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Abstract 

In this work, we investigate several properties of the generalized 𝑝-adic gamma function 

𝛤𝑞. We demonstrate remarkable identities and special values of 𝛤𝑞. We also derive a novel 

representation of 𝛤𝑞 via its Mahler expansion and establish relationships among the coefficients 

within this expansion. To simplify this study, we introduce the definition of the 𝑞-adic factorial 

and establish its properties. In addition, some congruences are derived for this new concept. 

Keywords: Mahler expansions; 𝑝-adic gamma function; 𝑝-adic factorial; 𝑝-adic number. 
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𝒑-Adik Faktöriyelin ve 𝒑-Adik Gama Fonksiyonunun Genellemesinin Bazı 

Özellikleri 

 Öz 

Bu çalışmada, genelleştirilmiş 𝑝-adik gama fonksiyonu 𝛤𝑞’nun çeşitli özelliklerini 

araştırıyoruz. 𝛤𝑞’nun dikkate değer özdeşliklerini ve özel değerlerini gösteriyoruz. Ayrıca 𝛤𝑞’nun 

Mahler açılımı aracılığıyla yeni bir gösterimini türetiyor ve bu açılımdaki katsayılar arasında 

ilişkiler kuruyoruz. Bu çalışmayı basitleştirmek için 𝑞-adik faktöriyel tanımını tanıtıyor ve 

özelliklerini belirliyoruz. Ek olarak, bu yeni kavram için bazı kongrüanslar türetiyoruz. 

Anahtar Kelimeler: Mahler açılımı; 𝑝-adik gama fonksiyonu; 𝑝-adik faktöriyel; 𝑝-adik sayı. 

1. Introduction 

In 1897, Kurt Hensel introduced the 𝑝-adic numbers, which are an extension of the rational 

numbers for a given prime number 𝑝. These numbers have become essential in modern 

mathematics, due to their wide applications in number theory, analysis, mathematical physics, 

and cryptography. The unique representation of the 𝑝-adic numbers is given by the infinite series: 

x = ∑xjp
j

+∞

j=m

    , where  xj ∈ {0,1,… , p − 1} and m ∈ ℤ . 

The 𝑝-adic gamma function 𝛤𝑝 is the 𝑝-adic analog of the classical gamma function. In 

1975, Morita [1] defined 𝛤𝑝 as a unique continuous extension of the following sequence: 

𝛤𝑝(𝑛 + 1) =  (−1)
𝑛+1 ∏ 𝑘

𝑛

𝑘=1
(𝑝,𝑘)=1

   , where  𝑛 ∈ ℕ.  

Several generalizations of the 𝑝-adic gamma function have been proposed (see [2-5]), one 

of which was presented by Kaori Ota in 1994 [4]. To facilitate the study of the generalized 𝑝-adic 

hypergeometric function, Ota defined the generalized 𝑝-adic gamma function 𝛤𝑞, where 𝑞 =  𝑝𝑡 

and 𝑡 is a positive integer, by the formula: 

𝛤𝑞(𝛼 + 1) = 𝛤𝑝(ℎℓ(𝛼) + 1). 

such that 𝛼 = ∑ 𝛼𝑗𝑝
𝑗+∞

𝑗=0  and ℎℓ(𝛼) = ∑ 𝛼𝑗𝑝
𝑗−ℓ+∞

𝑗=ℓ   for ℓ ∈ ℕ. 
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The representation of generalized hypergeometric functions in terms of generalized gamma 

functions is particularly important. Such representations consistently yield results of notable 

mathematical significance, especially in applied contexts. The profound utility of these 

relationships manifests across multiple disciplines, including quantum field theory, analytic 

number theory, and cryptography. 

N. Koblitz [3] proposed another extension of the 𝑝-adic gamma function, using the same 

notation 𝛤𝑞 for his modified function. However, this shared notation does not lead to confusion. 

Both Koblitz's and Ota's generalized 𝑝-adic gamma functions were presented without complete 

characterizations of their properties. 

In this paper, we introduce the concept of a 𝑞-adic factorial and establish several 

congruences and inequalities related to this new construct (see Definition 3.1, Lemma 3.3, 

Proposition 3.6, Proposition 3.7, Corollary 3.8, and Corollary 3.9). Furthermore, we present a 

definition of the generalized 𝑝-adic gamma function 𝛤𝑞 and we demonstrate some of its 

combinatorial properties, similar to those of the 𝑝-adic gamma function (see Proposition 3.15, 

Proposition 3.16, and Corollary 3.17). Additionally, we propose a Mahler expansion for 𝛤𝑞 and 

prove the relationships between its coefficients (see Proposition 3.18). Finally, we provide several 

numerical examples to illustrate our results (see Examples 3.4 and 3.13). These results offer new 

insights into the combinatorial and analytic structure of 𝑝-adic special functions and paving the 

way for further developments. 

