
ABSTRACT: This article studies the dynamics of thirring optical solitons. Jacobi elliptic functions is considered 
for exact solutions and nonlinearship is described by Kerr law. As a result, the singular solutions with Dark and 
Bright optical solitons are obtained.     
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ÖZET: Bu makalede Thirring optikal solitonların dinamiği çalışıldı. Tam çözümler için Jacobi eliptik fonksiyonlar 
düşünüldü ve lineer olmayanlık Kerr law ile tanımlandı. Sonuçta, Dark ve Bright optikal solitonlar ile tekil çözümler 
elde edildi
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MATHEMATICAL ANALYSIS

The dynamics of thirring solitons is governed by 
coupled nonlinear Schrödinger equations (CNLSE) and 

is given by (Guzman et al., 2015)    

 

2 

 

attenuation and change in shapes. In 1971, Zhakarov and Shabat were the first to show 22 

the nonlinear Schrödinger equation (NLSE) which describes propagation in a fiber by 23 

the inverse scattering theory (Zakharov and Shabat, 1972; Tang et al., 2014; Agrawal et 24 

al., 2015; Krishnan et al., 2015; Sardar et al., 2016). The NLSE that gives the phase 25 

shift of the wave used to model wave packets in diverse fields of science such as 26 

hydrodynamics, nonlinear optics, nonlinear acoustic, plasma waves and bio-molecular 27 

dynamics (Kivshar and Agrawal, 2003). In later years, many scientists interested in 28 

Dark and Bright optical solitons (Tang et al., 2014; Agrawal et al., 2015). 29 

In section 2 of this study, we will consider the dynamics of  Thirring optical soliton is 30 

studied with Jacobi elliptic function.  31 

MATHEMATICAL ANALYSIS 32 

The dynamics of thirring solitons is governed by coupled nonlinear Schrödinger 33 

equations (CNLSE) and is given by (Guzman et al., 2015) 34 

               𝑖𝑖  𝜓𝜓𝑡𝑡 + 𝑎𝑎1  𝜓𝜓𝑥𝑥𝑥𝑥 + 𝑏𝑏1 𝜓𝜓𝑥𝑥𝑡𝑡 + 𝑐𝑐1|𝜇𝜇|2 𝜓𝜓 = 0                                          (1) 35 

                𝑖𝑖𝜇𝜇𝑡𝑡 + 𝑎𝑎2𝜇𝜇𝑥𝑥𝑥𝑥 + 𝑏𝑏2𝜇𝜇𝑥𝑥𝑡𝑡 + 𝑐𝑐2| 𝜓𝜓|2𝜇𝜇 = 0                                           (2) 36 

From Eqs.(1)-(2), 37 

        𝜓𝜓(𝑥𝑥,𝑡𝑡) = Ҏ1(𝑥𝑥,𝑡𝑡)𝑒𝑒𝑖𝑖∅1                                                         (3) 38 

          𝜇𝜇(𝑥𝑥, 𝑡𝑡) = Ҏ2(𝑥𝑥, 𝑡𝑡)𝑒𝑒𝑖𝑖∅2.                                                        (4) 39 

 40 

This, ∅𝑖𝑖 for 𝑖𝑖 = 1,2 as  41 

                         ∅𝑖𝑖(𝑥𝑥, 𝑡𝑡) = −𝑘𝑘𝑖𝑖𝑥𝑥 + 𝑤𝑤𝑖𝑖𝑡𝑡+ 𝜃𝜃𝑖𝑖                                              (5) 42 
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where k is the soliton frequency, w is the soliton 
wave number and θ is the phase constant. Substituting 

(3) and (4) into (1) and (2) and equating the real and 
imaginary parts yields. The real parts   
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𝜕𝜕2Ҏ𝑖𝑖
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INTRODUCTION

Solitary waves that are nonlinear waves, arise from 
a balance between nonlinear transmission and scattering 
terms. The discovery of solitons dates back to 1834 
(Kivshar and Agrawal, 2003; Biswas, 2009; Sassaman 
and Biswas, 2010; Biswas, 2010; Biswas et al., 2013; 
Mirzazadeh et al., 2015). The discovery of optical 
solitons that are dates back to 1971. Optical solitons 
are interesting subject in optical fiber communication 
because of their capability of propagation over long 
distance without attenuation and change in shapes. 
In 1971, Zhakarov and Shabat were the first to show 
the nonlinear Schrödinger equation (NLSE) which 

describes propagation in a fiber by the inverse scattering 
theory (Zakharov and Shabat, 1972; Tang et al., 2014; 
Agrawal et al., 2015; Krishnan et al., 2015; Sardar et 
al., 2016). The NLSE that gives the phase shift of the 
wave used to model wave packets in diverse fields 
of science such as hydrodynamics, nonlinear optics, 
nonlinear acoustic, plasma waves and bio-molecular 
dynamics (Kivshar and Agrawal, 2003). In later years, 
many scientists interested in Dark and Bright optical 
solitons (Tang et al., 2014; Agrawal et al., 2015).

