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ABSTRACT. In this paper, we consider a linear elliptic operator F with real constant coefficients of order 2m in two
independent variables without lower order terms. For this equation, we consider linear BVPs in which the boundary
operators 11, . . ., T, are of order m and satisfy the Lopatinskii-Shapiro condition with respect to £. We prove bound-
ary completeness properties for the system {(T1wg, . .., Tmwk)}, where {wy} is a system of polynomial solutions of
the equation Eu = 0.
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1. INTRODUCTION

The problem of the completeness of particular sequences of solutions of a PDE on the bound-
ary of a domain has a long history. The prototype of such results is the theorem which states
that harmonic polynomials are complete in L?(99Q) (1 < p < oc) or in C°(912), where Q is a
bounded domain in R™ and R™ \ 2 is connected. This result has been proved by Fichera [5].
Since then, many other results have been obtained. They are related to different BVPs for sev-
eral PDEs, including some systems. We refer to [4, Section 2] for an introduction to the subject
and a quite updated bibliography. Here we mention that there are numerical methods that are
founded on the boundary completeness properties of certain sequences of solutions of a given
PDE (see [8, p.36-37]).

In the present paper, we deal with a linear elliptic operator £ with real constant coefficients
of order 2m in two independent variables without lower order terms. For this equation, we
consider the BVP in a bounded domain © C R? in which the boundary conditions are given by
m linear differential operators 77, ..., T,, of order m. We assume that the operators 7} satisfy
the Lopatinskii-Shapiro condition with respect to E and that R? \  is connected.

The aim of this paper is to prove that the system {(Tiws, . . ., Typwi) }, where {wy } is a system
of polynomial solutions of the equation Fu = 0, is complete in the subspace of [LP(0€Q)]™
constituted by the vectors which satisfy the compatibility conditions of the BVP: Eu = 0 in
Q, Tju = ; on 0Q (j = 1,...,m). We also prove a similar and more delicate result in the
uniform norm. The BVP Eu = 0in €, Tju = 0 on 09 (j = 1,...,m) was considered by Paolo
Emilio Ricci in his paper [13]. There Ricci developed a theory of the simple layer potential
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130 Alberto Cialdea and Flavia Lanzara

for such BVP, mainly using results from complex analysis related to singular integral systems.
Our results hinge on Ricci’s paper. Later BVPs with higher order boundary conditions were
considered in [10]. The present paper could probably be extended to these more general BVPs,
using the results contained in [11, 12]. We plan to investigate this topic in future work.

The present paper is organized as follows. In Section 2, after some preliminaries, we recall
some of the results obtained by Ricci. Section 3 is devoted to the completeness of the system
{(Thwg, . .., Tmws) } in LP norm. The completeness in C° norm is proved in Section 4.

2. RICCI’S RESULTS

Let us consider an elliptic operator of order 2m

2m 82m
FE = -
kzo k p2m— Foyk

ay, being real coefficients. The ellipticity condition we assume is

2m

D ap R £ 0, V(€ n) e R*\{(0,0)}.

k=0
Let 2 be a bounded domain in R? and denote its boundary by %, which is supposed to be C'*+*
(0 < h < 1). Let us consider the following BVP

{EuzO inQ

2.1
( ) Tju:w]’ on X (j:l,...,m),

where the T); are m boundary operators of order m. This means that we can write

m
. om ~
T; = Z%(@W + 1,
h=0 Yy
m—1m—1—s am_l_s
Z i,m—1— 9 8xm—1—s—1ay17

I
o

s =0

where » = = + iy. We assume that all the functions b, and bimflfs belong to H(X), the space
of real valued Holder continuous functions defined on .
Let us denote by L(w) the characteristic polynomial of E

2m
— 2 aszmfk
k=0

and by L;(w, z) the characteristic polynomial of the boundary operator 7}, i.e.

