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Abstract

Integral inequalities are generally applicable in many branches of mathematics such as real, complex, and numerical analysis, as well as in
other disciplines outside mathematics. In this work, we first prove a new identity. Based on this equality, we establish some new corrected
Euler-Maclaurin type inequalities for functions whose first derivatives are s-convex. The case where the first derivative is bounded as well as
Lipschitzians are also discussed. Some applications to quadrature formulas and inequalities involving means are provided.
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1. Introduction

Definition 1.1 ([36]). A function C : I→ R is said to be convex, if

C (zλ +(1− z)τ)≤ zC (λ )+(1− z)C (τ)

holds for all λ ,τ ∈ I and all z ∈ [0,1].

The Hermite-Hadamard inequality, which is expressed as follows: for every convex function C on the interval [V,L] with V<L

C
(

V+L
2
)
≤ 1

L−V

L∫
V

C (u)du≤ C (V)+C (L)
2 , (1.1)

is without a doubt the fundamental inequality convex functions. In the other way, (1.1) holds in the reversed direction if the function C is
concave (see [36]).
The above inequality has received renewed attention in past decades, several generalizations and refinements have been studied see
[3,11-14,27-30,42-44].
Convexity is a fundamental idea that is crucial to numerous fields, including game theory, economics, finance, and optimization. This notion
has been expanded and developed in a number of ways as a result of its wide range of uses. We highlight the s-convexity among those
generalizations, which has the following definition.

Definition 1.2 ([2]). For every given s ∈ (0,1], a nonnegative function C : I ⊂ [0,∞)→ R is said to be s-convex in the second meaning, if

C (zλ +(1− z)τ) ≤ zsC (λ )+(1− z)sC (τ)

holds for all λ ,τ ∈ I and z ∈ [0,1].
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Convexity is closely related to the evolution of inequality theory, it represents a crucial instrument to study the characteristics of solutions of
differential equations also allows obtaining estimates of error bounds of quadrature formulas. Regarding some articles dealing with some
quadratures, see [1,4-10,16,18-26,31-35,37-41] and references therein.
The most popular three-point Newton-Cotes quadrature, called Simpson’s inequality is given as follows:∣∣∣∣∣∣ 1

6
(
C (V)+4C

(
V+L

2
)
+C (L)

)
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣≤ (L−V)4

2880

∥∥∥C (4)
∥∥∥

∞
,

where C is four-times continuously differentiable function on [V,L], and
∥∥∥C (4)

∥∥∥
∞
= sup

x∈[V,L]

∣∣∣C (4) (x)
∣∣∣.

In recent years, several authors have studied the estimates of the error limits of quadrature rules. Motivated and inspired by some papers, we
plan to examine the corrected Euler-Maclaurin formula (see [17]), which can be stated as follows:∣∣∣∣∣∣ 1

80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣≤ 2401(L−V)
28800

∥∥C ′∥∥
∞
.

To this end, we first prove a new integral identity. Based on this identity, we establish several corrected Euler-Maclaurin inequalities for
functions whose first derivatives are s-convex in the second sense. We also treat the case where the first derivative is bounded as well as
Lipschitzian. In conclusion, some applications are presented.

2. Main results

In order to prove our results, we need the following lemma.

Lemma 2.1. Let C : I ⊂ R→ R be a differentiable function on I◦, V,L∈ I◦ with V<L, and C ′ ∈ L1 [V,L]. Then the following equality holds

1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

= L−V
36

 1∫
0

zC ′
(
(1− z)V+ z 5V+L

6

)
dz+

1∫
0

(
4z− 41

20
)
C ′
(
(1− z) 5V+L

6 + z V+L
2

)
dz

+

1∫
0

(
4z− 39

20
)
C ′
(
(1− z) V+L

2 + z V+5L
6

)
dz+

1∫
0

(z−1)C ′
(
(1− z) V+5L

6 + zL
)

dz

 .

Proof. Let

I1 =

1∫
0

zC ′
(
(1− z)V+ z 5V+L

6

)
dz,

I2 =

1∫
0

(
4z− 41

20
)
C ′
(
(1− z) 5V+L

6 + z V+L
2

)
dz,

I3 =

1∫
0

(
4z− 39

20
)
C ′
(
(1− z) V+L

2 + z V+5L
6

)
dz

and

I4 =

1∫
0

(z−1)C ′
(
(1− z) V+5L

6 + zL
)

dz.