In section 2 of this study, we will consider the 
dynamics of  Thirring optical soliton is studied with 
Jacobi elliptic function. 
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parts yields. The real parts  45 

       𝑎𝑎𝑖𝑖
𝜕𝜕2Ҏ𝑖𝑖
𝜕𝜕𝑥𝑥2 + 𝑏𝑏𝑖𝑖

𝜕𝜕2Ҏ𝑖𝑖
𝜕𝜕𝑥𝑥𝜕𝜕𝜕𝜕 + (𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 −𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘2)Ҏ𝑖𝑖 + 𝑐𝑐𝑖𝑖Ҏ𝑖𝑖Ҏ𝑗𝑗2 = 0                      (6) 46 

where 𝑗𝑗 = 3− 𝑖𝑖 and imaginary parts 47 

         (1− 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖)
𝜕𝜕Ҏ𝑖𝑖
𝜕𝜕𝜕𝜕 + (𝑤𝑤𝑖𝑖𝑏𝑏𝑖𝑖 − 2𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖)

𝜕𝜕Ҏ𝑖𝑖
𝜕𝜕𝑥𝑥 = 0.                                  (7) 48 

Ҏ is follows  49 

       Ҏ(𝑥𝑥,𝑡𝑡) = 𝑔𝑔(𝑥𝑥− 𝑣𝑣𝑡𝑡)                                                 (8)  50 

where 𝑣𝑣 is the velocity, 𝑔𝑔 is the functional form of the wave profile. Thus from real and 51 

imaginary parts obtained 𝑣𝑣. Thus (7) lead to  52 

                                           𝑣𝑣 = 𝑤𝑤𝑖𝑖𝑏𝑏𝑖𝑖−2𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖
1−𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖

.                                                       (9) 53 

From equation (9), 54 

                                            𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖 ≠ 1                                                              (10) 55 

and 56 

            (1− 𝑏𝑏2𝑘𝑘2)(𝑤𝑤1𝑏𝑏1 − 2𝑎𝑎1𝑘𝑘1) = (1− 𝑏𝑏1𝑘𝑘1)(𝑤𝑤2𝑏𝑏2 − 2𝑎𝑎2𝑘𝑘2).                  (11) 57 

Hence, the cNLSE will be considered for the following cases of Kerr law.  58 

Dark Optical Solitons 59 

We suppose that Ҏ1 and Ҏ2  are as  60 

                Ҏ1(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠𝑝𝑝1(𝛿𝛿, 𝑙𝑙)                                        (12) 61 

                           Ҏ2(𝑥𝑥,𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑠𝑠𝑝𝑝2(𝛿𝛿, 𝑙𝑙)                                       (13) 62 
                                                                   (13)

with

 

4 

 

with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

                                                                    (14)

where A is the amplitude, B is the inverse width 
of the soliton and l is the modulus of jacobi elliptic 

function. Substituting (12) and (13) equations into 
(6) yields  
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                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 
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In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 
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and  72 
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.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 
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3 

 

where 𝑘𝑘 is the soliton frequency, 𝑤𝑤 is the soliton wave number and 𝜃𝜃  is the phase 43 

constant. Substituting (3) and (4) into (1) and (2) and equating the real and imaginary 44 

parts yields. The real parts  45 

       𝑎𝑎𝑖𝑖
𝜕𝜕2Ҏ𝑖𝑖
𝜕𝜕𝑥𝑥2 + 𝑏𝑏𝑖𝑖

𝜕𝜕2Ҏ𝑖𝑖
𝜕𝜕𝑥𝑥𝜕𝜕𝜕𝜕 + (𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 −𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘2)Ҏ𝑖𝑖 + 𝑐𝑐𝑖𝑖Ҏ𝑖𝑖Ҏ𝑗𝑗2 = 0                      (6) 46 

where 𝑗𝑗 = 3− 𝑖𝑖 and imaginary parts 47 

         (1− 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖)
𝜕𝜕Ҏ𝑖𝑖
𝜕𝜕𝜕𝜕 + (𝑤𝑤𝑖𝑖𝑏𝑏𝑖𝑖 − 2𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖)

