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A New Application of Miller and Mocanu Lemma

Neslihan UYANIK!

ABSTRACT: In this paper, we discuss a new application of Miller and Mocanu lemma (Miller and Mocanu,
1978) for f(Z) concerned with the classes R (oc, p) and P(a, r).
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INTRODUCTION
Let A be the class of normalized functions £ (z)

( f'(0)-1= f(0) =0 ), which are analytic in the open

unit disk U= {Z € (C:|z| <] } given by the power series:

f(z)=Z+ZanZ" (1
n=2
Let R (a, p) be the subclass of A consisting of

functions f (Z) which satisfy

<(I-a)p (z€U) )

1o,
z

for some real ¢ (0 <o <7)and p >0.

Further, let P(a, p) denote the subclass of 4

consisting of all functions f (Z) satisfying

/' @)-1]<-a)p @€V 3

for some real a(g <o <]) and P >0.

Singh and Singh (Singh and Singh, 1982) have
considered some properties for the class P (0,]).
Further, Mocanu (Mocanu, 1988) and Nunokawa, Owa,

Polatoglu, Caglar and Duman (Nunokawa et al., 2010)

have discussed some problems concerned with the class

P (o, p) with (—a) p 2%‘

MATERIAL AND METHOD

In order to discuss our problem, we have to recall

here the following lemma as a result of Miller and

280

Mocanu (Miller and Mocanu, 1978) (also a result of
Jack (Jack, 1971)).

Lemma 2.1 Let w(z) be analytic in U with

w(0)= 0. If there exists a point z, €U such that

max|w(@)| =|w(z, )| (4)
zézo

then we can write

Z()W,(Zo):kw(zo)’ )

where k isreal and k > 1.

In the present paper, we discuss a new application

of Lemma 2.1 for f (z) concerned with the classes

R (0" P) and P (oc, p) .

Let f (Z) €A . If there exists some convex

function g(z)e A such that

Re[ggg} >a (2€l)

for some real ¢, (0 <o < 1), then we say that £ (Z)

is close-to-convex of order O in U.

RESULTS AND DISCUSSION

First application of Lemma 2.1 is included in

following theorem.

Theorem 3.1 If f(z) €4 satisfies

zl) (6

fG)) . 1+(-a)p
Re(Zf’(Z)] 1+2(-a)p

for some real a(OSa <]) and p 2@}
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then £(z) €R (., p).

Proof Let us consider yy( ) defined by

@ —1+(I-a)w() (eY) 1)

for 7(z) e A satisfying the condition (6). Then

I+(]—0c)w(z)

A New Application of Miller and Mocanu Lemma

we see that

S@) _ 1+ (-a)nlz)

7'G) 1+(1—oc)W(Z){”Z::(§Z))) ®)

that is, that

- I+(]—a)p

Re (%} “Re

w(z)

for (z€U). Because W( Z) is analytic in U with

W(O) = (), we suppose that there exists a point Z, €U

such that

1
1 >_ 0000 .
with p 2 Z(I—OL)

Then Lemma 2.1 gives us that w(z,)=pe”

max [w(z)| =[wlz,)|=p

‘Z‘S‘ZO‘

and z,w (ZO)ZkW(Z,,) (k 2]).

Therefore, we have that

o) Mmool

(10)
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, ©)
I+(1—oc)W(Z)(1+ZW (Z)j 1+2(-o)p

_ 1+(-0)’p’(+k)+(—a)p(2+k)cosd
I+(I—oc)2p2(l+k)2+ 2(]—0()p(]+k)cos9

- I+(-a)p
I+ (-o)p( +k)

< ]+(I—0L)p
1+2(-a)p

=

This contradicts our condition (6) of the theorem.

Therefore, we see that there isn’t z, € U such

that |w(z ) )| = p- This means that |W(Z)| <p (z€l)

Thus we conclude that
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‘M_z‘:(z_a)|w(z)|<(z_a)p (),
z

that is, that f{z) € R(a., p).

Theorem 3.2 If f(z) € A satisfies

75

_1+20-a)p
1+ (- a)p

z€l) (11

1+(1-0) pw(z)[] = (EZ))

1
, then f(z)
-

for some o, () < o0 <) and p Zl

€ P (o, p).