Integrating by parts I1, we get

I1 = 6
L−V zC

(
(1− z)V+ z 5V+L

6

)∣∣∣z=1

z=0
− 6

L−V

1∫
0

C
(
(1− z)V+ z 5V+L

6

)
dz

= 6
L−V C

(
5V+L

6

)
− 6

L−V

1∫
0

C
(
(1− z)V+ z 5V+L

6

)
dz

= 6
L−V C

(
5V+L

6

)
− 36

(L−V)2

5V+L
6∫
V

C (u)du. (2.1)
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Similarly, we have

I2 = 3
L−V

(
4z− 41

20
)
C
(
(1− z) 5V+L

6 + z V+L
2

)∣∣∣z=1

z=0
− 12

L−V

1∫
0

C
(
(1− z) 5V+L

6 + z V+L
2

)
dz

= 117
20(L−V)

C
(

V+L
2
)
+ 123

20(L−V)
C
(

5V+L
6

)
− 36

(L−V)2

V+L
2∫

5V+L
6

C (u)du, (2.2)

I3 = 3
L−V

(
4z− 39

20
)
C
(
(1− z) V+L

2 + z V+5L
6

)∣∣∣z=1

z=0
− 12

L−V

1∫
0

C
(
(1− z) V+L

2 + z V+5L
6

)
dz

= 123
20(L−V)

C
(

V+5L
6

)
+ 117

20(L−V)
C
(

V+L
2
)
− 36

(L−V)2

V+5L
6∫

V+L
2

C (u)du (2.3)

and

I4 = 6
L−V (z−1)C

(
(1− z) V+5L

6 + zL
)∣∣∣z=1

z=0
− 6

L−V

1∫
0

C
(
(1− z) V+5L

6 + zL
)

dz

= 6
L−V C

(
V+5L

6

)
− 36

(L−V)2

L∫
V+5L

6

C (u)du. (2.4)

Summing (2.1)-(2.4), and then multiplying the resulting equality by L−V
36 , we get the desired result.

Theorem 2.2. Assume C : [V,L]→ R be a differentiable function with 0≤V<L and C ′ ∈ L1 [V,L]. If |C ′| is s-convex in the second sense
for some fixed s ∈ (0,1]. Then we have∣∣∣∣∣∣ 1

80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ L−V

36(s+1)(s+2)

(∣∣C ′ (V)
∣∣+ ∣∣C ′ (L)

∣∣+( 39s−2
10 +16

( 41
80
)s+2

)∣∣C ′ ( V+L
2
)∣∣

+
(

61s+22
20 +8

( 39
80
)s+2

)(∣∣∣C ′( 5V+L
6

)∣∣∣+ ∣∣∣C ′( V+5L
6

)∣∣∣)) .
Proof. From Lemma 1, properties of modulus and s-convexity in the second sense of |C ′|, we have∣∣∣∣∣∣ 1

80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ L−V

36

 1∫
0

z
∣∣∣C ′((1− z)V+ z 5V+L

6

)∣∣∣dz

+

1∫
0

∣∣4z− 41
20

∣∣ ∣∣∣C ′((1− z) 5V+L
6 + z V+L

2

)∣∣∣dz

+

1∫
0

∣∣4z− 39
20

∣∣ ∣∣∣C ′((1− z) V+L
2 + z V+5L

6

)∣∣∣dz

+

1∫
0

(1− z)
∣∣∣C ′((1− z) V+5L

6 + zL
)∣∣∣dz


≤ L−V

36

 1∫
0

z
(
(1− z)s ∣∣C ′ (V)

∣∣+ zs
∣∣∣C ′( 5V+L

6

)∣∣∣)dz

+

41
80∫
0

( 41
20 −4z

)(
(1− z)s

∣∣∣C ′( 5V+L
6

)∣∣∣+ zs ∣∣C ′ ( V+L
2
)∣∣)dz
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+