2. Preliminaries 

2.1. Notations 

In this work, we use the following concepts: 𝑝 ∈ {2,3,5,7,11, 13, 17,… } is a prime number, 

ℤ denotes the set of integers, ℤ− (resp. ℤ+) represents the set of negative integers (resp. the 

positive integers), ℤ∗ is the set of non-zero integers. The set of non-negative integers is denoted 

by ℕ, the field of rational numbers is ℚ, and ℝ is the field of real numbers. The absolute value in 

ℝ is denoted by |. |, and the real integer part is denoted by [. ].  

The 𝑝-adic valuation is defined as 𝜈𝑝(0) = +∞ and for 𝑛 ∈ ℤ∗ by 𝜈𝑝(𝑛) =

max{𝑟 ∈ ℤ /𝑝𝑟 divides 𝑛}. For 
𝑛

𝑚
∈ ℚ, the 𝑝-adic valuation is given by 𝜈𝑝 (

𝑛

𝑚
) = 𝜈𝑝(𝑛) −

𝜈𝑝(𝑚). 

The 𝑝-adic absolute value of an element in ℚ is given as 
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|𝑎|𝑝 = {
𝑝−𝜈𝑝(𝑎)  if  𝑎 ≠ 0
0             if 𝑎 = 0

. 

The completion of ℚ with respect to the 𝑝-adic absolute value |. |𝑝 yields a field, known as 

the field of 𝑝-adic numbers, denoted by ℚ𝑝. The 𝑝-adic absolute value on ℚ𝑝 is the extension of 

that on ℚ. The set of 𝑝-adic integers, denoted ℤ𝑝, contains the 𝑝-adic numbers that satisfy |𝑎|𝑝 ≤

1. For more details about 𝑝-adic numbers, we refer to the classical book of Gouvêa [6]. 

2.2. The p-adic Factorial and the p-adic Gamma Function 

In this part, we present the concept of the 𝑝-adic factorial and the 𝑝-adic gamma function, 

along with several fundamental properties. 

Definition 2.1. [7] We define the 𝑝-adic factorial by 0!𝑝 = 1, and for 𝑛 ∈ ℕ is given by 

𝑛!𝑝 =∏𝑚

𝑛

𝑚=1
𝑝∤𝑚

.                                                                                                         (1) 

For more details and properties of this concept see [7]. 

The 𝑝-adic gamma function has found significant applications in dynamic systems and 

string theory. Various mathematicians [8-10] have utilized this function to explore properties of 

polynomials. 

Definition 2.2. [1] The 𝑝-adic gamma function is a function 𝛤𝑝  ∶ ℤ𝑝 → ℤ𝑝 that extends the 

following sequence: 𝛤𝑝(𝑛 + 1) = (−1)
𝑛+1𝑛!𝑝 , for 𝑛 ∈ ℤ+. Which we have, for 𝑥 ∈ ℤ𝑝:    

𝛤𝑝(𝑥) = lim
𝑛→𝑥

𝛤𝑝(𝑛). 

Here, we cite the properties of 𝛤𝑝 that we will give their analogue for the generalization of 

𝛤𝑝 in the next section. 

Proposition 2.3. [11] The function 𝛤𝑝 holds the following properties 

1. 𝛤𝑝(0) = 1 , 𝛤𝑝(1) = −1, 𝛤𝑝(2) = 1. 

2. 𝛤𝑝(𝑛 +  1) = (−1)
𝑛+1𝑛!𝑝 , ∀𝑛 ∈  ℕ. 

Proposition 2.4. [11] Let 𝑛 ≥ 1 be a positive integer with its 𝑝-adic expansion given by 

∑ 𝑛𝑗𝑝
𝑗ℓ

𝑗=0  and we suppose the sum of digits is 𝑆𝑛 = ∑ 𝑛𝑗
ℓ
𝑗=0 . Then, 
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For μ = [
n

p
], we have   Γp(n + 1) =

(−1)n+1 n!

μ! pμ
 .  In particular  Γp( p

k) =
(−1)p  pk!

 pk−1! p p
k−1, 

1. For m ∈  ℕ such that 0 ≤ λ < p, we have 

𝛤𝑝(𝑛𝑝 + 𝜆 + 1) =
(−1)𝑛𝑝+𝜆+1 (𝑛𝑝 + 𝜆)!

𝑛!  𝑝𝑛
 . 

2. We have the relation between 𝑛! and  𝛤𝑝  

𝑛! = (−1)𝑛+1−ℓ(−𝑝)
𝑛−𝑆𝑛
𝑝−1  ∏ 𝛤𝑝 ([

𝑛

 𝑝𝑖
] + 1)

ℓ

𝑖=0
 . 

Theorem 2.5. [11] (Mahler Expansion of 𝛤𝑝) 

For x ∈ ℤp , let the Mahler expansion of Γp be given by the series Γp(x + 1) = ∑ αk(
x
k
)+∞

k=0 , 

where the symbol (x
η
) is defined by (x

0
) = 1 and (x

η
) =

x(x−1)…(x−η+1)

η!
  , η = 1,2,… 

Then, the coefficients αk satisfy the following relationship  

exp (𝑥 +
𝑥𝑝

𝑝
) 
1 − 𝑥𝑝

1 − 𝑥
= ∑(−1)𝑘+1𝛼𝑘

𝑥𝑘

𝑘!