Proof Defining the function w(z) by (7), we

have that

j _1+2(-a)p

e (i((;))]

for zEU. If we suppose that there exists a point

I+(—a)pw(z)

z, € U such that

max |W(Z)| |W (Zo)|

ESEA

o)

then we can write that w(zo)zpeie and

zZ,W (Zo):kW(Zo) (k > 1). This shows that

o

(13)

_1+(-a)p’(+k)+(1-0)p (2 +k)cos®
1+(1-a)’p? +2(1-a)p cosO

o 1+(-0)p(+k)
= 1+(I-a)p

282

I+(— o) p (12)

J1+2(-a)p (PLJ,

" 1+(I-a)p I-a

which contradicts the condition (] ]). Therefore,

1
I—o

there isn’t z&U such that |W(Zo )| =p=2

Thus we see that

z
1|~ (-a)w@)] <(-0)p e,
that is, that f{z)&R (o, p).
Example 3.1 Let us consider the function f (Z)
given by

fe@)=z+U-a)p 27 (z€0) (14)

for some ¢ (0< o <1) and p 2] . Then we

—Q

have that, for z = e’ s
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/()

Thus / (Z) satisfies the condition (1 1) and that

‘M_]‘z(]_(x)p|z|<([—ot)p (2€U)

' _ i0 _
Re 7 (z) e 1+2(1 oc)p?e Z]+2 (- ) p s
1+(-a)re I+ -a)p
7 )
-1|<p zeY (18)
/6) Ger)
Proof Let define the function w(z) by
(16)

A (Z) =1+w(z). (19)

Therefore, f (z) given by (] 4) belongs to the class

R(a, p).

f()

Then w(z) is analytic in Y with W(O)ZO. It

We give a condition for starlikeness of functions

flz)EA.

Theorem 3.3 If f{z)&A satisfies

()

1+

Re f(Z) <[+

' (2)
f@)

for some P =~ 0, then
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follows from (1 9) that

#@) .,
I 0 1+ w( )+]+W(Z) (20)
so that
p _— ] Zf(z) ,
2(1+p) =5 1D " f(z) T (2) ' 1)
#() (+w(z)y
/)
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Thus we see that

475? )

S el 2 €) Ly, P

ke o (2) : {] (1+w(z))2} ! 2(+p) (22)
/()

1+

for zeU.

Suppose that there exists a point z EU such that

max|W(Z)| :|W(Zo)| =p (p>0).

‘z‘s‘zo‘

Then, Lemma 2.1 shows that W(Zo) =pe’and z,w' (z,)=kw(z,) (k > I)- This implies that
I+ 72”]?” =) o
Reﬂ]ge{prkp—e}] kp

; 4y
z,f (z,) (]+ pe® )2 2(p +cos 0)
f(z)
kp ,
>1+ ] \z
2(1+p) ;Tg))—l‘ =‘w(z)‘ <p (&)
Sy P (p - 0) Theorem 3.4 Let f(z) & A. If there exists some
2(1+p)

convex function g(z) € 4 such that

This contradicts the condition (] 7) of the theorem.

Thus |W(Z)|< p for zEU. This means that
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Zf”(z)_zg”(z) < (I—oc)p L
Re[f’(z) gl(Z)j 1+(]—(x)p (=U) (23)

; Proof Let the function w(z) be defined by
for some real g () <o <7) and P Zm ,

then

f'(z): +(/-a)wlz 7e
0 1+ (I-a)w(z) (z€U) (25)

< (1 —OL) [ z€l)  (24) Then w(z) is analytic in U and w(0)=0. This

f@)_
g'(z) !

implies that

EACIEIO)NN (z-a)zw'(z)]< (-a)p
i [f'(Z) g’(Z)J K [1+(J—a)wg) I+(-a)p (26)

' > 1L (e ) = o1 ,
S0 0zt 02 i @bl (2

If there exists a point zEU such that A
then we can write that w(z,)=pe”® and

z()w’ (Zo):kW(Zo) (k 21), Thus we see that

Re[ Zj’f'éz(ozs)_ ZOgg"(/z(ozg )J ﬂe[%} @
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which contradicts our condition (2 3). This implies
. (1—a)pk

1 +(I-a)p that there isn’t such a point z €U and that ’w(z)| <p

(z€U). Therefore, we obtain that

. _(1=a)p

I+(] a)p’

£,
0

<(-o)w)| <(-a)p  C<V) 2

Thus, the proof of the theorem is completed.