1∫
41
80

(
4z− 41

20
)(

(1− z)s
∣∣∣C ′( 5V+L

6

)∣∣∣+ zs ∣∣C ′ ( V+L
2
)∣∣)dz

+

39
80∫
0

( 39
20 −4z

)(
(1− z)s ∣∣C ′ ( V+L

2
)∣∣+ zs

∣∣∣C ′( V+5L
6

)∣∣∣)dz

+

1∫
39
80

(
4z− 39

20
)(

(1− z)s ∣∣C ′ ( V+L
2
)∣∣+ zs

∣∣∣C ′( V+5L
6

)∣∣∣)dz

+

1∫
0

(1− z)
(
(1− z)s

∣∣∣C ′( V+5L
6

)∣∣∣+ zs ∣∣C ′ (L)
∣∣)dz


= L−V

36

∣∣C ′ (V)
∣∣ 1∫

0

z(1− z)s dz+
∣∣∣C ′( 5V+L

6

)∣∣∣ 1∫
0

zs+1dz

+
∣∣∣C ′( 5V+L

6

)∣∣∣
41
80∫
0

( 41
20 −4z

)
(1− z)s dz+

∣∣C ′ ( V+L
2
)∣∣ 41

80∫
0

( 41
20 −4z

)
zsdz

+
∣∣∣C ′( 5V+L

6

)∣∣∣ 1∫
41
80

(
4z− 41

20
)
(1− z)s dz+

∣∣C ′ ( V+L
2
)∣∣ 1∫

41
80

(
4z− 41

20
)

zsdz

+
∣∣C ′ ( V+L

2
)∣∣ 39

80∫
0

( 39
20 −4z

)
(1− z)s dz+

∣∣∣C ′( V+5L
6

)∣∣∣
39
80∫
0

( 39
20 −4z

)
zsdz

+
∣∣C ′ ( V+L

2
)∣∣ 1∫

39
80

(
4z− 39

20
)
(1− z)s dz+

∣∣∣C ′( V+5L
6

)∣∣∣ 1∫
39
80

(
4z− 39

20
)

zsdz

+
∣∣∣C ′( V+5L

6

)∣∣∣ 1∫
0

(1− z)s+1 dz+
∣∣C ′ (L)

∣∣ 1∫
0

(1− z)zsdz


= L−V

36(s+1)(s+2)

(∣∣C ′ (V)
∣∣+ ∣∣C ′ (L)

∣∣+( 39s−2
10 +16

( 41
80
)s+2

)∣∣C ′ ( V+L
2
)∣∣

+
(

61s+22
20 +8

( 39
80
)s+2

)(∣∣∣C ′( 5V+L
6

)∣∣∣+ ∣∣∣C ′( V+5L
6

)∣∣∣)) ,
where we have used the fact

1∫
0

z(1− z)s dz =
1∫
0

(1− z)zsdt = 1
(s+1)(s+2) , (2.5)

1∫
0

zs+1dz =
1∫
0

(1− z)s+1 dz = 1
s+2 , (2.6)

41
80∫
0

( 41
20 −4z

)
(1− z)s dz =

1∫
39
80

(
4z− 39

20
)

zsdz = 41s+2
20(s+1)(s+2) +

4
(s+1)(s+2)

( 39
80
)s+2

, (2.7)

41
80∫
0

( 41
20 −4z

)
zsdz =

1∫
39
80

(
4z− 39

20
)
(1− z)s dz = 4

(s+1)(s+2)

( 41
80
)s+2

, (2.8)

1∫
41
80

(
4z− 41

20
)
(1− z)s dz =

39
80∫
0

( 39
20 −4z

)
zsdz = 4

(s+1)(s+2)

( 39
80
)s+2

(2.9)
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and

1∫
41
80

(
4z− 41

20
)

zsdz =

39
80∫
0

( 39
20 −4z

)
(1− z)s dz = 39s−2

20(s+1)(s+2) +
4

(s+1)(s+2)

( 41
80
)s+2

. (2.10)

The proof is finished.

Corollary 2.3. If we take s = 1 in Theorem 1, we obtain∣∣∣∣∣∣ 1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ 2401(L−V)

28800

(
64000|C ′(V)|+324919|C ′( 5V+L

6 )|+374642|C ′( V+L
2 )|+324919|C ′( V+5L

6 )|+64000|C ′(L)|
1152480

)
.

