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Abstract − In this paper, we consider some block matrices of dimension nm × nm whose
components are triangular matrices of dimension n × n. We prove that the determinant
of such block matrices is determined only by the diagonal elements of their submatrices
and that this determinant is expressed as the multiplication of some subdeterminants. If
the components of dimension n × n are all diagonal matrices, then we prove that such a
block matrix can be written as a product of simpler matrices. Besides, we investigate the
eigenvalues, the adjoint, and the inverse of such block matrices.
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1. Introduction

The determinant is a scalar value corresponding to a square matrix and is denoted by |A|, D(A), det A,
or det(A). Besides, it is a function that maps from square matrix spaces to complex numbers. The
determinant has many uses in mathematics. For instance, it determines whether a square matrix is
invertible, is used to solve a system of linear equations, helps to find the inverse of a matrix, is used to
solve some boundary value problems, etc. The determinant of a square matrix can be calculated using
Laplace expansion. In particular, the determinant of a matrix of dimension 3 × 3 can be calculated
by the Sarrus rule. Calculating determinants becomes more difficult for square matrices of dimension
4 × 4 and larger. For more information about factorization and calculation of determinants of large
block matrices, see [1–14]. Sometimes calculating a determinant is easier if there are many zeros in
the entries of the considered matrix. For instance, it is easier to calculate the determinants of the
following matrices B and C by hand than the determinant of the following matrix D.

B =


3 0 3 7
0 −2 0 0
5 2 0 13
0 0 5 −8

 , C =


1 65 3 7
0 −2 4 −8
0 0 9 18
0 0 0 −8

 , and D =


5 5 −7 7
8 12 −8 2
5 −2 9 1
1 −1 3 −1


The more zeros, the easier it is to calculate the determinant. Indeed, the determinant of C is the easiest
since C is an upper triangular matrix. The determinant of an upper or lower triangular square matrix
is the product of the main diagonal entries. A similar calculation is provided for upper triangular
block matrices. Let E be an upper triangular square block matrix as follows:
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E =


E11 E12 · · · E1m

0 E22 · · · E2m

...
... . . . ...

0 0 · · · Emm


where 0 denotes the zero matrix. Then, |E| =

n∏
i=1

|Eii|.

Simply having many zeros does not make it easy to calculate a determinant. Both matrices B and C

have six zeros. However, since matrix C is upper triangular, it is easier to calculate its determinant.
That is, the location or arrangement of the zeros is also essential.

This paper considers a different arrangement of zeros in a square matrix. It presents the following
type of square block matrices of dimension nm×nm whose components are upper triangular matrices
of dimension n × n:

A =



A11 A12 · · · A1m

A21 A22 · · · A2m

...
... . . . ...

Am1 Am2 · · · Amm


nm×nm

where

Aij =



an(i−1)+1,n(j−1)+1 an(i−1)+1,n(j−1)+2 · · · an(i−1)+1,n(j−1)+n

0 an(i−1)+2,n(j−1)+2 · · · an(i−1)+2,n(j−1)+n

...
... . . . ...

0 0 · · · an(i−1)+n,n(j−1)+n


n×n

(1.1)

Firstly, we show that the determinant of A depends only on the diagonal entries of the matrices Aij .
Secondly, we construct a factorization of the matrix A when all the sub-matrices Aij are diagonal
matrices and obtain a formula for the determinant of A. Finally, we consider the eigenvalues, adjoint,
and inverse of the matrix A.

For instance, if we take n = m = 2, then the matrix A turns into

A =



a1,1 a1,2 a1,3 a1,4

0 a2,2 0 a2,4

a3,1 a3,2 a3,3 a3,4

0 a4,2 0 a4,4


and we show that the following equality is valid

|A| =

∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 a1,2 a1,3 a1,4

0 a2,2 0 a2,4

a3,1 a3,2 a3,3 a3,4

0 a4,2 0 a4,4

∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣ a1,1 a1,3

a3,1 a3,3

∣∣∣∣∣∣
∣∣∣∣∣∣ a2,2 a2,4

a4,2 a4,4

∣∣∣∣∣∣
In this paper, we consider only the upper triangular matrices since a lower triangular matrix is the
transpose of an upper triangular matrix.
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2. Main Results

In this section, we delve into the detailed process of reducing the determinant of block matrices whose
submatrices are triangular. This reduction is crucial for simplifying the determinant calculation of
such complex matrices. We begin by analyzing the specific structure of these matrices and demonstrate
how the arrangement of zeros in both the submatrices and the block matrix itself plays a fundamental
role. The results presented here provide a framework for factorization and determinant computation,
which will be elaborated upon in the following subsections. Our approach aims to significantly reduce
the computational complexity of these calculations, offering a more efficient pathway for handling
large-scale block matrices.