+∞

𝑘=0

.                                                                            (2) 

3. Main Results and Proofs 

Drawing on the work presented in [7], we will introduce a 𝑞-adic factorial and establish a 

few congruences and inequalities related to this new concept. We also provide a definition for the 

generalization of the 𝑝-adic gamma function and demonstrate some of its properties, including 

the Mahler expansion. Throughout this section, we consider 𝑞 =  𝑝𝑡, where 𝑡 is a positive integer. 

3.1. The q-adic Factorial 

Definition 3.1. The 𝑞-adic factorial is defined by 0!𝑞 = 1 and for 𝑛 > 1 is equal to 

𝑛!𝑞 =∏𝑘

𝑛

𝑘=1
𝑞∤𝑘

.                                                                                                          (3) 

Remark 3.2. If 1 ≤  𝑛 ≤  𝑞 − 1, then for all 1 ≤  𝑘 ≤  𝑛 we have 𝑞 ∤ 𝑘. So, 𝑛!𝑞 = 𝑛!. 

Lemma 3.3. For 𝛿 ≥ 1, we have (𝑞𝛿)!𝑞 = (𝑞𝛿 –  1)!𝑞. 

Proof. We observe that 𝑞 divides 𝑞𝛿, it means that  
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(𝑞𝛿)!𝑞 =∏𝑘

𝑞𝛿

𝑘=1
𝑞∤𝑘

= ∏ 𝑘

𝑞𝛿−1

𝑘=1
𝑞∤𝑘

= (𝑞𝛿 −  1)!𝑞 . 

Example 3.4. In Tables 1, 2, and 3 we compute the 𝑞-adic factorials of a given    positive integer, 

specifically for 𝑞 = 22, 23, 32. 

Table 1: For 𝑞 = 22. 

𝒏 0 1 2 3 4 5 6 7 8 9 10 11 

𝑛!22 1 1 2 6 6 30 180 1260 1260 11340 113400 1247400 

 

Table 2: For 𝑞 = 23. 

𝒏 0 1 2 3 4 5 6 7 8 9 10 11 

𝑛!23  1 1 2 6 24 120 720 5040 5040 45360 453600 4989600 

 

Table 3: For 𝑞 = 32. 

𝒏 0 1 2 3 4 5 6 7 8 9 10 11 

𝑛!32 1 1 2 6 24 120 720 5040 40320 40320 403200 4435200 

 

A 𝑞-generalization of the Wilson congruence is given in the following theorem, which is 

necessary to prove the Proposition 3.6. 

Theorem 3.5. Let a ∈ ℤ and s > t. Then 

1. For 𝑝 odd, 

∏ 𝑗

𝑎+𝑝𝑠−1

𝑗=𝑎
𝑞∤𝑗

≡ − ∏ 𝑗

𝑎+𝑝𝑠−1

𝑗=𝑎

𝑝|𝑗

(mod 𝑝𝑠).  

2. For 𝑝 = 2,  

∏ 𝑗

𝑎+2𝑠−1

𝑗=𝑎
𝑞∤𝑗

≡ ∏ 𝑗

𝑎+2𝑠−1

𝑗=𝑎
𝑗 even

(mod 2𝑠). 

 

 



Belhadef & Sahali (2025) ADYU J SCI, 15(1), 128-145 
 

 134 

Proof. We have 

∏ 𝑗

𝑎+𝑝𝑠−1

𝑗=𝑎
𝑞∤𝑗

=

(

 
 
∏ 𝑗

𝑎+𝑝𝑠−1

𝑗=𝑎

𝑝|𝑗 )

 
 

(

 
 
∏ 𝑗

𝑎+𝑝𝑠−1

𝑗=𝑎
𝑝∤𝑗 )

 
 

 

By generalizing the Wilson congruence, we obtain the result. For 𝑝 = 2 is the same. From the 

previous, we get the following congruence. 

Proposition 3.6. Let n ∈ ℕ and s > t. Then 

1. For p odd, we have   
(n+ps)!q

n!q
≡ −∏ j

n+ps

j=n+1

p|j

(mod ps). 

2. For p = 2, we have  
(n+2s)!q

n!q
≡ ∏ jn+2s

j=n+1
j even

(mod 2s). 

Proof. We calculate the quotient, we get  

(𝑛 + 𝑝𝑠)!𝑞
𝑛!𝑞

= ∏ 𝑗 

𝑛+𝑝𝑠

𝑗=𝑛+1
𝑞∤𝑗

. 

Now, we take 𝑎 = 𝑛 + 1 in Case 1 of Theorem 3.5, we derive the congruence for 𝑝 odd. 

Similarly, we obtain the result for 𝑝 = 2, from case 2. 

More generally, we establish the following proposition along with its immediate 

corollaries: 

Proposition 3.7. Let n,m, s ∈ ℤ+ where s > t. Then  

1. For p odd, we have    

(n +mps)!q

n!q
≡ (−1)m ∏ j

n+mps

j=n+1

p|j

(mod ps). 

