices are adjacent, and 0 otherwise. Also the
loop at vertex v; in the graph corresponds to the diagonal element a;; in the adjacency matrix.

The eigenvalues of a graph are important in determining the algebraic properties of the graph. Addi-
tionally, the sequence of these eigenvalues gives the spectrum of the graph. We denote the spectrum of
graph G by A (G). Let A1, Ag, ..., A\,, denote the eigenvalues of the graph G, so that the spectrum of G is

A (G) = {)\h AQ) (3 >\7L}

[7]. Let G be a graph with n vertices. The energy of the graph G is obtained by summing up all absolute
values of the eigenvalues of the graph. Also, the energy of the graph G is denoted by E(G). Gutman [3],
who has worked on the energy of graphs for many years, gave the definition of the energy of non-simple

graphs as follows:

E(G) =)

i=1

\o S
n

i

where .
S=tr(AG) =>_ A\
i=1

We also want to talk about the sum of the Laplacian eigenvalues of a graph. For this we must first
define the Laplacian matrix. If D(G) = diag(dy, da, ...,d,,) is the diagonal matrix associated to G, where
d; = deg(v;) for all i = 1,2,3,...,n the matrix L(G) = D(G) — A(G) is called the Laplacian matrix and
its spectrum is called the Laplacian spectrum of the graph G [9]. If pq, pt9, ..., i, denote the eigenvalues
of L (G), then the sum of the Laplacian eigenvalues of G is defined as

S(G) = tr (L(Q) =) _u,
i=1

[4]. Similar to the modified binomial coefficients defined by Shiro Ando [5], the following relationship is
used to define modified fibonomial coefficients,

(1), =5[],
(),(2), 5

F,+1 is n+ 1 th Fibonacci number and

Ch )=,

Modified fibonomial coefficients can be represented by a triangle similar to Pascal’s triangle in Figure
Using the modified fibonomial coefficients we obtained, we construct a new type of graph and call it
modified fibonomial graphs.

where

13 104 520 780 520 104 13

21 273 2184 5460 5460 2184 273 21

FIGURE 1. Modified fibonomial triangle
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2. MODIFIED FIBONOMIAL GRAPHS

For each nonnegative integer n, we define the modified fibonomial graph F,, to has vertex set V,, =
{v;:7=0,1,2,..,3.2" — 1} and the edge set

E, = {{Ui,vj} :< “;J >F - 1(mod2)}.

The adjacency matrix of 7, is defined as A (F,) = [a; ;] , where

a;; = < Z—;] >F(mod2).

Since< 8 > =1, the modified fibonomical graph F,, has only one loop at vertex vy. |V, | = 3.2" and
F

for j = 0,1,...,n, F, has ("J“) vertices of degree 2/ and the vertex vy of degree 2"+! + 1. From here
B} @),
Fo, F1 and F> modified fibonomial graphs and their adjacency matrices are given as follows.

7y [110]

100

Fo 00 0
.Vz

.
Fo|w v

S o -
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Fa

S RO RO R —O P
CorDOROO D O
cocoococoo oo oo
cocoorroO OO R
CocooOoOROO OO O
ocococoooocoo oo oo
cCocooco oo RO R
CocoocoococorOoOR
ccoococooocooo
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FIGURE 2. Fy, F; and F» modified fibonomial graphs and their adjacency matrices

Here, by the Kronecker product, we obtain the adjacency matrices of the modified fibonomial graphs

as follows. If we take F = [ 1 (1) ], then
1 1 0
A(Fo)=|1 0 0
0 0 O
1101 10
1 0 01 0 O
000 O0O0TO
A(Fl)_ 1 1.0 0 0 0 _]:®A(]:0)
10 0 00O
000 O0O0O
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and ~ _
110110110110
1001 001O0O01O00
0000 O0OO0OO0OTO0ODTO0DOTUO OO
1100 001 10000
1000 001 O0O0O0O0TO
R e
1001 00 O0OO0OO0OO0OTO0OO
0 00O O0OO0OO0OTO0ODTO0DOUO OO
110 0000 0O0O0O0TPO
100000 0O0OO0OO0OTUO0OP O
1000 0 0O0O0O0O0O0O0O0 O |

From here, for each n > 1, the adjacency matrix of the modified fibonomial graph F,, is

A = [ 4 A | = Fea.

3. EIGENVALUES OF MODIFIED FIBONOMIAL (GRAPHS

The eigenvalues of a graph, which provide information about the spectral structure of the graph, are
calculated with the help of the adjacency matrix of the graph. The eigenvalues of the adjacency matrix
of a graph are defined as the eigenvalues of the graph and so they are just the roots of the equation
p(Fn;x) = 0. Since A (G) is symmetric, its eigenvalues are all real. We denote them by Aj, Ao, ..., A,, and
the set of all eigenvalues is the spectrum of G, denoted by Spec(G) [8].