2.1. Reduction of Determinant

Consider the matrix of dimension nm × nm as follows:

A =


A11 A12 · · · A1m

A21 A22 · · · A2m

...
... . . . ...

Am1 Am2 · · · Amm


where the submatrices Aij of dimension n × n are given by the following

Aij =



an(i−1)+1,n(j−1)+1 an(i−1)+1,n(j−1)+2 · · · an(i−1)+1,n(j−1)+n

0 an(i−1)+2,n(j−1)+2 · · · an(i−1)+2,n(j−1)+n

...
... . . . ...

0 0 · · · an(i−1)+n,n(j−1)+n


More precisely,

A =



a1,1 · · · a1,n a1,n+1 · · · a1,2n · · · a1,n(m−1)+1 · · · a1,nm

0 · · · a2,n 0 · · · a2,2n · · · 0 · · · a2,nm

0 · · · a3,n 0 · · · a3,2n · · · 0 · · · a3,nm

... . . . ...
... . . . ... · · ·

... . . . ...

0 · · · an,n 0 · · · an,2n · · · 0 · · · an,nm

an+1,1 · · · an+1,n an+1,n+1 · · · an+1,2n · · · an+1,n(m−1)+1 · · · an+1,nm

0 · · · an+2,n 0 · · · an+2,2n · · · 0 · · · an+2,nm

0 · · · an+3,n 0 · · · an+3,2n · · · 0 · · · an+3,nm

... . . . ...
... . . . ... · · ·

... . . . ...

0 · · · a2n,n 0 · · · a2n,2n · · · 0 · · · a2n,nm

...
...

...
...

...
...

...
...

...
...

an(m−1)+1,1 · · · an(m−1)+1,n an(m−1)+1,n+1 · · · an(m−1)+1,2n · · · an(m−1)+1,n(m−1)+1 · · · an(m−1)+1,nm

0 · · · an(m−1)+2,n 0 · · · an(m−1)+2,2n · · · 0 · · · an(m−1)+2,nm

0 · · · an(m−1)+3,n 0 · · · an(m−1)+3,2n · · · 0 · · · an(m−1)+3,nm

... . . . ...
... . . . ... · · ·

... . . . ...

0 · · · anm,n 0 · · · anm,2n · · · 0 · · · anm,nm



(2.1)
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Let fn : Z+ → {1, 2, . . . , n} be a function defined by

fn (k) =
{

k (mod n), k ∤ m

n, k | m

If we denote the number fn (k) by k, then the following notation is true for a matrix A = (ai,j)nm×nm

of dimension nm × nm:
i > j ⇒ ai,j = 0 (2.2)

Theorem 2.1. Let Anm×nm be a matrix satisfying (2.2) and ai0,j0 be an entry of the matrix A with
i0 < j0. Then, any product including the number ai0,j0 of the following determinant formula is zero:

|A| =
∑

σ∈Snm

sgn (σ) a1,σ(1)a2,σ(2) . . . an,σ(n)

Proof. Let σ in Snm be a permutation with σ (i0) = j0. Then, σnm! = e where e is the identity
function in Snm, i.e., e (i) = i, for all 1 ≤ i ≤ nm. Assume that σk (i0) ≤ σk+1 (i0), for all k ∈ Z+

with 1 ≤ k < (nm)!. Then,

i0 = e (i0) = σnm! (i0) ≥ σnm!−1 (i0) ≥ σnm!−2 (i0) ≥ · · · ≥ σ (i0) = j0

This contradicts the assumption i0 < j0, i.e., there exists a number k0 such that the relations 1 ≤
k0 < (nm)! and σk0 (i0) > σk0+1 (i0) hold. If σk0 (i0) is denoted by α0, then α0 > σ (α0) since
σ (α0) = σ

(
σk0 (i0)