2. For p = 2 and s ≥ 3, we have  

(𝑛 +𝑚2𝑠)!𝑞
𝑛!𝑞

≡ ∏ 𝑗

𝑛+2𝑠

𝑗=𝑛+1
𝑗 even

(mod 2𝑠). 
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Proof. This is proved by induction on 𝑚. Indeed, about the case 𝑝 ≥ 3 we have:  

For 𝑚 = 1 is true. We assume that the property is true at rank 𝑚 and we demonstrate it at rank 

𝑚 + 1. We write 

(𝑛 + (𝑚+ 1)𝑝𝑠)!𝑞
𝑛!𝑞

=
(𝑛 +𝑚𝑝𝑠)!𝑞

𝑛!𝑞
. ∏ 𝑗 

𝑛+(𝑚+1)𝑝𝑠

𝑗=𝑛+𝑚𝑝𝑠+1
𝑞∤𝑗

 

On the other hand 

(𝑛 +𝑚𝑝𝑠)!𝑞
𝑛!𝑞

≡ (−1)𝑚 ∏ 𝑗

𝑛+𝑚𝑝𝑠

𝑗=𝑛+1

𝑝|𝑗

(mod 𝑝𝑠) 

and 

∏ 𝑗 

𝑛+(𝑚+1)𝑝𝑠

𝑗=𝑛+𝑚𝑝𝑠+1
𝑞∤𝑗

≡ − ∏ 𝑗

𝑛+(𝑚+1)𝑝𝑠

𝑗=𝑛+𝑚𝑝𝑠+1

𝑝|𝑗

(mod 𝑝𝑠) 

So 

(𝑛 + (𝑚+ 1)𝑝𝑠)!𝑞
𝑛!𝑞

≡

(

 
 
(−1)𝑚 ∏ 𝑗

𝑛+𝑚𝑝𝑠

𝑗=𝑛+1

𝑝|𝑗 )

 
 

(

 
 
− ∏ 𝑗

𝑛+(𝑚+1)𝑝𝑠

𝑗=𝑛+𝑚𝑝𝑠+1

𝑝|𝑗 )

 
 
(mod 𝑝𝑠)

≡ (−1)𝑚+1 ∏ 𝑗

𝑛+(𝑚+1)𝑝𝑠

𝑗=𝑛+1

𝑝|𝑗

 (mod 𝑝𝑠) 

Then the property is true for all 𝑚. For 𝑝 = 2 is the same. 

The following corollaries follow from Proposition 3.6 and are presented here without proof. 

Corollary 3.8. For p ≥ 3, n ∈ ℕ and  s ∈ ℤ+ where s > t, we have  

||(𝑛 + 𝑝
𝑠)!𝑞 + 𝑛!𝑞 ∏ 𝑗

𝑛+𝑝𝑠

𝑗=𝑛+1

𝑝|𝑗

||

𝑝

≤
1

𝑝𝑠
 . 
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Corollary 3.9. For p = 2, n ∈ ℕ and  s ∈ ℤ+ and s ≥ 3 where s > t, we have  

||(𝑛 + 2
𝑠)!𝑞 − 𝑛!𝑞 ∏ 𝑗

𝑛+2𝑠

𝑗=𝑛+1
𝑗 even

||

2

≤
1

2𝑠
 . 

3.2. Generalized p-adic Gamma Function 

In this important subsection, we present the definition of the generalized 𝑝-adic gamma 

function, which was originally introduced by Kaori Ota in [4], and we also explore in depth several of 

its significant properties. Moreover, we establish new properties of this function that were not covered 

in Ota's original work. For other references on this subject, see [12-13]. 

Definition 3.10. [4] Let  𝑥 ∈ ℤ𝑝 be given by its 𝑝-adic expansion ∑ 𝑥𝑗𝑝
𝑗+∞

𝑗=0 , where 𝑥0 ≠ 0 and 

𝑥𝑗 ∈ {0, 1,· · · , 𝑝 − 1} for all 𝑗 ∈ ℕ. Ota define a map ℎℓ for ℓ ∈ ℕ by a formula 

ℎℓ(𝑥) =∑𝑥𝑗𝑝
𝑗−ℓ

+∞

𝑗=ℓ

.                                                                                                                  (4) 

Furthermore, we have 

𝑥 = ∑𝑥𝑗𝑝
𝑗

ℓ−1

𝑗=0

+ 𝑝ℓℎℓ(𝑥).                                                                                                             (5) 

Definition 3.11. [4] The generalized 𝑝-adic gamma function is defined from ℤ𝑝 to ℤ𝑝 by:      

𝛤𝑞(𝑥 + 1) = ∏𝛤𝑝(ℎℓ(𝑥)+ 1)

𝑡−1

ℓ=0

.                                                                                          (6) 

Remark 3.12. For 𝑡 = 1 the function 𝛤𝑞 coincides with 𝛤𝑝, i.e. 

𝛤𝑞(𝑥 + 1) = 𝛤𝑝(ℎ0(𝑥) + 1) = 𝛤𝑝(𝑥 + 1). 