)= b (j=12...,m).
h=0

Let us consider also the polynomial
L (w) = (w —wi)" -+ (w = wp)",

where w1, ..., w, are the zeros of polynomial L with negative imaginary part (w; # w; if i # j,
vi+- v, =m).
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We recall that the operators T} satisfy the Lopatinskii condition with respect to F if, for any
z € ¥, there are no complex constants cy, . . . , ¢, such that the polynomial L) (w) divides the
polynomial

Z ¢ Lij(w, z) .
j=1

From now on, we assume that this condition is satisfied.

Let I be a rectifiable Jordan curve in the complex w-plane enclosing the zeros of L(w) in the
lower half-plane and oriented in the positive direction. Agmon [1, p.189-190] showed that the
function

P(z()Re{

~1 [(z = Ow + (y —n)]*"*log[(z — E)w + (y — 1)
212(2m — 2)! /+F L(w) dw} ’

(z =z +1iy, ( = £ + in), where some fixed determination of the logarithm has been chosen, is
a fundamental solution of the operator E.

In [7], Fichera gave the concept of simple layer potential for a class of linear elliptic operators
of higher order in two independent variables. In the case of the operator E, it is given by

m—1 8m71
u(z) = kX:% /E%(C)mp(z —(Q)dsc¢,

the functions ¢}, being real valued. It is clear that this definition extends the classical one related
to the Laplace operator

22) u(z) = 5o [ Q) gz = clasc.
The following jump formula holds (see [7, p. 65-66], [13, p. 7])
92m—1
Zlg?ar g @(C)MP(Z’ —()ds¢
23) = () - Im e

o o1 L(w) (Fow + o)
w2m717l

1
_WRe/Zgo(C)dsCLF T(w) [(ﬂco—ﬁ)wﬁ-(yo—n)]dw’ o0<ig<2m-1).

Here zy € ¥ and z — %o from the interior of {2 and the dot denotes the derivative with respect
to the arc length on Y. In [13] these formulas have been proved for any z, € ¥ assuming the
Holder continuity of the density ¢, but they are still valid a.e. on X if ¢ € L'(X) (see, e.g., [3]).
Similarly one can prove that

an—l

21_1)11% . @(C)MP(«Z —()ds¢
2m—1—1
Q4  —p(m) —Tm [ — g

2 Jor L(w) (dow + 9o)
w2m717l

1
WIRe/Ecp(C)dSCAF T(w) [(xo—f)w-i-(yo—n)]dw’ 0<l<2m—1),

where 2z — 2o from the exterior of ().
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Using jump formulas (2.3), Ricci [13] showed that, given the functions ¢, € H(X) (j =
1,...,m), there exists a solution of BVP (2.1) in the form of a simple layer potential (2.2) if and
only if there exists a solution of the following singular integral system on the boundary

m.om 1 ; me—l—h—k
— — b (2) pr(2) Im — dw
2.2 o hn@n | )
e 1 w2m—1—h—k
- — by (2 Re/ ()ds / dw
25) 2.2 5 th@Re [ Qs | Tt gut )
m m—1m—1—s 82m72—s
J _
DI NP LEENC 010 g e — s

=(-1)"""(2), j=1,...,m.

In [13] it is also proved that this singular integral system can be written in the canonical form

1 ®(¢)
06 A)B(:) + —B(:) /+ o [ MG 000

=(-1)" 1271 ¥(z), zeX.

Here ¥ and @ are the vectors

A
v =| | em=| 7
wm(z) @m—l(z)
and
A(z) ={Aju(2)};  B(2) ={Bj(2)}; M(z,¢) = {Mjr(z,0)},
where
() = —Im Li(w,z)wm=1=Fk
@) = = B
Bjk(z) = iReLF z(w’) GwTd) dw

and Mj(z,() are weakly singular kernels.
Ricci [13] proved the following result:

Theorem 2.1. The singular integral system (2.6) is regular (i.e. det(A + B) # 0; det(A — B) # 0) if
and only if the BVP (2.1) satisfies the Lopatinskii condition.

_ Lj(w,z)wm 1=k }
A + B - / J ’ 5 B d )
UL St
. m—1—k
A-p=i [ LI,
v L(w) (Fw +9)
from which it follows that system (2.6) is of regular type if and only if the function

5o(2) = det {/+ Ljlw 2) “’m_l_kdw}

r L(w) (dw+9)

By (2.7) we get
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never vanishes on X ([13, p.14]).