)
= σk0+1 (i0). By (2.2), aα0,σ(α0) = 0. Consequently,

a1,σ(1) . . . ai0,σ(i0) . . . aσ0,σ(σ0) . . . an,σ(n) = 0

Corollary 2.2. Let Anm×nm be a matrix satisfying the condition (2.2). Then, the determinant of A

depends only on the entries ai,j with i = j, i.e., the determinant depends only on the entries on the
main diagonal in the submatrices Aij of A in (1.1). The entries ai,j with i < j in the submatrices
Aij do not affect the determinant. Therefore, when calculating the determinant of matrix A, for
convenience, the entries ai,j with i < j can be taken as 0. Consequently, the determinant of a matrix
A as in (2.1) and the determinant of the following matrix are equal:

Ã =



a1,1 · · · 0 a1,n+1 · · · 0 · · · a1,n(m−1)+1 · · · 0

0 · · · 0 0 · · · 0 · · · 0 · · · 0
... . . . ...

... . . . ... · · ·
... . . . ...

0 · · · an,n 0 · · · an,2n · · · 0 · · · an,nm

an+1,1 · · · 0 an+1,n+1 · · · 0 · · · an+1,n(m−1)+1 · · · 0

0 · · · 0 0 · · · 0 · · · 0 · · · 0
... . . . ...

... . . . ... · · ·
... . . . ...

0 · · · a2n,n 0 · · · a2n,2n · · · 0 · · · a2n,nm

...
...

...
...

...
...

...
...

...
...

an(m−1)+1,1 · · · 0 an(m−1)+1,n+1 · · · 0 · · · an(m−1)+1,n(m−1)+1 · · · 0

0 · · · 0 0 · · · 0 · · · 0 · · · 0
... . . . ...

... . . . ... · · ·
... . . . ...

0 · · · anm,n 0 · · · anm,2n · · · 0 · · · anm,nm



(2.3)
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2.2. Factorization

We provide in this section a method for a factorization of the matrix Ã in (2.3). Note that Ã can
be taken as an arbitrary matrix of dimension nm × nm with the condition i ̸= j ⇒ ai,j = 0. A
factorization method for matrix Ã is as follows:

Ã = Ã1Ã2 · · · Ãn (2.4)

where

Ã1 =



a1,1 0 · · · 0 a1,n+1 0 · · · 0 · · · a1,n(m−1)+1 0 · · · 0

0 1 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 1 0 0 · · · 0 · · · 0 0 · · · 0

an+1,1 0 · · · 0 an+1,n+1 0 · · · 0 · · · an+1,n(m−1)+1 0 · · · 0

0 0 · · · 0 0 1 · · · 0 · · · 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 0 0 0 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

...
...

...
...

an(m−1)+1,1 0 · · · 0 an(m−1)+1,n+1 0 · · · 0 · · · an(m−1)+1,n(m−1)+1 0 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 1 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 1



Ã2 =



1 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0

0 a2,2 · · · 0 0 a2,n+2 · · · 0 · · · 0 a2,n(m−1)+2 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 1 0 0 · · · 0 · · · 0 0 · · · 0

0 0 · · · 0 1 0 · · · 0 · · · 0 0 · · · 0

0 an+2,2 · · · 0 0 an+2,n+2 · · · 0 · · · 0 an+2,n(m−1)+2 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 0 0 0 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

...
...

...
...

0 0 · · · 0 0 0 · · · 0 · · · 1 0 · · · 0

0 an(m−1)+2,2 · · · 0 0 an(m−1)+2,n+2 · · · 0 · · · 0 an(m−1)+2,n(m−1)+2 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 1
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...

Ãn =



1 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0

0 1 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...

0 0 · · · an,n 0 0 · · · an,2n · · · 0 0 · · · an,nm

0 0 · · · 0 1 0 · · · 0 · · · 0 0 · · · 0

0 0 · · · 0 0 1 · · · 0 · · · 0 0 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...

0 0 · · · a2n,n 0 0 · · · a2n,2n · · · 0 0 · · · a2n,nm

...
...

...
...

...
...

...
...

...
...

...
...

...

0 0 · · · 0 0 0 · · · 0 · · · 1 0 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 1 · · · 0

0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...

0 0 · · · anm,n 0 0 · · · anm,2n · · · 0 0 · · · anm,nm


(2.4) can be observed by matrix multiplication.