Example 3.13. For 𝑡 = 2, we have 𝑞 = 𝑝2 so 

𝛤𝑞(𝑥 + 1) = 𝛤𝑝(ℎ0(𝑥) + 1)𝛤𝑝(ℎ1(𝑥) + 1) 

                     = 𝛤𝑝(ℎ0(𝑥) + 1)𝛤𝑝(ℎ1(𝑥) + 1). 

according to the relationship Eqn. (5) we have 𝑥 = 𝑥0 + 𝑝ℎ1(𝑥),  hence  
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ℎ1(𝑥) =
𝑥 − 𝑥0
𝑝

. 

Therefore 

𝛤𝑞(𝑥 + 1) = 𝛤𝑝(𝑥 + 1)𝛤𝑝 (
𝑥 − 𝑥0
𝑝

+ 1) . 

For example, if 𝑥 = 3, 𝑝 = 3 and 𝑡 = 2, so 𝑞 = 32. Then, 𝛤9(4) = 𝛤3(4)𝛤3(2) = 2. 

In his paper [4], Ota presented some properties of the generalized 𝑝-adic gamma 

function. Among them, the following property is especially remarkable. 

Proposition 3.14. [4] 

1. For a positive integer n, we have 

Γq(n + 1) = (−1)
Anp−Bnn!q                                                                                                       (7) 

where 

An = t +∑t [
n

pi
]

t−1

i=0

       and     Bn =∑[
n

pi
]

t

i=1

− t [
n

pt
]. 

2. For p odd and x ∈ ℤp, the complement formula is given by 

Γq(x)Γq(1 − x) = (−1)
t−1+Rt(x),                                                                                                (8) 

where Rt(x) ∈ {1,2, … , q} is the representative of x modulo qℤp. 

Next, we present our results concerning the combinatorial properties of the generalized p-

adic gamma function and the coefficients of its Mahler expansion. 

Proposition 3.15. The following statements are verified by the function Γq: 

1. For a positive integer n and ξ = [
n

q
], we have 

𝛤𝑞(𝑛 + 1) =
(−1)𝐴𝑛𝑝−𝐵𝑛𝑛!

ξ!  𝑞ξ
.                                                                                                        (9) 

2. For a positive integer m and λ ∈  {0, 1,· · · , q − 1}, we have 

Γq(mq + λ + 1) =
(−1)Am,λ  p−Bm,λ(mq + λ)!

m!  qm
.                                                                    (10) 
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where  Am,λ = t + λ +mq+ vp(λ!)   and   Bm,λ = m(
q−1

p−1
) − tm− t [

λ

q
] + vp(λ!) . 

3. For s ∈ ℕ we have 

Γq( q
s) =

(−1)Aqs−1  p−Bqs−1(qs − 1)!

qs−1!  qq
s−1  .                                                                                 (11) 

where 

Aqs−1 = t − 1+∑pts−i
t−1

i=0

    and     Bqs−1 =∑pts−i
t

i=1

− tqs−1 . 

Proof. 

1. We know that 

𝑛! =∏𝑘

𝑛

𝑘=1

=

(

 ∏𝑘

𝑛

𝑘=1
𝑞|𝑘 )

 (∏𝑘

𝑛

𝑘=1
𝑞∤𝑘

) =

(

 ∏𝑘

𝑛

𝑘=1
𝑞|𝑘 )

 𝑛!𝑞 .                                                                      (12) 

On the other hand, we know that card {1 ≤ 𝑘 ≤ 𝑛/ 𝑞|𝑘} =  [
𝑛

𝑞
]. Thus, 

∏𝑘

𝑛

𝑘=1
𝑞|𝑘

=∏(𝒿𝑞)

[
𝑛
𝑞
]

𝒿=1

= [
𝑛

𝑞
] ! 𝑞

[
𝑛
𝑞
]
. 

Therefore, by the Proposition 3.14, we get 

Γ𝑞(𝑛 + 1) = (−1)
𝐴𝑛𝑝−𝐵𝑛𝑛!𝑞 =

(−1)𝐴𝑛𝑝−𝐵𝑛𝑛!

ξ!  𝑞ξ
 . 

2. The Euclidean division gives 𝑛 = 𝑚𝑞 + 𝜆, where 𝜆 ∈  {0, 1,· · · , 𝑞 –  1}. So, 

[
𝑛

𝑞
] = 𝑚 + [

𝜆

𝑞
] = 𝑚. 

Substituting this into Eqn. (9), we obtain 

Γ𝑞(𝑚𝑞 + 𝜆 + 1) =
(−1)𝐴𝑚𝑞+𝜆 𝑝−𝐵𝑚𝑞+𝜆 𝑛!

𝑚!  𝑞𝑚
.                                                                                   (13) 

Such that 𝐴𝑚𝑞+𝜆  and 𝐵𝑚𝑞+𝜆  are calculated as follows: 
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• For 𝐴𝑚𝑞+𝜆 , we have 

𝐴𝑚𝑞+𝜆 = 𝑡 +∑[
𝑚𝑞 + 𝜆

𝑝𝑖
]

𝑡−1

𝑖=0

= 𝑡 + 𝑚𝑞 + 𝜆 + 𝑚𝑞∑(
1

𝑝
)
𝑖𝑡−1

𝑖=1

+∑[
𝜆

𝑝𝑖
]

𝑡−1

𝑖=1

.                               (14) 

We know that  𝑣𝑝(𝜆!) = ∑ [
𝜆

𝑝𝑖
]𝑡−1

𝑖=0 . Since the sum ∑ (
1

𝑝
)
𝑖

𝑡−1
𝑖=0  is even, it comes that 

(−1)
∑ (

1
𝑝
)
𝑖

𝑡−1
𝑖=0 = 1. 