It is well known (see, e.g., [14]) that if a singular system is of regular type, then the associ-
ated homogeneous system has a finite number of eigensolutions and there exists a solution of
the system if and only if the data satisfies a finite number of compatibility conditions. More
precisely, there exists a complex valued solution of the system (2.6) if and only if the given
vector VU is such that

/ UvXdi=0

+3

for any (complex valued) eigensolution X of the homogeneous adjoint system

(2.8) A'(2)X (z) — iB/(z)/ X(©) d¢ + N(,2)X(Q)d(=0, ze€X.
™ (-2 +2

Here A’ and B’ are the transposed matrices of A and B, respectively, and
1 B'(Q)— B'(2)
N =M - 7
(2) = M(C2) = =
M’ (¢, z) being the transposed matrix of M (¢, z) (see [13, p.12-13]).

We remark that, if we denote by K ® and K’ X the left hand side of (2.6) and (2.8) respectively,
we have

(2.9) / XKdd( = ®K'XdC¢
+3 +3
for any (complex valued) Holder continuous vector ®, X (see [13, p.13]).

3. COMPLETENESS THEOREMS IN LP NORM

From now on, we assume that R? \ € is connected.

Let us denote by {w;} (k € N) a complete system of polynomial solutions of the equation
Evu = 0. This means that any polynomial solution of the equation Eu = 0 can be written as
a finite linear combination of elements of {wy}. A method for the explicit construction of the
system {wy, } is given in [2].

Let us denote by X1,..., X a base of the eigenspace related to the equation (2.8). It is well
known that these vectors are Holder continuous.

Letl < p<ooand

Ap:{G:(gl,...,gm)e[Lp(E)}m‘ G X dC =0, h:1,...,s}.

+3

We remark that (g1, ..., g ) are real valued functions.
Let us denote by K* : [L9(X)]™ — [LY(X)]™ (¢ = p/(p — 1)) the operator defined by

/GK*Fds:/FKGds.
N b

Recalling (2.9), we have
/ FKGds = / FKGCdC
b +3

= | GK.(ZF)d¢ = / G K. (ZF)(ds
+3 )

and then K*F = { K/ (ZF). This shows that (X1, ..., (X, are (complex valued) eigensolutions
of the equation K*F = 0. Since the operator K* maps real vectors to real vectors, we have
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that Re(¢ X;) and Tm(¢ X ;) are (not necessarily linearly independent) real eigensolutions of the
equation K*= = 0 and that the kernel Ker(K*) is spanned by

{Re((X1), Im(CX1), ..., Re(¢X,), Im((X,)}
We note that A? is the annihilator of the kernel of K*:
(3.10) AP = tKer(K*).
This follows from the remark that if G € AP, we have

OAEGthC/ZGXhéds/EGRe(C.Xh)ds+i/EGHm(C'Xh)dS

and then
/ G Re((Xy)ds = / GIm((Xp)ds=0 (h=1,...,s).
2 b))

We remark that K* has the following expression

. m m j 2m 1-h—k
KkF(Z):_;hz::o by, (2 ]Im/ xw—l—y)dw
m m L ; ' w2m—1—h—k
(3.11) 220w Re/zbh“) B [ T —gara =

m m—1m—1—s ) 82m72—s
AN S [ B OB g P~ Odsc

Note that we have also used the property P(z — () = P(¢ — z) (see [1, p.189]).
Let us consider the system {Twy,} = {(Thwg, - .., Tmwsk)}. Itis clear that it is contained in AP.
We aim to show that it is complete in AP. Let us begin with a couple of lemmas.