Lemma 1. [1] Let matriz A be an n X n square matriz with eigenvalues A1, Aa, ..., A, and matriz B
be an m x m square matrix with eigenvalues iy, fy, ..., W, then the eigenvalues of the nm x nm matrix
A® B are \ifi; fori1<i<nandl <j<m.

Theorem 1. Let ¢ = 1+T\/g For each nonnegative integer n, the modified fibonomial graphs F,, has 3.2"
eigenvalues. More precisely, it has eigenvalue 0 with multiplicity 2" and (—1)7." T =23 with multiplicity
(”JH) for each j =0,1,2,....n+ 1. Then we can write the spectrum of the modified fibonomial graph F,

as follows,
n+1

A(F,) = {0*", ((—1)J’.<p"+1—2f)( =012, 4 1),

f
. 1 1 _ . .
Proof. Since F = [ 10 } , the characteristic polynomial of F is

p(Fx)=a2—2 -1
so that A(F) = {¢, —p~'}. Additionally, since

1
AF)=| 1
0

S O =
S O O

the characteristic polynomial of Fy is
o(Foiz) = -2+ 22 +1
so that A(Fo) = {0,, —¢~'}. Since
A(F) = F @ A(F), A(F1) ={0,0,—-1,-1,¢% ¢ ?}

is obtained. We know that since A(F,) = F @ A(Fn—1), it is easy to see that the spectrum of F, can

be written in the form
(n«fl

AF) = {02, (1) 1=2) i = 0,1,2, . n + 1.
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4. ENERGY OF THE MODIFIED FIBONOMIAL GRAPHS
In this section, we calculate the energy of the non-simple the modified fibonomial graph of F,,.

Theorem 2. Let F,, be a modified fibonomial graph with 3.2™ vertices. If E(F,) denotes the energy of
the modified fibonomial graph F,, then

3.2" 1
E(}—n):; /\i_ﬁ .
Proof. Gutman introduced the energy of a graph as
YA if G is a simple graph,
BG)= { >ict |>\i - %‘ otherwise

in his previous studies. Here we used the abbreviation S = ¢r (A(G)) = Y., A\i. Summing up all the
eigenvalues of Fy yields S = 1.
Since A(F,) = F ® A(F,—1) and trace of the Kronecker product of matrices is the product of traces,

sum of eigenvalues of F,, is
3.2™ n

902 -1 j 2;
S =T =1
i=1 = ¥
O
Remark 1. Since lim ﬁ =0, the energy of F, tends to
n—oo "
3.2"
Z Al
i=1
when n — co. Since all non-zero eigenvalues are in the form (—1)7.p" 123 with multiplicity (”;rl), we
have
3.9™ n+1 n+ 1 . . _—
B =3 =3 |(" 1) et = (o)™ = (v
i=1 k=1

5. CONNECTIVITY OF THE MODIFIED FIBONOMIAL GRAPHS
Theorem 3. In the modified fibonomial graphs, the verter vsi4o is isolated for all k =0,1,2,...,2" — 1.
Proof. The adjancency matrix of F,, is defined as A(F,) = [a; ;], where

a; 5 = < Z—ij'] > (mod2)
J F
Here we must show that

asps21 =0 for k=0,1,2,..,2" —1and | =0,1,2,...,3.2" — 1.

Since
<3k+l+2 3k+l+2]
F

) >F = F3(kt1)41 - [ I
we can write

k142 k4142
=(Fig1 - Fyeqr) + F1 - Fapp2)
l 7 l F
Fapyive - Fagqirr - g
F, . .. B

F3k:+l+2 . F3k:+l+1 Fg(k+1)
= F .F
(Fi1-Fs(41)) F|.F ... F

:(Fl+1 . Fg(k_;,_l) + Fl . F3k3+2)

Fspvit2 - Fagptivr - Faqn)

F, . F
T Sk F.F ..
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Since F3(41) is even, we have

< 3k+1+2 > — 0(mod2)
! F

aspy =1and asgy1; =1 for =0,1,2,..,2" —=1and 1 =0,1,2,...,3.2" -1

3k +1 3k +1
! =F3k+141 - /
F F
3k+l}
F

=(Fsk . Fipo+ Fapt1 - Fip) { !

Fspyr - Fagqi—1 .. F3pq

=(F3 . F F: . F
(Fsk . Fiyo+ Fapt1 - Fii) B

Fspyi - Fagi—1 - F3p41
F, . F5 ... F

F3pyi - Fagi-1 - Fagpa

=F3,Fy4. F by .