Then, (−1)𝐴𝑚𝑞+𝜆 = (−1)𝑡+𝜆+𝑚𝑞+𝑣𝑝(𝜆!). Finally, we obtain 𝐴𝑚,𝜆 = 𝑡 + 𝜆 +𝑚𝑞 + 𝑣𝑝(𝜆!). 

• For 𝐵𝑚𝑞+𝜆 , we have 

𝐵𝑚𝑞+𝜆 =∑[
𝑚𝑞 + 𝜆

𝑝𝑖
]

𝑡

𝑖=1

− 𝑡 [
𝑚𝑞 + 𝜆

𝑞
] = 𝑚𝑞∑(

1

𝑝
)
𝑖𝑡

𝑖=1

+∑[
𝜆

𝑝𝑖
]

𝑡−1

𝑖=1

+ [
𝜆

𝑝𝑡
] − 𝑡𝑚 − 𝑡 [

𝜆

𝑞
].     (15) 

So  𝐵𝑚,𝜆 = 𝑚 (
𝑞−1

𝑝−1
) − 𝑡𝑚 − 𝑡 [

𝜆

𝑞
] + 𝑣𝑝(𝜆!) . 

3. We simply need to substitute 𝑛 = 𝑞𝑠 − 1 into Eqn. (9) to determine the value of 𝛤𝑞( 𝑞
𝑠). 

Proposition 3.16. 

1. We have Γq(0) = 1 and |Γq(x)|p
= 1 , for all x ∈ ℤp. 

2. For p ≥ 3, let x, y ∈ ℤp. We have 

• If  |x − y|p = 1, then |Γq(x) − Γq(y)|p
≤ |x − y|p. 

• If  |x − y|p =
1

ps
 , with ≥ t , then |Γq(x) − Γq(y)|p

≥ |x − y|p. 

Proof. 

1. By the definition of 𝛤𝑞, we have  𝛤𝑞(0) = ∏ 𝛤𝑝(ℎℓ(−1) + 1)
𝑡−1
ℓ=0 . Furthermore, we have 

−1 =∑(𝑝 − 1)𝑝𝑖
ℓ−1

𝑖=0

+ 𝑝ℓ∑(𝑝 − 1)𝑝𝑖
+∞

𝑖=0

.                                                                                          (16) 

So, ℎℓ(−1) = −1. Then, 𝛤𝑞(0) = ∏ 𝛤𝑝(0)
𝑡−1
ℓ=0 = 1. 

For the second part |𝛤𝑞(𝑥)|𝑝 = 1, we simply use the fact that |𝛤𝑝(𝑥)|𝑝 = 1. 

2. First, we prove the property for positive integers and then extend the result to 𝑝-adic 
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integers by taking the limit. For 𝑚, 𝑛 ∈ ℕ, we consider the following cases: 

• If |𝑛 −𝑚|𝑝 = 1. Then, 

|𝛤𝑞(𝑛) − 𝛤𝑞(𝑚)|𝑝 ≤ max (|𝛤𝑞
(𝑛)|

𝑝
, |𝛤𝑞(𝑚)|𝑝) ≤ 1 =

|𝑛 −𝑚|𝑝.                                      (17) 

• If 𝑛 > 𝑚 and |𝑛 −𝑚|𝑝 =
1

𝑝𝑠
 , with 𝑠 ≥ 𝑡. Then, there exists µ ∈ ℕ such that 𝑛 =

 𝑚 + 𝜇𝑝𝑠 and 𝑝 ∤ 𝜇. Therefore, by applying the Eqn. (7), we get  

𝛤𝑞(𝑛) = 𝛤𝑞(𝑚 + 𝜇𝑝
𝑠) = (−1)𝐴𝑛𝑝−𝐵𝑛 ∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=1
𝑞∤𝑘

 

= (−1)𝐴𝑛𝑝−𝐵𝑛 (∏𝑘

𝑚−1

𝑘=1
𝑞∤𝑘

)( ∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

).                                                                       (18) 

Now, since 𝑠 ≥ 𝑡 we must have 𝐴𝑛 = 𝐴1 + 𝐴2 and 𝐵𝑛 = 𝐵1 + 𝐵2, with 

𝐴1 = 𝑡 +∑[
𝑚

𝑝𝑖
]

𝑡−1

𝑖=0

      ,       𝐴2 =∑𝜇𝑝𝑠−𝑖
𝑡−1

𝑖=0

. 

𝐵1 =∑[
𝑚

𝑝𝑖
]

𝑡

𝑖=1

− 𝑡 [
𝑚

𝑞
]       ,      𝐵2 =∑𝜇𝑝𝑠−𝑖

𝑡

𝑖=1

− 𝑡𝜇𝑝𝑠−𝑡 . 