Lemma 3.1. Let

(§w +n)*(zw + y)*
(312) pk,s(ZaC) pk,s(xayvgvn) [H" L(UJ)
where k € N, s € Z. The function py, , is homogeneous of degree k + s. For any fixed z € C, py s is a
homogeneous polynomial of degree k in £, n and is a solution of the equation E¢py, s = 0. For any fixed
¢ € C, py s is a homogeneous function (a homogeneous polynomial, if s > 0) of degree s in x, y and is a
solution of the equation E.py s = 0.

dw,

Proof. Clearly py. s(Ax, Ay, A&, An) = NeFspp ((2,9,&,m) (A > 0). It is obvious that, for any fixed
z € C, pi,s is a homogeneous polynomial of degree k in £, 7). Therefore, if k& < 2m — 1, it satisfies
the equation E¢py s = 0. Let k£ > 2m. We have

= 9% /<5w+n>k<xw+y>s

Eg“pk,s:zah T dw
= ogtmThon L(w)

= Z apk(k—1)---(k—2m +1) /+F (Ew + 77)’“—2”;(5;1; + y)swzm_h "

=k(k—=1)---(k—2m+1) Ar(gw + )72 (zw 4 y)* dw

The holomorphy of (£ - +1)*=2™(z - +y)* in the interior of I" gives the result.
A similar argument works for a fixed (. O
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Lemma 3.2. There exists R > 0 such that, for any |z| > R, we have

1 P& (2m — 2\ (—1)
(3-13) P(Z—C) ZQO(»%C)*' m}; jz::O ( j >(h)Repj+h,2m—2—j—h(Z7C)

uniformly for ¢ varying on ¥, where qq is, for any fixed z € C, a polynomial of degree at most 2m — 2
in &, n (and then satisfies Ecqo = 0). The series (3.13) can be differentiated with respect to &, n) term by
term and the differentiated series converge uniformly for ¢ varying on X.

Proof. We first prove that there exists R > 0 such that

w+n

14
(3.14) po——

<

for any |z| > R, { € ¥, w € I'. Let us consider the function

Y(u,v,9) = v/(ucos 9 + sind)2 + v2 cos? 9

and set

m = 1min u, v, M = max w, v, ).
196[0’27‘—] 11[}( b 9 ), 196[0’277] w( ) ) )
utivel u+ivel

It is easy to see that m > 0. Then we can write

§w+n
TWw + Y

MK

<

m 2]

Choosing

we have that (3.14) is satisfied for any |z| > R. If |2| > Rand ( € £, w € T', we have

log[(z — §)w + (y —n)] = log[(zw +y) — (§w + )]
= log [(:cw +y) <1 - W)}

W+ Y
= log(zw + y) + log (1— w),
Tw + Yy

w+n
Tw+y

y) is chosen so that this formula holds. Therefore, fixed |z| > R,

where we take the principal determination of log (1 - ) and the determination of log(zw+

% h
log[(z — &)w + (y — n)] = log(zw + ) — Z% <€w+77>

P Tw+Yy
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where, thanks to (3.14), the series uniformly converges for ¢ € ¥, w € I'. Then
/ [(z = Qu+ (y—n)PPr?logl(z —Qu+ y—n)] ,
+T L(w)

/ [(z = Qu+ (y =) ?loglew +y)
L(w)

N
1 [ (@ = Ow+(y—n)PPm? (ew+n)\"
_};hAF L(w) (xw+y> dw

[ lemgurao P egen ),
+T L(w)

- oo 2m—2 2 — 1)] (£w+n)j+h(xw+y)2m72fj7h "
2 2 "5, L(w) -

We have then proved (3.13), where
1 / [(z = w+ (y —m)]*" " log(zw + y)
2m2(2m —2)! [, L(w)
which is clearly a polynomial in , 7 of degree at most 2m — 2.
In the same manner, we can see the uniform convergence of differentiated series. O

QO(Z7C) = —Re

dw ,

Theorem 3.2. The system {Twy} is complete in AP (1 < p < oo).

Proof. We have to show that, if a functional © € ([LP(X)]™)* vanishes on {Twy}, i.e. if
(©,Twy) =0, VkeN,

then it vanishes on A?:
(©,G) =0, VGeA”.