(z
Example 3.2 Let us consider f{z) € 4 and some fg g =+
z
convex function g(z) € A4 such that &

Then we have that

FE 56+

y4
<\/§—1 el).
\/§+zj (z€l)

Further, we see that For close-to-convex functions, Singh and Singh

(Singh and Singh, 1982) have shown that if f(z) € 4

1

/ (Z )_ 1< ﬁ (z€l), satisfies |zf ’ (21 <l (z€0), then

g'(z)

that is, that £(z) is close-to-convex of order

f@)-1]<1 eV,
]—L in U.

V2
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which means that £(z) is close-to-convex in Y.

Further, Nunokawa (Nunokawa, 1993) has proved that if

flz) € A satisfies |f(z)| <1 (z€U), then 7(z) is

univalent in .

We apply our new application for such problems.

Theorem 3.5 If f(z)EA satisfies

7' )| <(1-a)p @V (29)
for some real (0 < o <7) and P >0, then
‘f (Z)_]‘ < (]—(X )p (z€U). (30)

‘Zof” (Zo)‘ Z(]—a)‘zow' (Zo)‘ :(I_Q)kp 2 (I—Ot)p,

which contradicts the inequality (2 9),

Thus we say that there is no such a point z,&U.
This means that |w(z)| <p (z€0), thatis

£ @)1 =(-a)w)] < (1-a)p

(2€U) (33)

If we take p =1 in Theorem 3.5, then we have

Remark 3.1 Corollary 4.5 is the generalization of
the results by Singh and Singh (Singh and Singh, 1982)
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Proof Define the function w(z) by

' @)=1+1-a)w(z) z€U). (31)
Then W(Z) is analytic in U and W(O): 0. Let us
suppose that there exists a point ZOEU such that

max |W(Z)| |W(Zo)|

z‘< 20‘

w(2)

zZW (ZO) = kw(zo) (k > 1) by Lemma 2.1. This gives

then satisfies and

w(z,)=pe”

us that

(32)

and Nunokawa (Nunokawa, 1993) .

Example 3.3 Let define the function f{z) by

f(z) - +( ;)P 2
It follows that

2" @) =-)pl| <-a)p  (z€D).
Thus f (Z) satisfies the inequality (29) of

Theorem 3.5.

Further, f (z) satisfies
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f'(2)-1]=(I-0)plz| <(-a)p @),
which is the inequality (30).
Remark 3.2 If () < (]—q) p <7 in Theorem 3.5,

then the inequality (3 0) shows that

|argf,(z)| <sin71(1—0t)p (z€).

CONCLUSIONS

Corollary 4.1 If f(z) € 4 satisfies

(z€l) (34)

R{ f(Z)j> I+p

zf (z) 1+2p
1
for some p > E, then f(z)ER(a, p).

Corollary 4.2 If f{z)&EA. satisfies

1+2p
I+p

(z€l) (35)

R[;ﬁ | ((ZZ))}

for some p > ] then f{z) € P(8, p).

Corollary 4.3 If f(z) € A satisfies

PREALS)
@) _ 5-3
Re g <
7@ | 22-0)  gev) 3o

1)

for some real o (0 <a<] ), then

288

')
o

This implies that f(z) is starlike of order O in U

<l-a (z€l) 37)

so that f (Z) es *(a)-

Corollary 4.4 Let f(z)&EA. If there exists some

convex function g(z)&A4 such that

J#@) 2\ 5,
R(f'(Z) g'<z>j vI-1 @0, 69

then
/) 1
Ll <— z€l)). (39)
gl) | 2

This implies that £(z) is close-to-convex of order

11— L and that
V2
b (Z)J n
arg| — <= (z€l). (40)
( gi) 4

Corollary 4.5 If f{z) © 4 satisfies

|Zf” (Z)| <l-a (z€l). (41)

for some real o (0 < o <7), then

|f’(Z)_1| <l—0 (z€U) (42)
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which means that f (Z) is close-to-convex of order

o inU.

Corollary 4.6 If f(z) € A satisfies the inequality

1
(29)With 0< o<] and 0<p§1—,thenwe
bl 0.4

have
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