Therefore 

𝛤𝑞(𝑛) = ((−1)
𝐴1𝑝−𝐵1 ∏𝑘

𝑚−1

𝑘=1
𝑞∤𝑘

)((−1)𝐴2𝑝−𝐵2 ∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

) 

= 𝛤𝑞(𝑚)((−1)
𝐴2𝑝−𝐵2 ∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

).                                                                                    (19) 

Hence 
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|𝛤𝑞(𝑛) − 𝛤𝑞(𝑚)|𝑝
= |𝛤𝑞(𝑚)|𝑝 |

|((−1)𝐴2𝑝−𝐵2 ∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

)− 1||

𝑝

.                                  (20) 

Now, rewriting the product as follows 

∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

= ( ∏ 𝑘

𝑚+𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

)

(

 
 

∏ 𝑘

𝑚+2𝑝𝑠−1

𝑘=𝑚+𝑝𝑠

𝑞∤𝑘 )

 
 
…

(

 
 

∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚+(𝜇−1)𝑝𝑠

𝑞∤𝑘 )

 
 
.                                        (21) 

By Theorem 3.5, we have for all 𝜃 ∈ {1,2,… , 𝜇} 

∏ 𝑘

𝑚+𝜃𝑝𝑠−1

𝑘=𝑚+(𝜃−1)𝑝𝑠

𝑞∤𝑘

≡ − ∏ 𝑘

𝑚+𝜃𝑝𝑠−1

𝑗=𝑚+(𝜃−1)𝑝𝑠

𝑝|𝑗

 (mod 𝑝𝑠). 

We know that the fact 𝑝|𝑘 implies that 𝑘 = 𝜆𝜃𝑝
ℓ𝜃 with 𝑝 ∤ 𝜆𝜃 and ℓ𝜃 ∈ ℕ. Thus 

∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

≡ (−1)𝜇

(

 ∏𝜆𝜃

𝜇

𝜃=1
𝑝∤𝜆𝜃 )

 (∏𝑝ℓ𝜃

𝜇

𝜃=1

) (mod 𝑝𝑠).                                                        (22) 

which implies 

(−1)𝐴2𝑝−𝐵2 ∏ 𝑘

𝑚+µ𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

≡ (−1)𝜇+𝐴2  𝑝∑ ℓ𝜃
𝜇
𝜃=1 −𝐵2∏𝜆𝜃

𝜇

𝜃=1
𝑝∤𝜆𝜃

  (mod 𝑝𝑠).                               (23) 

On the other hand, we have 

𝜇 + 𝐴2 = 𝜇 (1 + 𝑝
𝑠+1−𝑡

𝑝𝑡 − 1

(𝑝 − 1)
)           ,         𝐵2 = 𝜇𝑝

𝑠 (
𝑝𝑡 − 1

(𝑝 − 1)𝑝𝑡−1
− 𝑡𝑝−𝑡). 

So, we get 

((−1)𝐴2𝑝−𝐵2 ∏ 𝑘

𝑚+µ𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

) ≡  𝑝∑ ℓ𝜃
𝜇
𝜃=1 −𝐵2∏𝜆𝜃

𝜇

𝜃=1
𝑝∤𝜆𝜃

 (mod 𝑝𝑠).                                          (24) 

Thus 
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||((−1)𝐴2𝑝−𝐵2 ∏ 𝑘

𝑚+𝜇𝑝𝑠−1

𝑘=𝑚
𝑞∤𝑘

)− 1||

𝑝

= max { 𝑝𝐵2−∑ ℓ𝜃
𝜇
𝜃=1 , 𝑝−𝑠, 1} ≥

1

𝑝𝑠
 .                         (25) 

Which yields the result  |𝛤𝑞(𝑛) − 𝛤𝑞(𝑚)|𝑝
≥ |𝑛 −𝑚|𝑝. 

By passing to the limit, we conclude that the property holds for all elements of ℤ𝑝. 

Corollary 3.17. For 𝑝 odd, we have 

𝛤𝑞
2 (
1

2
) = (−1)𝑡. 

Proof.  According to the complements Eqn. (8), for 𝑝 odd and 𝑥 =
1

2
 we have 

𝛤𝑞 (
1

2
)𝛤𝑞 (

1

2
) = 𝛤𝑞

2 (
1

2
) = (−1)

𝑡−1+𝑅𝑡(
1
2
)
,                                                                             (26) 

with 𝑅𝑡 (
1

2
) ∈ {1,2,… , 𝑞} is the representative of 

1

2
 modulo 𝑞ℤ𝑝. In fact, we know that   

1

2
=
𝑝 + 1

2
+∑

𝑝− 1

2
𝑝𝑖

+∞

𝑖=1

=
𝑝 + 1

2
+
𝑝 − 1

2
∑𝑝𝑖
𝑡−1

𝑖=1

+∑
𝑝 − 1

2
𝑝𝑖

+∞

𝑖=𝑡

,                                   (27) 

which implies that 

1

2
=
𝑞 + 1

2
+ 𝑞∑

𝑝 − 1

2
𝑝𝑖

+∞

𝑖=1

,                                                                                                       (28) 

thus 𝑅𝑡 (
1

2
) =

𝑞+1

2
 , which is even, so (−1)

−1+𝑅𝑡(
1

2
)
= 1. Hence, the result follows. 