Let 1 < p < co and suppose that © = (01,...,0,,) € [LI(X)]™ is such that

(3.15) / OTwrds =0, VkeN.
b

Let us denote by wy 1, . ..,ws,., a basis of the (real) linear span generated by all the homoge-
neous real polynomials of degree k satisfying the equation Fu = 0 (see [2, p.34-35]). Since for
any z € C, the polynomials (3.12) are homogeneous and satisfy the equation Fu = 0, Lemma
3.2 shows that there exist real functions ¢ ;(z) such that, for any |z| > R,

oo
E ,E :Ck,J z) wi,j (¢

k=0 j=1

uniformly for ( € ¥. The same holds for differentiated series. Then, for any |z| > R, we can

write
o0 Vi

/ @ T(P(Z - dSC chﬂ / @ ka J dSC
k=0 j=1
In view of (3.15), we have
u(z) =0

for any |z| > R, where
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The function u being analytic in C \ X, we find
u(z) =0, VzeC\Q
Then we can write

. om
/E@j(g) th(C) WP(Z —()ds¢

hE
M=

0

.
Il
—

+ 0;(Q)TjcP(z —C)dsc =0

NE
o i

.
I
-

for any z € C\ Q. This implies

m m 8m7 1 am

Z Z /2 0;(0)03(¢) Dxm—1—kgyk agmfhanhfp(z = Q)ds¢

j=1h=0

m - 6m71
+Z/E@j(C)Tj,<m7’(z—C)d8<:0, k=0,...,m—1
Jj=1

forany z € C\ €, ie.

” m.om ) 82m—1
Com3sy [ 8508 g P — s
m m—1m—1—s i 8’”_1_5 am_l
+> Z - OO O g g T~ s

for any z € C\ Q. Applying (2.4), we get

m m 1 i w2m—1—h—k
. ; f; 5-9(2) b}, (2) Im T GuTd) dw
m.om 1 ) me—l—h—k
— 0,(C) b] d
REpRE e 050 || rrrm g™

m m—1m—1—s
. a2m—2—s
+ Z Z / 6](4) bg,m—l—s(c) 8§2m_2_s_i_k6ni+kp(z - C)dsC = 07

k=0,..,m—1,a.e. onX. Comparing this formula with (3.11), we see that this system coincides
with K*© = 0, i.e. © belongs to Ker(K*). Recalling (3.10) we have

/@Gds:O
b

for any G € AP. This completes the proof when 1 < p < co.
If p = 1, we observe that if © € [L>(X)]™, then © € [L*(X)]™ for any s > 1. Then we can
repeat the proof. O
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4. COMPLETENESS THEOREMS IN C° NORM

In this section, we prove that the completeness property obtained in the previous section is
also valid in the uniform norm. Namely, we want to prove the completeness in the space

Aoz{G:(gl,...,gm)e[Co(E)]m’ G X, d¢ =0, h:l,...,s}.

+Z

Theorem 4.3. The system {Twy} is complete in A°.
Proof. We have to show that, if a functional in © € ([C°(X)]™)* vanishes on {Tw;}, i.e. if
(4.16) (0,Twg) =0, YkeN,

then it vanishes on A°:
(©,G) =0, VG e

It is well known that a functional © € ([C°(X)]™)* can be represented as © = (u',...,u™),
where 1/ are Borel measures defined on X. Therefore conditions (4.16) can be written as

(4.17) Z/ Tjwpdy’ =0, VEkeN.
j=17%
The same arguments used in the first part of the proof of Theorem 3.2 lead to
> [ TP dul =0
j=1"%

for any z € C\ Q. This implies

. 8m71 am .
J _ J
L bh(é) axm_l_kayk agm_hanhp(z C) d:u“C

M
NE

<
Il
-
>
Il

0

- m—1 .
+ /T aip(zfodlué:o? k=0,....m-1
3

FAS 83?7”_1_k8yk

IR

Il
—

j
forany z € C\ Q, i.e.