2.3. Determinant Formula

We have proved that the determinant of A and the determinant of Ã are equal in Corollary 2.2. We
have factored the matrix Ã in the former section. In this section, we give a formula for the determinant
of the matrix A by calculating the determinants of the factors of the matrix Ã.

Theorem 2.3. Consider a block matrix A whose submatrices are triangular as in (2.1). Then, the
following determinant formula is valid:

|A| =
n∏

k=1

∣∣∣∣∣∣∣∣∣∣∣

ak,k ak,n+k · · · ak,n(m−1)+k

an+k,k an+k,n+k · · · an+k,n(m−1)+k
...

... . . . ...
an(m−1)+k,k an(m−1)+k,n+k · · · an(m−1)+k,n(m−1)+k

∣∣∣∣∣∣∣∣∣∣∣
(2.5)

Proof. Consider the matrices Ã1, Ã2, . . . , Ãn in (2.4). Hence,

|A| =
∣∣∣Ã1

∣∣∣ ∣∣∣Ã2
∣∣∣ . . .

∣∣∣Ãn

∣∣∣
The determinant of the matrix Ã1 is calculated as follows: If we expand the determinant along the
2nd, 3rd, ..., nth rows, respectively, then
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∣∣∣Ã1
∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 0 · · · 0 a1,n+1 0 · · · 0 · · · a1,n(m−1)+1 0 · · · 0
0 1 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 1 0 0 · · · 0 · · · 0 0 · · · 0

an+1,1 0 · · · 0 an+1,n+1 0 · · · 0 · · · an+1,n(m−1)+1 0 · · · 0
0 0 · · · 0 0 1 · · · 0 · · · 0 0 · · · 0
0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 0 0 0 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

...
...

...
...

an(m−1)+1,1 0 · · · 0 an(m−1)+1,n+1 0 · · · 0 · · · an(m−1)+1,n(m−1)+1 0 · · · 0
0 0 · · · 0 0 0 · · · 0 · · · 0 1 · · · 0
0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 0
...

... . . . ...
...

... . . . ... · · ·
...

... . . . ...
0 0 · · · 0 0 0 · · · 0 · · · 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 a1,n+1 0 · · · 0 · · · a1,n(m−1)+1 0 · · · 0
an+1,1 an+1,n+1 0 · · · 0 · · · an+1,n(m−1)+1 0 · · · 0

0 0 1 · · · 0 · · · 0 0 · · · 0
0 0 0 · · · 0 · · · 0 0 · · · 0
...

...
... . . . ... · · ·

...
... . . . ...

0 0 0 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

...
an(m−1)+1,1 an(m−1)+1,n+1 0 · · · 0 · · · an(m−1)+1,n(m−1)+1 0 · · · 0

0 0 0 · · · 0 · · · 0 1 · · · 0
0 0 0 · · · 0 · · · 0 0 · · · 0
...

...
... . . . ... · · ·

...
... . . . ...

0 0 0 · · · 0 · · · 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
We expand the last determinant along the 3rd, 4th, ..., (n + 1)th rows, respectively:

∣∣∣Ã1
∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 a1,n+1 a1,2n+1 0 · · · 0 · · · a1,n(m−1)+1 0 · · · 0
an+1,1 an+1,n+1 an+1,2n+1 0 · · · 0 · · · an+1,n(m−1)+1 0 · · · 0
a2n+1,1 a2n+1,n+1 a2n+1,2n+1 0 · · · 0 · · · a2n+1,n(m−1)+1 0 · · · 0

0 0 0 1 · · · 0 · · · 0 0 · · · 0
0 0 0 0 · · · 0 · · · 0 0 · · · 0
...

...
...

... . . . ... · · ·
...

... . . . ...
0 0 0 0 · · · 1 · · · 0 0 · · · 0
...

...
...

...
...

...
...

...
...

...
...

an(m−1)+1,1 an(m−1)+1,n+1 an(m−1)+1,2n+1 0 · · · 0 · · · an(m−1)+1,n(m−1)+1 0 · · · 0
0 0 0 0 · · · 0 · · · 0 1 · · · 0
0 0 0 0 · · · 0 · · · 0 0 · · · 0
...

...
...

... . . . ... · · ·
...