Theorem 2.4. Let f be as in Theorem 1. If |C ′|q is s-convex in the second sense for some fixed s ∈ (0,1] where q > 1 with 1
p +

1
q = 1. Then

we have ∣∣∣∣∣∣ 1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ L−V

36(p+1)
1
p

((
|C ′(V)|q+|C ′( 5V+L

6 )|q
s+1

) 1
q

+

(
|C ′( V+5L

6 )|q+|C ′(L)|q

s+1

) 1
q

+ 1
20

(
39p+1+41p+1

80

) 1
p

((
|C ′( 5V+L

6 )|q+|C ′( V+L
2 )|q

s+1

) 1
q

+

(
|C ′( V+L

2 )|q+|C ′( V+5L
6 )|q

s+1

) 1
q

))
.

Proof. Lemma 1, properties of modulus, Hölder’s inequality and s-convexity in the second sense of |C ′|q, give us∣∣∣∣∣∣ 1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ L−V

36


 1∫

0

zpdz

 1
p
 1∫

0

∣∣∣C ′((1− z)V+ z 5V+L
6

)∣∣∣q dz

 1
q

+

 1∫
0

∣∣4z− 41
20

∣∣p dz

 1
p
 1∫

0

∣∣∣C ′((1− z) 5V+L
6 + z V+L

2

)∣∣∣q dz

 1
q

+

 1∫
0

∣∣4z− 39
20

∣∣p dz

 1
p
 1∫

0

∣∣∣C ′((1− z) V+L
2 + z V+5L

6

)∣∣∣q dz

 1
q

+

 1∫
0

(1− z)p dz

 1
p
 1∫

0

∣∣∣C ′((1− z) V+5L
6 + zL

)∣∣∣q dz

 1
q


≤ L−V
36


 1∫

0

zpdz

 1
p
 1∫

0

(
(1− z)s ∣∣C ′ (V)

∣∣q + zs
∣∣∣C ′( 5V+L

6

)∣∣∣q)dz

 1
q

+


41
80∫
0

( 41
20 −4z

)p
dz+

1∫
41
80

(
4z− 41

20
)p

dz


1
p

×

 1∫
0

(
(1− z)s

∣∣∣C ′( 5V+L
6

)∣∣∣q + zs ∣∣C ′ ( V+L
2
)∣∣q)dz

 1
q
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+


39
80∫
0

( 39
20 −4z

)p
dz+

1∫
39
80

(
4z− 39

20
)p

dz


1
p

×

 1∫
0

(
(1− z)s ∣∣C ′ ( V+L

2
)∣∣q + zs

∣∣∣C ′( V+5L
6

)∣∣∣q)dz

 1
q

+

 1∫
0

(1− z)p dz

 1
p
 1∫

0

(
(1− z)s

∣∣∣C ′( V+5L
6

)∣∣∣q + zs ∣∣C ′ (L)
∣∣q)dz

 1
q


= L−V

36(p+1)
1
p

((
|C ′(V)|q+|C ′( 5V+L

6 )|q
s+1

) 1
q

+

(
|C ′( V+5L

6 )|q+|C ′(L)|q

s+1

) 1
q

+ 1
20

(
39p+1+41p+1

80

) 1
p

((
|C ′( 5V+L

6 )|q+|C ′( V+L
2 )|q

s+1

) 1
q

+

(
|C ′( V+L

2 )|q+|C ′( V+5L
6 )|q

s+1

) 1
q

))
.

The proof is over.

Corollary 2.5. If we take s = 1 in Theorem 2, we obtain∣∣∣∣∣∣ 1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ L−V

36(p+1)
1
p

((
|C ′(V)|q+|C ′( 5V+L

6 )|q
2

) 1
q

+

(
|C ′( V+5L

6 )|q+|C ′(L)|q

2

) 1
q

+ 1
20

(
39p+1+41p+1

80

) 1
p

((
|C ′( 5V+L

6 )|q+|C ′( V+L
2 )|q

2

) 1
q

+

(
|C ′( V+L

2 )|q+|C ′( V+5L
6 )|q

2

) 1
q

))
.