+ Fagt1 - Frya-

=1 (mod 2)

3k+1+4+1 3k+1+4+1
I =F3r1142 . I
F F
3k+l+1]
F

=(F3 . Fiys + Fseqn - Fiio) [ !

—(Fyro . Fiys + Foprr - Fiyo) 3k+i+1 - F3k+1 3k+2

F . F .. R
Fapvir1 - Fapqr o Fapg2 Fapt141 - Fapqig oo Fapq2
=F3Fpy 3. F: . Fpys.
SRS F.F .. T ESka1 - Sl F ... F
=1 (mod 2)
Consequently the vertex vspyo is the isolated vertex for all k =0,1,...,2" — 1. (]

Theorem 4. The modified fibonomial graph F, contains exactly one loop, the one on the vertex vy.

Proof. 1t is clear that apo = 1.
Now let’s take ¢ # 0. We must show that a;; = 0.

2i> 2i
. :F2i+1[ }
<Z F tlr

where similar to the central binomial coefficient, [ 2: } can be taken as the central fibonomial coef-

F
ficient. Since the central fibonomical coefficients are always even,

< 2; >F = 0(mod?2).

Corollary 1. Let F,, be a modified fibonomial graphs with 3.2™ wvertices, for each nonnegative integer n.
The number of isolated vertices in this graph is 2™.

O

Proof. In the modified fibonomial graphs, the vertex vsx4o is isolated for all £k =0,1,2,...,2™ — 1.
Then vertices vo, vs, ..., v3.9n 1 are isolated.
Then the number of isolated vertices is obtained as 2. ([l

Corollary 2. In the modified fibonomial graphs, the degree of vertex vg is 27t 4 1.
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Proof. In the modified fibonomial graphs, the vertex vg is connected to
2"7,—‘,—1 -1

different vertices. The vertex vg is connected to every vertice except isolated vertices.
For all
k= 0, 1,2, ...,2” — 17 aop,3k = 1 and a0,3k+1 = 1
In that case,
deg(vg) =327 —1—2" +2=2"" 1.

6. SUM OF THE LAPLACIAN EIGENVALUES OF THE MODIFIED FIBONOMIAL (GRAPHS

To obtain the sum of Laplacian eigenvalues of modified fibonomial graphs, we first examined the Lapla-
cian matrices of modified fibonomial graphs. The Laplacian matrices of the modified fibonomial graphs
Fo, F1 and Fo are given below.

2 -1 0
LF)=| -1 1 0
0 0 0
4 -1 0 -1 -1 0
-1 2 0 -1 0 0
0O 0 0 0 0 0
L(F) = 1 -1 0 2 0 0
-1 0 0 0 1 o0
0 0 0 0 0 0
[ 8 -1 0 -1 -1 0 -1 =1 0 -1 —1 0]
-1 4 0 -1 -1 0 -1 -1 0 -1 =1 0
0o 0 0 0 0 0 0 0 0 0 0 0
-1 -1 0 4 0 0 -1 =10 0 0 O
-1 0 0 0 2 0 -1 0 0 O 0 O
o 0 0 0 0 0 0 O 0 0 0 0
L(Fz) = -1 -1 0 -1 =1 0 4 0 0 0 0 0
-1 0 0 -1 0 0 O 2 0 0O 0 O
0o 0 0 0 0 0 0 O 0 0 0 0
-1 -1 0 0 0 0 O 0O 0 2 0 O
-1 0 0 0 0 0 O 0O 0 O 1 o0
| 0 00 0O 0 0 0 0 0 0 0 0]

Theorem 5. Let L,, be an nxn Laplacian matriz with eigenvalues iy, fg, ..., iy, of the modified fibonomial
graph F,. The sum of the Laplacian eigenvalues of the modified fibonomial graph F,, is

S(Fn) = Zﬂi = 3"t
=1

Proof. We know that the sum of the eigenvalues of the Laplacian matrix equal to sum of the diagonal
etries of the Laplacian matrix.

L(F,) = D(F,) — A(F,) and the ag( diagonal entry of the adjacency matrix is 1 and all other
diagonal entry are 0. Also, F,, has ("jl) vertices of degree 27, for j = 0,1,2,...,n and the vertex vy of

degree 2"t 4+ 1. Thus,
X n + 1\
S(Fn) =tr(L(Fn) =Y ( , )2] = 3nt!

=0 7
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7. CONCLUSION

In this article, we first examined the spectrum of the newly defined modified fibonomial graphs and
tried to determine their relationships with similar graphs. Similar studies can be done on new graphs
obtained using generalized Fibonacci numbers.
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