... . . . ...
0 0 0 0 · · · 1 · · · 0 0 · · · 1

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
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If we continue this procedure, then

∣∣∣Ã1
∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣

a1,1 a1,n+1 · · · a1,n(m−1)+1
an+1,1 an+1,n+1 · · · an+1,n(m−1)+1

...
... . . . ...

an(m−1)+1,1 an(m−1)+1,n+1 · · · an(m−1)+1,n(m−1)+1

∣∣∣∣∣∣∣∣∣∣∣
Similarly,

∣∣∣Ãk

∣∣∣ =

∣∣∣∣∣∣∣∣∣∣∣

ak,k ak,n+k · · · ak,n(m−1)+k

an+k,k an+k,n+k · · · an+k,n(m−1)+k
...

... . . . ...
an(m−1)+k,k an(m−1)+k,n+k · · · an(m−1)+k,n(m−1)+k

∣∣∣∣∣∣∣∣∣∣∣
We denote the matrix of dimension m × m on the right-hand side of the above relation by

Ã∗
k =


ak,k ak,n+k · · · ak,n(m−1)+k

an+k,k an+k,n+k · · · an+k,n(m−1)+k
...

... . . . ...
an(m−1)+k,k an(m−1)+k,n+k · · · an(m−1)+k,n(m−1)+k

 (2.6)

Theorem 2.3 shows that the determinants of the matrices Ãk and Ã∗
k are equal.

Corollary 2.4. The matrix A of dimension nm × nm in (2.1) is invertible if and only if the matrix
Ã∗

k, for all 1 ≤ k ≤ n, of dimension m × m is invertible.

Example 2.5. Calculate the determinant of the matrices

1 −19 32 −1 13 21
0 −1 −7 0 −2 12
0 0 2 0 0 3

−2 22 −24 3 5 −9
0 2 17 0 −1 −23
0 0 −1 0 0 3


and



3 20 −1 12 2 52
0 1 0 −1 0 5
3 25 −3 32 1 78
0 1 0 1 0 −1

−1 9 5 74 6 10
0 1 0 −2 0 2


By Theorem 2.3,∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 −19 32 −1 13 21
0 −1 −7 0 −2 12
0 0 2 0 0 3

−2 22 −24 3 5 −9
0 2 17 0 −1 −23
0 0 −1 0 0 3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=
∣∣∣∣∣ 1 −1

−2 3

∣∣∣∣∣
∣∣∣∣∣ −1 −2

2 −1

∣∣∣∣∣
∣∣∣∣∣ 2 3

−1 3

∣∣∣∣∣ = 45

and ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

3 20 −1 12 2 52
0 1 0 −1 0 5
3 25 −3 32 1 78
0 1 0 1 0 −1

−1 9 5 74 6 10
0 1 0 −2 0 2

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣
3 −1 2
3 −3 1

−1 5 6

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣∣

1 −1 5
1 1 −1
1 −2 2

∣∣∣∣∣∣∣∣ = 312
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2.4. Wronskian of the Trigonometric System

In this section, we calculate the trigonometric system cos p1x, sin p1x, cos p2x, sin p2x, · · · , cos pmx,
and sin pmx where p1, p2, · · · , pm are arbitrary real constants. These 2m functions are the fundamental
solutions of the differential equation of order 2m corresponding to the characteristic equation(

t2 + p2
1

) (
t2 + p2

2

)
· · ·
(
t2 + p2

m

)
= 0

This polynomial contains no odd terms. Therefore, the Wronskian of any fundamental solutions of
the corresponding differential equation is a constant, see [15]. Then, the Wronskian can be calculated
at point 0:

W = W [cos p1x, sin p1x, cos p2x, sin p2x, . . . , cos pmx, sin pmx]

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

cos p1x sin p1x · · · cos pmx sin pmx

−p1 sin p1x p1 cos p1x · · · −pm sin pmx pm cos pmx

−p2
1 cos p1x −p2

1 sin p1x · · · −p2
m cos pmx −p2

m sin pmx

p3
1 sin p1x −p3

1 cos p1x · · · p3
m sin pmx −p3

m cos pmx
...

... . . . ...
...