Theorem 2.6. Let f be as in Theorem 1. If |C ′|q is s-convex in the second sense for some fixed s ∈ (0,1] where q≥ 1. Then we have∣∣∣∣∣∣ 1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ L−V

36

(( 1
2
)1− 1

q
(

1
(s+1)(s+2)

∣∣C ′ (V)
∣∣q + 1

s+2

∣∣∣C ′( 5V+L
6

)∣∣∣q) 1
q

+
(

1601
1600

)1− 1
q
((

41s+2
20(s+1)(s+2) +

8
(s+1)(s+2)

( 39
80
)s+2

)∣∣∣C ′( 5V+L
6

)∣∣∣q
+
(

39s−2
20(s+1)(s+2) +

8
(s+1)(s+2)

( 41
80
)s+2

)∣∣C ′ ( V+L
2
)∣∣q) 1

q

+
(

1601
1600

)1− 1
q
((

39s−2
20(s+1)(s+2) +

8
(s+1)(s+2)

( 41
80
)s+2

)∣∣C ′ ( V+L
2
)∣∣q

+
(

41s+2
20(s+1)(s+2) +

8
(s+1)(s+2)

( 39
80
)s+2

)∣∣∣C ′( V+5L
6

)∣∣∣q) 1
q

+
( 1

2
)1− 1

q
(

1
s+2

∣∣∣C ′( V+5L
6

)∣∣∣q + 1
(s+1)(s+2)

∣∣C ′ (L)
∣∣q) 1

q
)
.

Proof. Using Lemma 1, properties of modulus, power mean inequality and s-convexity in the second sense of |C ′|q, we get∣∣∣∣∣∣ 1
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(
5V+L

6
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1− 1
q
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∣∣∣C ′((1− z)V+ z 5V+L
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)∣∣∣q dz
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q
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+

 1∫
0

∣∣4z− 41
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∣∣dz

1− 1
q
 1∫
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20

∣∣ ∣∣∣C ′((1− z) 5V+L
6 + z V+L

2

)∣∣∣q dz

 1
q

+

 1∫
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∣∣dz
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q
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∣∣ ∣∣∣C ′((1− z) V+L
2 + z V+5L

6

)∣∣∣q dz

 1
q

+

 1∫
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(1− z)dz

1− 1
q
 1∫

0
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∣∣∣C ′((1− z) V+5L
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)∣∣∣q dz

 1
q
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 1∫
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zdz

1− 1
q
∣∣C ′ (V)

∣∣q 1∫
0
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6

)∣∣∣q 1∫
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zs+1dz

 1
q

+


41
80∫
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( 41
20 −4z

)
dz+

1∫
41
80

(
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)

dz


1− 1

q

×
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6

)∣∣∣q


41
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( 41
20 −4z

)
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41
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(
4z− 41
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)
(1− z)s dz



+
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2
)∣∣q


41
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( 41
20 −4z

)
zsdz+

1∫
41
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(
4z− 41

20
)
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1
q

+


39
80∫
0

( 39
20 −4z

)
dz+

1∫
39
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(
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20
)
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1− 1

q

×
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2
)∣∣q
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80∫
0

( 39
20 −4z
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1
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6
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(1− z)s+1 dz+
∣∣C ′ (L)
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 1
q


= L−V
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q
(

1
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)∣∣∣q) 1
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41s+2
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8
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( 39
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6

)∣∣∣q
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(

39s−2
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8
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( 41
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2
)∣∣q) 1

q

+
(
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)1− 1
q
((

39s−2
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8
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( 41
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2
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+
(

41s+2
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8
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( 39
80
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6

)∣∣∣q) 1
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+
( 1

2
)1− 1

q
(

1
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∣∣∣C ′( V+5L
6
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∣∣q) 1

q
)
,

where we used (2.5)-(2.10) and the fact that
1∫
0

∣∣4z− 41
20

∣∣dz =
1∫
0

∣∣4z− 39
20

∣∣dz = 1601
1600 .

The proof is acquired.
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Corollary 2.7. In Theorem 3, if we take s = 1. Then we get∣∣∣∣∣∣ 1
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(
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(
5V+L

6

)
+26C

(
V+L

2
)
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6

))
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L−V
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C (u)du

∣∣∣∣∣∣
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((
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3
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(
196919|C ′( 5V+L
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(
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) 1
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.

3. Further results

Theorem 3.1. Assume that C : [V,L]→R is a differentiable function on [V,L] with V<L and C ′ ∈ L1[V,L]. If there exist constants m,M ∈R
with ∞ < m < M <+∞ such that, for every x ∈ [V,L], m≤ C ′ (x)≤M. Then we have∣∣∣∣∣∣ 1

80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣≤ 2401(L−V)(M−m)
57600 .