82m71

"I [ B0 g G~ O

=1 h=0

m m—1m—1—s 8’”‘1‘5 8m_1

T Z Z Z /E bg,mflfs(g) dEm—1=s—igni zm—1-kQyk P(z =) dﬂé

j=1 s=0 =0
=0, k=0,....m—1

for any z € C \ Q. Let us introduce a family of “parallel curves” 3,. Let us denote by 7(z) a
unit vector of class C1(2) such that 7(2) - v(2) = By > 0, v being the exterior unit normal to X.
We can choose ¢ > 0 in such a way that the curve X, defined by z, = z + ¢7(2), z € %, is the
boundary of a domain containing 2 (contained in Q) if 0 < ¢ < go (if —go < ¢ < 0). One can
prove that if ¥ € C! such a vector does exist (see [9, p.273-275]). For 0 < ¢ < go and for any
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fe € HX) (k=0,...,m— 1), we may write
a2m—1

i (20) [ZZ/ b7, (¢ a€2m—1—h—k8nh+kp(zg_c) d,ué

e j=1h=0

m m—1m—1—s
82m7275 .
2> > / on-1-+) ggmmasirgyrr P2 — ) dit | dsz, = 0.

Due to the weak singularity of the kernel, we have that

] 82m 2—s .
lim / fk %o dszg/ i,m—1— s(C)aggm,Q,S,i,kanH,kP(z_C) dﬂ%

0—0+

(4.18)

82m7275
v/ ¢)d - , —()ds,.
/ t,m—1— 3 MC/ fk 8527”—2—s—z—k8nl+klp(z C) §

Concerning the first term in (4.18), we may write

. 82m 1 .
[ s, [ W00 g P~ O dud

j j an 1
= /Z bh(C) d,ug Lg fk(zg) 6€2m_1_h_kanh+kp(zg - C)dszg

and
an— 1

/Eg fr(2o) a§2m717h7kanh+k7)(29 —()ds.,

a?m—l
5, Ji(z) 3§2m—1—h—kanh+kp(ze — () dsz,

62m—1
- [ 5O g g P o) s

an—l
+/Efk(z) 3€2m717h71¢3nh+k7}(z —(-0)ds:.

By means of the results proved in [6] (see also [3, p.58-60]) and recalling (2.3), we see that

anfl

o </29 filze) 8§2m717h7k577h+k7)(39 = ()dsz,

o—0t

82177, 1
_/Efk(z) 8§2m—1—h—k6nh+kp(2 - 49)d52> =0

2m—1
i, | ) gzt Pz — () ds.

and

0—0+ a§2m 17h7k877h+k:
. 6277'7,—1
- gli%h / fi(z 3£2m—1—h—kanh+k7)(§fg —z)ds.

w2m—1—h—k

== 5O 2! /+r L(w) o)

) ,w2m 1—-h—k
_WRG/ka(Z)dSZ/JrF L(w) [(g_g;)w+(n—y)]dw
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uniformly for ¢ varying on X. So, letting ¢ — 07 in (4.18) and keeping in mind (2.5), we get

419 K. fdu =
(@.19) ;LngO

forany f = (fo,..., fm—-1) € [H(X)]™. Thanks to Theorem 2.1 the operator K can be reduced
on the left (and on the right). This means that there exists a singular integral operator S of the
form

9(©)

n(—2

&@=cwma+?maﬂ dc

Uy

such that
K&x@:gw>+/’fuaog«ma

+3
where R(z,¢) = {R;x(2,¢)} is a kernel with a weak singularity. Taking f = Sg in (4.19), we
find

> [ K Sgdw =0, VgelHE)"
i—1
ie.,
Z&WHZLMﬁﬁmeMﬂ,wwmw
j=1 jk=1

By Tonelli and Fubini’s theorems, we get

m

ZA%WZ—ZLJ%WA&W@WLvﬁmﬁw

jik=1

This shows that ;7 are absolutely continuous measures and their Radon Nykodym derivatives
with respect to the one-dimensional Lebesgue measure on ¥ belong to L"(X) for some r > 1.
In other words, there exist ©7 € L"(X) (r > 1) such that

dp/ = @%ds (07 € L"(X)).

Conditions (4.17) become

Z/Tjkajds:O, VEkeN.
j=1"%

But this coincides with (3.15) and the result follows from what we have proved in Theorem
3.2. ([l
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