𝜕𝜕Ҏ𝑖𝑖
𝜕𝜕𝑥𝑥 = 0.                                  (7) 48 

Ҏ is follows  49 

       Ҏ(𝑥𝑥,𝑡𝑡) = 𝑔𝑔(𝑥𝑥− 𝑣𝑣𝑡𝑡)                                                 (8)  50 

where 𝑣𝑣 is the velocity, 𝑔𝑔 is the functional form of the wave profile. Thus from real and 51 

imaginary parts obtained 𝑣𝑣. Thus (7) lead to  52 

                                           𝑣𝑣 = 𝑤𝑤𝑖𝑖𝑏𝑏𝑖𝑖−2𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖
1−𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖

.                                                       (9) 53 

From equation (9), 54 

                                            𝑘𝑘𝑖𝑖𝑏𝑏𝑖𝑖 ≠ 1                                                              (10) 55 

and 56 

            (1− 𝑏𝑏2𝑘𝑘2)(𝑤𝑤1𝑏𝑏1 − 2𝑎𝑎1𝑘𝑘1) = (1− 𝑏𝑏1𝑘𝑘1)(𝑤𝑤2𝑏𝑏2 − 2𝑎𝑎2𝑘𝑘2).                  (11) 57 

Hence, the cNLSE will be considered for the following cases of Kerr law.  58 

Dark Optical Solitons 59 

We suppose that Ҏ1 and Ҏ2  are as  60 

                Ҏ1(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠𝑝𝑝1(𝛿𝛿, 𝑙𝑙)                                        (12) 61 

                           Ҏ2(𝑥𝑥,𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑠𝑠𝑝𝑝2(𝛿𝛿, 𝑙𝑙)                                       (13) 62 
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Now, from (15) equating exponent 
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with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

 lead to  

 

4 

 

with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

                                                                                    (16)

In Eq.(15) setting the coefficients of  terms to zero, from (15) we obtain

 

4 

 

with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

                          (17)

and 

 

4 

 

with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

                                              (18)

As a result, solutions of the equation system (1-2) are given as

 

4 

 

with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

                                       (19)
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with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 

                                       (20)

where the relation between the amplitude A and the 
inverse width B is given in (18), the wave number w is 

given by (17). When the modulus 
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      𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 .                                        (50) 134 

Here, while 𝑙𝑙 → 1 from (45) 135 

                            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                            (51) 136 

and  singular solutions are given by 137 

                      𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑐𝑐𝑐𝑐𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                       (52) 138 

                                  𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑐𝑐𝑐𝑐𝑐𝑐ℎ [𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 .                                       (53) 139 

By using (48) equation as 140 

                     𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑏𝑏𝑖𝑖𝑣𝑣 − 2𝑎𝑎𝑖𝑖) < 0.                                          (54) 141 

 142 

CONCLUSIONS 143 

In this article, we investigated Jacobi elliptic function solutions of (1)-(2) equations 144 

system. The Optical soliton solutions are obtained of Eqs.(1)-(2) with Kerr law 145 

nonlinearity of Jacobi elliptic functions. Thus, dark and bright optical solitons and 146 

singular solutions are presented when  𝑙𝑙 → 1. 147 

 148 
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with 63 

                  𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣)                                                 (14) 64 

where 𝐴𝐴 is the amplitude,𝐵𝐵 is the inverse width of the soliton and 𝑙𝑙 is the modulus of 65 

jacobi elliptic function. Substituting (12) and (13) equations into (6) yields 66 

(𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1) −𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)𝑣𝑣)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖−2 + (−𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 

+𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖2(1 + 𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 − 𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖 + (𝑎𝑎𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) 

           −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.                   (15) 67 

Now, from (15) equating exponent (𝑝𝑝𝑖𝑖 + 2, 𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗) lead to   68 

                               𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (16) 69 

In Eq.(15) setting the coefficients of 𝑠𝑠𝑠𝑠 terms to zero, from (15) we obtain 70 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 +𝐵𝐵2(−𝑎𝑎𝑖𝑖(1 + 𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑣𝑣(1 + 𝑙𝑙2))}                 (17) 71 

and  72 

𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙)−2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2
)
1/2