(−1)m−1 p2m−2
1 cos p1x (−1)m−1 p2m−2

1 sin p1x · · · (−1)m−1 p2m−2
m cos pmx (−1)m−1 p2m−2

m sin pmx

(−1)m p2m−1
1 sin p1x (−1)m−1 p2m−1

1 cos p1x · · · (−1)m p2m−1
m sin pmx (−1)m−1 p2m−1

m cos pmx

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

cos 0 sin 0 · · · cos 0 sin 0
−p1 sin 0 p1 cos 0 · · · −pm sin 0 pm cos 0
−p2

1 cos 0 −p2
1 sin 0 · · · −p2

m cos 0 −p2
m sin 0

p3
1 sin 0 −p3

1 cos 0 · · · p3
m sin 0 −p3

m cos 0
...

... . . . ...
...

(−1)m−1 p2m−2
1 cos 0 (−1)m−1 p2m−2

1 sin 0 · · · (−1)m−1 p2m−2
m cos 0 (−1)m−1 p2m−2

m sin 0
(−1)m p2m−1

1 sin 0 (−1)m−1 p2m−1
1 cos 0 · · · (−1)m p2m−1

m sin 0 (−1)m−1 p2m−1
m cos 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 0 1 0 · · · 1 0
0 p1 0 p2 · · · 0 pm

−p2
1 0 −p2

2 0 · · · −p2
m 0

0 −p3
1 0 −p3

2 · · · 0 −p3
m

...
...

...
... . . . ...

...
(−1)m−1 p2m−2

1 0 (−1)m−1 p2m−2
2 0 · · · (−1)m−1 p2m−2

m 0
0 (−1)m−1 p2m−1

1 0 (−1)m−1 p2m−1
2 · · · 0 (−1)m−1 p2m−1

m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
The last determinant can be calculated by (2.5). It splits two factors:

W =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

−p2
1 −p2

2 · · · −p2
m

...
... . . . ...

(−1)m−1 p2m−2
1 (−1)m−1 p2m−2

2 · · · (−1)m−1 p2m−2
m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

p1 p2 · · · pm

−p3
1 −p3

2 · · · −p3
m

...
... . . . ...

(−1)m−1 p2m−1
1 (−1)m−1 p2m−1

2 · · · (−1)m−1 p2m−1
m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

=
(

m∏
k=1

pk

)
∣∣∣∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1

−p2
1 −p2

2 · · · −p2
m

...
... . . . ...

(−1)m−1 p2m−2
1 (−1)m−1 p2m−2

2 · · · (−1)m−1 p2m−2
m

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2
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=
(

m∏
k=1

pk

)
∣∣∣∣∣∣∣∣∣∣∣

1 1 · · · 1
p2

1 p2
2 · · · p2

m
...

... . . . ...
p2m−2

1 p2m−2
2 · · · p2m−2

m

∣∣∣∣∣∣∣∣∣∣∣

2

The last determinant is the Vandermonde determinant of the numbers p2
1, p2

2, · · · , p2
m and it is calcu-

lated by multiplying the differences between them (for more details, see [16]). Then, the Wronskian
of the trigonometric system takes the following form:

W =
(

m∏
k=1

pk

) ∏
1≤i<j≤m

(
p2

j − p2
i

)2

Thanks to the Theorem 2.3, the proof of the last Wronskian formula is much shorter and simpler than
that in [17], provided by Kaya.

Corollary 2.6. The necessary and sufficient conditions for the linear independence of trigonometric
system cos p1x, sin p1x, cos p2x, sin p2x, · · · , cos pmx, and sin pmx are the following:

i. pk ̸= 0, for all k ∈ 1, m

ii. pi ̸= pj and pi ̸= −pj , for all i ̸= j

Corollary 2.7. The Wronskian of the particular trigonometric system cos x, sin x, cos 2x, sin 2x, · · · ,
cos mx, and sin mx is

m!

 ∏
1≤i<j≤m

(
j2 − i2

)2

2.5. Some Properties of Block Matrices Whose Submatrices are Triangular

This section provides some properties of block matrices whose submatrices are triangular, such as
sum, product, adjoint, inverse, and eigenvalues.

Theorem 2.8. The sum and product of two matrices of type (2.1) are also of type (2.1). Besides,
the adjoint matrix of a matrix of type (2.1) is also of type (2.1).