Proof. From Lemma 1, we have

1
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6

)
+26C
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2
)
+27C

(
V+5L

6

))
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)
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+
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+
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+
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= L−V

36

 1∫
0
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)
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0
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+
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2

)
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2

1∫
0

(
4z− 39
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)
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+

1∫
0

(z−1)
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C ′
(
(1− z) V+5L
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)
− m+M

2

)
dz+ m+M

2

1∫
0

(z−1)dz



= L−V
36

 1∫
0

z
(
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(
(1− z)V+ z 5V+L

6

)
− m+M

2

)
dz

+

1∫
0

(
4z− 41
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)(

C ′
(
(1− z) 5V+L

6 + z V+L
2

)
− m+M

2

)
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+
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(
4z− 39
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)(
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(
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2 + z V+5L
6

)
− m+M
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+

1∫
0

(z−1)
(
C ′
(
(1− z) V+5L

6 + zL
)
− m+M

2

)
dz

+ m+M
2

 1∫
0

zdz+
1∫
0

(
4z− 41

20
)

dz+
1∫
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4z− 39

20
)

dz+
1∫
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2

)
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+
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0
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4z− 41

20
)(

C ′
(
(1− z) 5V+L

6 + z V+L
2
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2

)
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+
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)(
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2 + z V+5L
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)
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2

)
dz

+
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0
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(
C ′
(
(1− z) V+5L

6 + zL
)
− m+M

2

)
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 , (3.1)

where we have used the fact
1∫
0

zdz+
1∫
0

(
4z− 41

20
)

dz+
1∫
0

(
4z− 39

20
)

dz+
1∫
0

(z−1)dz = 0.

Applying the absolute value in both sides of (3.1), we get∣∣∣∣∣∣ 1
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(
27C

(
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6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
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∣∣∣dz

+

1∫
0

∣∣4z− 41
20
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 , (3.2)

Since m≤ C ′ (x)≤M for all x ∈ [V,L], we have∣∣∣C ′((1− z)V+ z 5V+L
6

)
− m+M

2

∣∣∣≤ M−m
2 , (3.3)
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2 . (3.6)

Using (3.3)-(3.6) in (3.2) we get ∣∣∣∣∣∣ 1
80

(
27C

(
5V+L

6

)
+26C

(
V+L

2
)
+27C

(
V+5L

6

))
− 1

L−V

L∫
V

C (u)du

∣∣∣∣∣∣
≤ (L−V)(M−m)

72

 1∫
0

zdz+
1∫
0

∣∣4z− 41
20

∣∣dz+
1∫
0

∣∣4z− 39
20

∣∣dz+
1∫
0

(1− z)dz


=
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which is the desired result.
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Theorem 3.2. Assume that C : [V,L]→R be a differentiable function on [V,L] with V<L and C ′ ∈ L1 [V,L]. The fact that C ′ is L-Lipschitzian
function on [V,L], gives us ∣∣∣∣∣∣ 1
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Proof. From Lemma 1, we have
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By applying the absolute value in both sides of (3.7), and using the fact that C ′ is L-Lipschitzian function it yields∣∣∣∣∣∣ 1
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which is the desired result.

4. Applications

In this section, we consider some applications using the correct Euler-Maclaurin formula as well as an application using means for arbitrary
real numbers.
Let ϒ be the partition of the interval [V,L] such that V= x0 < x1 < ... < xn =L, and take the quadrature formula into consideration.

L∫
V

C (u)du = λ (C ,ϒ)+R(C ,ϒ) ,

where
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∑
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and the accompanying approximation error is shown by R(C ,ϒ).

Proposition 4.1. Assume that C : [V,L]→ R is a differentiable function on [V,L] with C ′ ∈ L1 [V,L] and n ∈ N. If |C ′| is an s-convex
function in the second sense for a given s ∈ (0,1], we have
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)∣∣∣)) .
Proof. Applying Corollary 1 on the subintervals [xi,xi+1] (i = 0,1, ...,n−1) of the partition ϒ, we get∣∣∣∣∣∣ 1
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The required outcome is produced by multiplying both sides of (4.1) by (xi+1− xi), adding the resulting inequalities for all i = 0,1, ...,n−1,
and applying the triangular inequality.