.                                             (18) 73 

As a result, solutions of the equation system (1-2) are given as 74 

             𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (19) 75 

                             𝜇𝜇(𝑥𝑥, 𝑣𝑣) = 𝐴𝐴2𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                        (20) 76 

where the relation between the amplitude 𝐴𝐴 and the inverse width 𝐵𝐵 is given in (18), the 77 

wave number 𝑤𝑤 is given by (17). When the modulus 𝑙𝑙 → 1 in (19) and (20), occurs dark 78 

optical soliton solutions as      79 

           𝜓𝜓(𝑥𝑥,𝑣𝑣) = 𝐴𝐴1𝑣𝑣𝑎𝑎𝑠𝑠ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑣𝑣), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (21) 80 
                                         (21) 

5 

 

𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑡𝑡𝑡𝑡𝑡𝑡ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                         (22) 81 

when 𝑙𝑙 → 1, the wave numbers of the solitons and width are given by  82 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑡𝑡𝑖𝑖𝑘𝑘𝑖𝑖2 + 2𝐵𝐵2(−𝑡𝑡𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)}                                   (23) 83 

and 84 

              𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑎𝑎𝑖𝑖−2𝑏𝑏𝑖𝑖𝑣𝑣
)
1/2

                                                     (24) 85 

, respectively. Also, from (24) Eq. are connected to the following limitations  86 

                               𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑡𝑡𝑖𝑖 − 2𝑏𝑏𝑖𝑖𝑣𝑣) < 0                                                (25) 87 

and          88 

                𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑎𝑎2−𝑏𝑏2𝑣𝑣)

𝑐𝑐2(𝑎𝑎1−𝑏𝑏1𝑣𝑣))
1/2

.                                                  (26) 89 

Bright Optical Solitons 90 

In Eqs.(1)-(2) equations by Kerr law, we suppose that  Ҏ1 and Ҏ2  are as follows 91 

              Ҏ1(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑡𝑡𝑝𝑝1(𝛿𝛿, 𝑙𝑙)                                         (27) 92 

                                     Ҏ2(𝑥𝑥,𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑡𝑡𝑝𝑝2(𝛿𝛿, 𝑙𝑙)                                         (28) 93 

with 94 

                   𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡)                                                 (29) 95 

Substituting (27)-(28) into (6) yields 96 

(−𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)(𝑙𝑙2 − 1) −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)(1− 𝑙𝑙2))𝐴𝐴𝑖𝑖𝐵𝐵2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖−2 

+(𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖(−𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 2𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑣𝑣𝑝𝑝𝑖𝑖2(1− 2𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑡𝑡𝑖𝑖𝑘𝑘𝑖𝑖2 −𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖  

        (−𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖𝑣𝑣𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.         (30)  97 
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where 𝑘𝑘 is the soliton frequency, 𝑤𝑤 is the soliton wave number and 𝜃𝜃  is the phase 43 
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𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑡𝑡𝑡𝑡𝑡𝑡ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                         (22) 81 

when 𝑙𝑙 → 1, the wave numbers of the solitons and width are given by  82 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑡𝑡𝑖𝑖𝑘𝑘𝑖𝑖2 + 2𝐵𝐵2(−𝑡𝑡𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)}                                   (23) 83 

and 84 

              𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑎𝑎𝑖𝑖−2𝑏𝑏𝑖𝑖𝑣𝑣
)
1/2

                                                     (24) 85 

, respectively. Also, from (24) Eq. are connected to the following limitations  86 

                               𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑡𝑡𝑖𝑖 − 2𝑏𝑏𝑖𝑖𝑣𝑣) < 0                                                (25) 87 

and          88 

                𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑎𝑎2−𝑏𝑏2𝑣𝑣)

𝑐𝑐2(𝑎𝑎1−𝑏𝑏1𝑣𝑣))
1/2

.                                                  (26) 89 

Bright Optical Solitons 90 

In Eqs.(1)-(2) equations by Kerr law, we suppose that  Ҏ1 and Ҏ2  are as follows 91 

              Ҏ1(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑡𝑡𝑝𝑝1(𝛿𝛿, 𝑙𝑙)                                         (27) 92 

                                     Ҏ2(𝑥𝑥,𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑡𝑡𝑝𝑝2(𝛿𝛿, 𝑙𝑙)                                         (28) 93 

with 94 

                   𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡)                                                 (29) 95 

Substituting (27)-(28) into (6) yields 96 
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        (−𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖𝑣𝑣𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.         (30)  97 

                                                                     (29)

Substituting (27)-(28) into (6) yields
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𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑡𝑡𝑡𝑡𝑡𝑡ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                         (22) 81 

when 𝑙𝑙 → 1, the wave numbers of the solitons and width are given by  82 

        𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{−𝑡𝑡𝑖𝑖𝑘𝑘𝑖𝑖2 + 2𝐵𝐵2(−𝑡𝑡𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)}                                   (23) 83 

and 84 

              𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑎𝑎𝑖𝑖−2𝑏𝑏𝑖𝑖𝑣𝑣
)
1/2

                                                     (24) 85 

, respectively. Also, from (24) Eq. are connected to the following limitations  86 