Proof. The first part of the theorem can be easily proved. Therefore, we prove the second part of
the theorem. It is sufficient that the cofactor of an entry ai0,j0 with i0 < j0 is equal to 0. According
to Corollary 2.2, the determinant of a matrix as in (2.1) is independent of the variable ai0,j0 with
i0 < j0. Then, the derivative of the determinant of a matrix as in (2.1) concerning ai0,j0 is 0. On the
other hand, Jacobi’s formula [18] for the matrix analysis says that the cofactor of an entry in a square
matrix depending on the variables ai0,j0 is the derivative of the determinant of the matrix according
to the considered entry. Then, the cofactors of the entries ai0,j0 with i0 < j0 are equal to 0.

Corollary 2.9. If a matrix as in (2.1) has an inverse, then the inverse is also of type (2.1).

The proof is obtained from the equality:

A−1 = 1
|A|

adj(A)

Theorem 2.10. Let λ be a complex number. Then, λ is an eigenvalue of a matrix A as in (2.1) if
and only if there exists a number k ∈ 1, n such that λ is an eigenvalue of the matrix Ã∗

k in (2.6).

Proof. λ is an eigenvalue of the matrix A if and only if the following relation holds:
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|A − λI| =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

a1,1 − λ · · · a1,n a1,n+1 · · · a1,2n · · · a1,n(m−1)+1 · · · a1,nm

0 · · · a2,n 0 · · · a2,2n · · · 0 · · · a2,nm

0 · · · a3,n 0 · · · a3,2n · · · 0 · · · a3,nm

... . . . ...
... . . . ... · · ·

... . . . ...
0 · · · an,n − λ 0 · · · an,2n · · · 0 · · · an,nm

an+1,1 · · · an+1,n an+1,n+1 − λ · · · an+1,2n · · · an+1,n(m−1)+1 · · · an+1,nm

0 · · · an+2,n 0 · · · an+2,2n · · · 0 · · · an+2,nm

0 · · · an+3,n 0 · · · an+3,2n · · · 0 · · · an+3,nm

... . . . ...
... . . . ... · · ·

... . . . ...
0 · · · a2n,n 0 · · · a2n,2n − λ · · · 0 · · · a2n,nm

...
...

...
...

...
...

...
...

...
...

an(m−1)+1,1 · · · an(m−1)+1,n an(m−1)+1,n+1 · · · an(m−1)+1,2n · · · an(m−1)+1,n(m−1)+1 − λ · · · an(m−1)+1,nm

0 · · · an(m−1)+2,n 0 · · · an(m−1)+2,2n · · · 0 · · · an(m−1)+2,nm

0 · · · an(m−1)+3,n 0 · · · an(m−1)+3,2n · · · 0 · · · an(m−1)+3,nm
... . . . ...

... . . . ... · · ·
... . . . ...

0 · · · anm,n 0 · · · anm,2n · · · 0 · · · anm,nm − λ

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

= 0

By (2.5), the last relation can be rewritten as follows:

|A − λI| =
n∏

k=1

∣∣∣∣∣∣∣∣∣∣∣

ak,k − λ ak,n+k · · · ak,n(m−1)+k

an+k,k an+k,n+k − λ · · · an+k,n(m−1)+k
...

... . . . ...
an(m−1)+k,k an(m−1)+k,n+k · · · an(m−1)+k,n(m−1)+k − λ

∣∣∣∣∣∣∣∣∣∣∣
= 0

3. Conclusion

This paper proves that the determinant of a large-scale block matrix whose submatrices are triangular
does not need to be computed using classical and computational methods. The determinant of such
matrices is equal to the product of the determinants of their special submatrices. This method greatly
reduces the computational effort involved in calculating the determinant.

While the results presented in this paper significantly simplify the calculation of determinants for
block matrices with triangular submatrices, several promising directions remain for future research.
One area of potential exploration is the extension of these methods to non-triangular block matrices
or matrices with more complex structural patterns. Additionally, investigating the applications of
these findings in other branches of linear algebra, such as in solving systems of linear equations or
in eigenvalue analysis, could provide further insights. Researchers may also consider applying these
techniques to real-world problems in physics, engineering, or data science, where large-scale matrix
computations are essential. Finally, developing more advanced computational tools and algorithms
that leverage the factorization methods discussed here could contribute to faster and more efficient
determinant calculations in large matrices.
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