Proposition 3.18. (Mahler expansion of Γq)  

Let the Mahler expansion of Γq(x + 1) be given by 

𝛤𝑞(𝑥 + 1) = ∑𝑎𝜂 (
𝑥

𝜂
)

+∞

𝜂=0

. 

  For x ∈ ℤp. So, the coefficients aη in this expansion satisfy the following relation  
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exp𝑝 (𝑝
𝑞−1
𝑝−1𝑥𝑞 + 𝑥) =

1

𝛿𝑞
∑(−1)𝜂𝛼𝜂

𝑥𝜂

𝜂!

+∞

𝜂=0

 ,                                                                         (29) 

where 

𝛿𝑞 =∑(−1)𝑡+𝑣𝑝(𝜆!)
𝑞−1

𝜆=0

𝑝
𝑡[
𝜆
𝑞]
−𝑣𝑝(𝜆!)(−𝑥)𝜆. 

 Proof. The coefficients 𝑎𝜂 satisfy the generating function relation  

∑𝛼𝜂
𝑥𝜂

𝜂!

+∞

𝜂=0

= 𝑒−𝑥∑𝛤𝑞(𝜂 + 1)
𝑥𝜂

𝜂!

+∞

𝜂=0

 .                                                                                          (30) 

The aim is to find an expression for the generating series of (𝛤𝑞(𝑛 + 1))
𝑛∈ℕ
 given by 

𝑓(𝑥) = ∑𝛤𝑞(𝜂 + 1)
𝑥𝜂

𝜂!

+∞

𝜂=0

 . 

To achieve this, we'll first decompose the index 𝜂 in the sum according to its residue modulo 𝑞. 

Let 𝜂 = 𝑚𝑞 + 𝜆 where 𝑚 ≥ 0 and 𝜆 ∈  {0, 1, … , 𝑞 − 1}.  

By separating the sum based on the possible values of 𝜆, we can express 𝑓(𝑥) as 

𝑓(𝑥) = ∑ ∑
𝛤𝑞(𝑚𝑞 + 𝜆 + 1)

(𝑚𝑞 + 𝜆)!

+∞

𝑚=0

𝑥𝑚𝑞+𝜆

𝑞−1

𝜆=0

.                                                                                (31) 

We now use relation (10) to derive an explicit form of the generating series 𝑓 

𝑓(𝑥) = ∑ ∑
(−1)𝑡+𝜆+𝑚𝑞+𝑣𝑝(𝜆!) 𝑝

−𝑚(
𝑞−1
𝑝−1

)+𝑡𝑚+𝑡[
𝜆
𝑞]
−𝑣𝑝(𝜆!)

𝑚!  𝑞𝑚

+∞

𝑚=0

𝑥𝑚𝑞+𝜆
𝑞−1

𝜆=0

 

          = ∑(−1)𝑡+𝑣𝑝(𝜆!) 𝑝
𝑡[
𝜆
𝑞]
−𝑣𝑝(𝜆!)(−𝑥)𝜆 ∑ (

(−1)𝑞 𝑥𝑞

𝑞
)

𝑚
1

𝑚!

+∞

𝑚=0

𝑞−1

𝜆=0

 

          = 𝛿𝑞exp (𝑝
𝑞−1
𝑝−1(−𝑥)𝑞),                                                                                                    (32) 

where   
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𝛿𝑞 =∑(−1)𝑡+𝑣𝑝(𝜆!) 𝑝
𝑡[
𝜆
𝑞]
−𝑣𝑝(𝜆!)(−𝑥)𝜆

𝑞−1

𝜆=0

 

Hence 

𝑒−𝑥𝑓(𝑥) = 𝛿𝑞 exp (𝑝
𝑞−1
𝑝−1(−𝑥)𝑞 − 𝑥).                                                                                    (33) 

Then 

∑𝛼𝜂
𝑥𝜂

𝜂!

+∞

𝜂=0

= 𝛿𝑞 exp (𝑝
𝑞−1
𝑝−1(−𝑥)𝑞 − 𝑥).                                                                                  (34) 

By replacing −𝒙 with 𝒙, we obtain 

∑(−1)𝜂𝛼𝜂
𝑥𝜂

𝜂!

+∞

𝜂=0

= 𝛿𝑞 exp (𝑝
𝑞−1
𝑝−1𝑥𝑞 + 𝑥). 

This completes the proof. 

4. Conclusion 

In this work, we introduced and systematically studied the 𝑞-adic factorial 𝑛!𝑞, establishing 

its fundamental properties, including several novel congruences and inequalities. Building on this 

foundation, we reformulated the generalized 𝑝-adic gamma function 𝛤𝑞 given by Ota through the 

𝑞-adic factorial, revealing new combinatorial identities. In addition, we proposed the Mahler 

expansion of 𝛤𝑞 and proved the relationships between its coefficients. These results collectively 

advance the theory of 𝑝-adic special functions and open new avenues for further research in 𝑝-

adic analysis and its applications. 
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