                               𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑡𝑡𝑖𝑖 − 2𝑏𝑏𝑖𝑖𝑣𝑣) < 0                                                (25) 87 

and          88 

                𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑎𝑎2−𝑏𝑏2𝑣𝑣)

𝑐𝑐2(𝑎𝑎1−𝑏𝑏1𝑣𝑣))
1/2

.                                                  (26) 89 

Bright Optical Solitons 90 

In Eqs.(1)-(2) equations by Kerr law, we suppose that  Ҏ1 and Ҏ2  are as follows 91 

              Ҏ1(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑡𝑡𝑝𝑝1(𝛿𝛿, 𝑙𝑙)                                         (27) 92 

                                     Ҏ2(𝑥𝑥,𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑡𝑡𝑝𝑝2(𝛿𝛿, 𝑙𝑙)                                         (28) 93 

with 94 

                   𝛿𝛿 = 𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡)                                                 (29) 95 

Substituting (27)-(28) into (6) yields 96 

(−𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)(𝑙𝑙2 − 1) −𝑏𝑏𝑖𝑖𝑣𝑣𝑝𝑝𝑖𝑖(𝑝𝑝𝑖𝑖 − 1)(1− 𝑙𝑙2))𝐴𝐴𝑖𝑖𝐵𝐵2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖−2 

+(𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖(−𝑝𝑝𝑖𝑖 + 𝑙𝑙 − 𝑙𝑙2 + 2𝑝𝑝𝑖𝑖𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑣𝑣𝑝𝑝𝑖𝑖2(1− 2𝑙𝑙2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑡𝑡𝑖𝑖𝑘𝑘𝑖𝑖2 −𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖  

        (−𝑡𝑡𝑖𝑖𝑝𝑝𝑖𝑖𝑙𝑙(1 + 𝑝𝑝𝑖𝑖𝑙𝑙) + 𝑏𝑏𝑖𝑖𝑝𝑝𝑖𝑖𝑣𝑣𝑙𝑙2(1 + 𝑝𝑝𝑖𝑖))𝐴𝐴𝑖𝑖𝐵𝐵2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖+2 + 𝑐𝑐𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑐𝑐𝑡𝑡𝑝𝑝𝑖𝑖+2𝑝𝑝𝑗𝑗 = 0.         (30)  97 
          (30) 

In this last equation, 
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In this last equation, (𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗, 𝑝𝑝𝑖𝑖 + 2) lead to   98 

                𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (32) 99 

Similarly to the Dark optical soliton solutions, from the coefficients of 𝑐𝑐𝑐𝑐   100 

              𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖(𝑙𝑙2 + 𝑙𝑙 − 1) + 𝑏𝑏𝑖𝑖𝑣𝑣(1− 2𝑙𝑙2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                 (33) 101 

and  102 

           𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2−𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙))
1/2

.                                             (34) 103 

Thus, solutions of the equation system (1-2) are given by  104 

                    𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (35) 105 

                          𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                        (36) 106 

From Eqs. (35)-(36),  we obtain following bright optical soliton solutions as the 107 

modulus 𝑙𝑙 → 1      108 

           𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (37) 109 

       𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                         (38) 110 

when 𝑙𝑙 → 1, 𝑤𝑤 and 𝐵𝐵 are given by  111 

             𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖𝑣𝑣)𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                                         (39) 112 

and 113 

             𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

                                                     (40) 114 

, respectively. Also, from (40) Eq. are connected to the following limitations  115 

                     𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑏𝑏𝑖𝑖𝑣𝑣 − 2𝑎𝑎𝑖𝑖) > 0                                                (41) 116 

 lead to  
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In this last equation, (𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗, 𝑝𝑝𝑖𝑖 + 2) lead to   98 

                𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (32) 99 

Similarly to the Dark optical soliton solutions, from the coefficients of 𝑐𝑐𝑐𝑐   100 

              𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖(𝑙𝑙2 + 𝑙𝑙 − 1) + 𝑏𝑏𝑖𝑖𝑣𝑣(1− 2𝑙𝑙2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                 (33) 101 

and  102 

           𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2−𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙))
1/2

.                                             (34) 103 

Thus, solutions of the equation system (1-2) are given by  104 

                    𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (35) 105 

                          𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                        (36) 106 