Application to special means
For arbitrary real numbers V,V1,V2, ...,Vn,L we have:
The Arithmetic mean: A(V1,V2, ...,Vn) =

V1+V2+...+Vn
n .

The p-Logarithmic mean: Lp (V,L) =
(

Lp+1−Vp+1

(p+1)(L−V)

) 1
p ,V,L > 0,V 6=L and p ∈ R\{−1,0}.

Proposition 4.2. Let V,L∈ R with 0 <V<L, then we have∣∣∣27A2 (V,V,V,V,V,L)+26A2 (V,L)+27A2 (V,L,L,L,L,L)−80L2
2 (V,L)

∣∣∣
≤ 2401(L−V)2

360 .

Proof. When Theorem 4 is applied to the function C (x) = x2, the claim is obtained.
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5. Conclusion

In this study, we have constructed a new identity. Based on this equality, we have established some corrected Euler-Maclaurin inequalities
for functions whose first derivatives are s-convex, bounded, and L-Lipschitzian. Some special cases have been discussed. Applications to
numerical integration as well as to inequalities involving means have been presented. We hope that our results will be useful and stimulate
researchers to explore this area and to study and develop other types of inequalities.
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[21] A. Kashuri, B. Meftah, P. O. Mohammed, A. A. Lupaş, B. Abdalla, Y. S. Hamed and T. Abdeljawad, Fractional weighted Ostrowski-type inequalities

and their applications. Symmetry 2021, 13, 968.
[22] A. Lakhdari, W. Saleh, B. Meftah, A. Iqbal, Corrected dual Simpson type inequalities for differentiable generalized convex functions on fractal set.

Fractal fract. 6 (2022), no.12, 710.
[23] N. Laribi and B. Meftah, 3/8-Simpson type inequalities for differentiable s-convex functions. Jordan J. Math. Stat. 16 (2023), no. 1, 79-98.
[24] Y. Li, T. Du and B. Yu, Some new integral inequalities of Hadamard-Simpson type for extended (s,m)-preinvex functions. Ital. J. Pure Appl. Math. No.

36 (2016), 583–600.
[25] B. Meftah, Ostrowski inequalities for functions whose first derivatives are logarithmically preinvex. Chin. J. Math. (N.Y.) 2016, Art. ID 5292603, 10 pp.
[26] B. Meftah, New Ostrowski’s inequalities. Rev. Colombiana Mat. 51 (2017), no. 1, 57-69.
[27] B. Meftah, M. Merad, N. Ouanas and A. Souahi, Some new Hermite-Hadamard type inequalities for functions whose nth derivatives are convex. Acta

Comment. Univ. Tartu. Math. 23 (2019), no. 2, 163–178.
[28] B. Meftah, Fractional Hermite-Hadamard type integral inequalities for functions whose modulus of derivatives are co-ordinated log-preinvex. Punjab

Univ. J. Math. (Lahore) 51 (2019), no. 2, 21–37.
[29] B. Meftah, M. Benssaad,W. Kaidouchi and S. Ghomrani, Conformable fractional Hermite-Hadamard type inequalities for product of two harmonic

s-convex functions. Proc. Amer. Math. Soc. 149 (2021), no. 4, 1495–1506.
[30] B. Meftah, A. Lakhdari and D. C. Benchettah, Some new Hermite-Hadamard type integral inequalities for twice differentiable s-convex functions.

Comput. Math. Model. 33 (2022), no. 3, 330–353.
[31] B. Meftah and N. Allel, Maclaurin’s inequalities for functions whose first derivatives are preinvex. J. Math Ana.l and Model. 3 (2022), no. 2, 52-64.
[32] B. Meftah and A. Lakhdari, Dual Simpson type inequalities for multiplicatively convex functions. Filomat 37 (2023), no. 22, 7673–7683.
[33] N. Mehreen and M. Anwar, Some integral inequalities of (s, p)-convex functions via fractional integrals. Jordan J. Math. Stat. 14 (2021), no. 3, 411–435.
[34] M. A. Noor, K. I. Noor and S. Iftikhar, Newton inequalities for p-harmonic convex functions. Honam Math. J. 40 (2018), no. 2, 239-250.



Konuralp Journal of Mathematics 49
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