From Eqs. (35)-(36),  we obtain following bright optical soliton solutions as the 107 

modulus 𝑙𝑙 → 1      108 

           𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (37) 109 

       𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                         (38) 110 

when 𝑙𝑙 → 1, 𝑤𝑤 and 𝐵𝐵 are given by  111 

             𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖𝑣𝑣)𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                                         (39) 112 

and 113 

             𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

                                                     (40) 114 

, respectively. Also, from (40) Eq. are connected to the following limitations  115 

                     𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑏𝑏𝑖𝑖𝑣𝑣 − 2𝑎𝑎𝑖𝑖) > 0                                                (41) 116 

                                                       (32)

Similarly to the Dark optical soliton solutions, from the coefficients of
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In this last equation, (𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗, 𝑝𝑝𝑖𝑖 + 2) lead to   98 

                𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (32) 99 

Similarly to the Dark optical soliton solutions, from the coefficients of 𝑐𝑐𝑐𝑐   100 

              𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖(𝑙𝑙2 + 𝑙𝑙 − 1) + 𝑏𝑏𝑖𝑖𝑣𝑣(1− 2𝑙𝑙2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                 (33) 101 

and  102 

           𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2−𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙))
1/2

.                                             (34) 103 

Thus, solutions of the equation system (1-2) are given by  104 

                    𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (35) 105 

                          𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                        (36) 106 

From Eqs. (35)-(36),  we obtain following bright optical soliton solutions as the 107 

modulus 𝑙𝑙 → 1      108 

           𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (37) 109 

       𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                         (38) 110 

when 𝑙𝑙 → 1, 𝑤𝑤 and 𝐵𝐵 are given by  111 

             𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖𝑣𝑣)𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                                         (39) 112 

and 113 

             𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

                                                     (40) 114 

, respectively. Also, from (40) Eq. are connected to the following limitations  115 

                     𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗2(2𝑏𝑏𝑖𝑖𝑣𝑣 − 2𝑎𝑎𝑖𝑖) > 0                                                (41) 116 

                                (33)

and 
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In this last equation, (𝑝𝑝𝑖𝑖 + 2𝑝𝑝𝑗𝑗, 𝑝𝑝𝑖𝑖 + 2) lead to   98 

                𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (32) 99 

Similarly to the Dark optical soliton solutions, from the coefficients of 𝑐𝑐𝑐𝑐   100 

              𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖(𝑙𝑙2 + 𝑙𝑙 − 1) + 𝑏𝑏𝑖𝑖𝑣𝑣(1− 2𝑙𝑙2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                 (33) 101 

and  102 

           𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣𝑙𝑙2−𝑎𝑎𝑖𝑖𝑙𝑙(1+𝑙𝑙))
1/2

.                                             (34) 103 

Thus, solutions of the equation system (1-2) are given by  104 

                    𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                        (35) 105 

                          𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑐𝑐𝑐𝑐[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2,                                        (36) 106 

From Eqs. (35)-(36),  we obtain following bright optical soliton solutions as the 107 

modulus 𝑙𝑙 → 1      108 

           𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1,                                          (37) 109 

       𝜇𝜇(𝑥𝑥, 𝑡𝑡) = 𝐴𝐴2𝑠𝑠𝑒𝑒𝑐𝑐ℎ[𝐵𝐵(𝑥𝑥 − 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅2 ,                                         (38) 110 

when 𝑙𝑙 → 1, 𝑤𝑤 and 𝐵𝐵 are given by  111 

             𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{(𝑎𝑎𝑖𝑖 − 𝑏𝑏𝑖𝑖𝑣𝑣)𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                                         (39) 112 

and 113 

             𝐵𝐵 = ( −𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2
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(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(−1− 𝑝𝑝𝑖𝑖)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠−2−𝑝𝑝𝑖𝑖 + ((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖2(𝑙𝑙2 − 2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 

−𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖 + (−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(1−𝑝𝑝𝑖𝑖)(1− 𝑙𝑙2)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠2−𝑝𝑝𝑖𝑖  

+𝑠𝑠𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖−2𝑝𝑝𝑗𝑗 = 0. (45)  125 

From this equation is as 126 

                         𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (46) 127 

From coefficients of 𝑠𝑠𝑠𝑠 128 

            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)(𝑙𝑙2 − 2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                         (47) 129 

and  130 

                            𝐵𝐵 = ( 𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

.                                                  (48) 131 

In the same way from 132 

                        𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1 ,                                        (49) 133 

                               .                                                             (44)

Substituting (43) and (44) into (6) yield

 

7 

 

and          117 

               𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑏𝑏2𝑣𝑣−𝑎𝑎2)

𝑐𝑐2(𝑏𝑏1𝑣𝑣−𝑎𝑎1))
1/2

.                                                  (42) 118 

Singular Solutions 119 

Let, in the form   120 

                                       Ҏ1 = 𝐴𝐴1
𝑠𝑠𝑐𝑐𝑝𝑝1 (𝛿𝛿,𝑙𝑙)                                                             (43) 121 

and 122 

                              Ҏ2 = 𝐴𝐴2
𝑠𝑠𝑐𝑐𝑝𝑝2 (𝛿𝛿,𝑙𝑙) .                                                            (44) 123 

Substituting (43) and (44) into (6) yield 124 

(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(−1− 𝑝𝑝𝑖𝑖)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠−2−𝑝𝑝𝑖𝑖 + ((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖2(𝑙𝑙2 − 2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 

−𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖 + (−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(1−𝑝𝑝𝑖𝑖)(1− 𝑙𝑙2)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠2−𝑝𝑝𝑖𝑖  

+𝑠𝑠𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖−2𝑝𝑝𝑗𝑗 = 0. (45)  125 

From this equation is as 126 

                         𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (46) 127 

From coefficients of 𝑠𝑠𝑠𝑠 128 

            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)(𝑙𝑙2 − 2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                         (47) 129 

and  130 

                            𝐵𝐵 = ( 𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

.                                                  (48) 131 

In the same way from 132 

                        𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1 ,                                        (49) 133 

        (45) 
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From this equation is as

 

7 

 

and          117 

               𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑏𝑏2𝑣𝑣−𝑎𝑎2)

𝑐𝑐2(𝑏𝑏1𝑣𝑣−𝑎𝑎1))
1/2

.                                                  (42) 118 

Singular Solutions 119 

Let, in the form   120 

                                       Ҏ1 = 𝐴𝐴1
𝑠𝑠𝑐𝑐𝑝𝑝1 (𝛿𝛿,𝑙𝑙)                                                             (43) 121 

and 122 

                              Ҏ2 = 𝐴𝐴2
𝑠𝑠𝑐𝑐𝑝𝑝2 (𝛿𝛿,𝑙𝑙) .                                                            (44) 123 

Substituting (43) and (44) into (6) yield 124 

(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(−1− 𝑝𝑝𝑖𝑖)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠−2−𝑝𝑝𝑖𝑖 + ((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖2(𝑙𝑙2 − 2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 

−𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖 + (−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(1−𝑝𝑝𝑖𝑖)(1− 𝑙𝑙2)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠2−𝑝𝑝𝑖𝑖  

+𝑠𝑠𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖−2𝑝𝑝𝑗𝑗 = 0. (45)  125 

From this equation is as 126 

                         𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (46) 127 

From coefficients of 𝑠𝑠𝑠𝑠 128 

            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)(𝑙𝑙2 − 2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                         (47) 129 

and  130 

                            𝐵𝐵 = ( 𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

.                                                  (48) 131 

In the same way from 132 

                        𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1 ,                                        (49) 133 

                                                      (46)

From coefficients of 

 

7 

 

and          117 

               𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑏𝑏2𝑣𝑣−𝑎𝑎2)

𝑐𝑐2(𝑏𝑏1𝑣𝑣−𝑎𝑎1))
1/2

.                                                  (42) 118 

Singular Solutions 119 

Let, in the form   120 

                                       Ҏ1 = 𝐴𝐴1
𝑠𝑠𝑐𝑐𝑝𝑝1 (𝛿𝛿,𝑙𝑙)                                                             (43) 121 

and 122 

                              Ҏ2 = 𝐴𝐴2
𝑠𝑠𝑐𝑐𝑝𝑝2 (𝛿𝛿,𝑙𝑙) .                                                            (44) 123 

Substituting (43) and (44) into (6) yield 124 

(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(−1− 𝑝𝑝𝑖𝑖)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠−2−𝑝𝑝𝑖𝑖 + ((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖2(𝑙𝑙2 − 2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 

−𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖 + (−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(1−𝑝𝑝𝑖𝑖)(1− 𝑙𝑙2)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠2−𝑝𝑝𝑖𝑖  

+𝑠𝑠𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖−2𝑝𝑝𝑗𝑗 = 0. (45)  125 

From this equation is as 126 

                         𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (46) 127 

From coefficients of 𝑠𝑠𝑠𝑠 128 

            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)(𝑙𝑙2 − 2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                         (47) 129 

and  130 

                            𝐵𝐵 = ( 𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

.                                                  (48) 131 

In the same way from 132 

                        𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1 ,                                        (49) 133 

                                      (47)

and 

 

7 

 

and          117 

               𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑏𝑏2𝑣𝑣−𝑎𝑎2)

𝑐𝑐2(𝑏𝑏1𝑣𝑣−𝑎𝑎1))
1/2

.                                                  (42) 118 

Singular Solutions 119 

Let, in the form   120 

                                       Ҏ1 = 𝐴𝐴1
𝑠𝑠𝑐𝑐𝑝𝑝1 (𝛿𝛿,𝑙𝑙)                                                             (43) 121 

and 122 

                              Ҏ2 = 𝐴𝐴2
𝑠𝑠𝑐𝑐𝑝𝑝2 (𝛿𝛿,𝑙𝑙) .                                                            (44) 123 

Substituting (43) and (44) into (6) yield 124 

(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(−1− 𝑝𝑝𝑖𝑖)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠−2−𝑝𝑝𝑖𝑖 + ((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖2(𝑙𝑙2 − 2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 

−𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖 + (−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(1−𝑝𝑝𝑖𝑖)(1− 𝑙𝑙2)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠2−𝑝𝑝𝑖𝑖  

+𝑠𝑠𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖−2𝑝𝑝𝑗𝑗 = 0. (45)  125 

From this equation is as 126 

                         𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (46) 127 

From coefficients of 𝑠𝑠𝑠𝑠 128 

            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)(𝑙𝑙2 − 2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                         (47) 129 

and  130 

                            𝐵𝐵 = ( 𝑐𝑐𝑖𝑖𝐴𝐴𝑗𝑗
2

2𝑏𝑏𝑖𝑖𝑣𝑣−2𝑎𝑎𝑖𝑖
)
1/2

.                                                  (48) 131 

In the same way from 132 

                        𝜓𝜓(𝑥𝑥,𝑡𝑡) = 𝐴𝐴1𝑠𝑠𝑠𝑠[𝐵𝐵(𝑥𝑥− 𝑣𝑣𝑡𝑡), 𝑙𝑙]𝑒𝑒𝑖𝑖∅1 ,                                        (49) 133 

                                                   (48)

In the same way from

 

7 

 

and          117 

               𝐴𝐴1𝐴𝐴2
= (𝑐𝑐1(𝑏𝑏2𝑣𝑣−𝑎𝑎2)

𝑐𝑐2(𝑏𝑏1𝑣𝑣−𝑎𝑎1))
1/2

.                                                  (42) 118 

Singular Solutions 119 

Let, in the form   120 

                                       Ҏ1 = 𝐴𝐴1
𝑠𝑠𝑐𝑐𝑝𝑝1 (𝛿𝛿,𝑙𝑙)                                                             (43) 121 

and 122 

                              Ҏ2 = 𝐴𝐴2
𝑠𝑠𝑐𝑐𝑝𝑝2 (𝛿𝛿,𝑙𝑙) .                                                            (44) 123 

Substituting (43) and (44) into (6) yield 124 

(−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(−1− 𝑝𝑝𝑖𝑖)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠−2−𝑝𝑝𝑖𝑖 + ((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖2(𝑙𝑙2 − 2)𝐵𝐵2 + 𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖𝑤𝑤𝑖𝑖 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2 

−𝑤𝑤𝑖𝑖)𝐴𝐴𝑖𝑖𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖 + (−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)𝑝𝑝𝑖𝑖(1−𝑝𝑝𝑖𝑖)(1− 𝑙𝑙2)𝐴𝐴𝑖𝑖𝐵𝐵2𝑠𝑠𝑠𝑠2−𝑝𝑝𝑖𝑖  

+𝑠𝑠𝑖𝑖𝐴𝐴𝑖𝑖𝐴𝐴𝑗𝑗2𝑠𝑠𝑠𝑠−𝑝𝑝𝑖𝑖−2𝑝𝑝𝑗𝑗 = 0. (45)  125 

From this equation is as 126 

                         𝑝𝑝1 = 𝑝𝑝2 = 1.                                                      (46) 127 

From coefficients of 𝑠𝑠𝑠𝑠 128 

            𝑤𝑤𝑖𝑖 = 1
1−𝑏𝑏𝑖𝑖𝑘𝑘𝑖𝑖

{((−𝑎𝑎𝑖𝑖 + 𝑏𝑏𝑖𝑖𝑣𝑣)(𝑙𝑙2 − 2))𝐵𝐵2 − 𝑎𝑎𝑖𝑖𝑘𝑘𝑖𝑖2}                         (47) 129 
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