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ABSTRACT. The paper considers the problem of representation and extension of Horn’s confluent functions by a
special family of functions — branched continued fractions. An estimate of the rate of convergence for the branched
continued fraction expansions of the ratios of Horn’s confluent functions Hg¢ with real parameters is established in a
new region. Here, the region refers to a domain (an open connected set) which may include all, part, or none of its
boundary. Additionally, a new domain of the analytical continuation of the above-mentioned ratios is established, using
their branched continued fraction expansions whose elements are polynomials in the space C2. These expansions can
approximate solutions to certain differential equations and analytic functions represented by Horn’s confluent functions
He.
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1. INTRODUCTION

Hypergeometric functions have been and continue to be the subject of research for a century,
surprisingly appearing in various applications in many sciences [8, 20, 28, 27, 29, 31]. Among
the problems associated with the study of these functions, one of the most interesting and
difficult is the representation and analytical expansion through a special family of functions —
branched continued fractions [7, 14, 19]. A generalization of the classical Gaussian method is
used to construct formal branched continued fraction expansions of hypergeometric functions
[13, 21, 30], and the PC and PF methods are used to establish domains of analytical continuation
of these functions [4, 16, 18].

In this paper, we consider the Horn’s confluent function Hg, which is defined by the following
double power series (see, [25])
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He(a, B52) = e
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where o, 8 € C, B & {0,—1,-2,...}, () is the Pochhammer symbol, z = (21, 22) € C%.
Let 30 = {1, 2, 3}, Z(k‘) = (io,il,ig, ey ik), and

.'rf -1 . '7’7 -1
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where []
In [5],

(1.1)

where 6/

(1.2)

for i(k +

(1.3) =
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denotes an integer part.

it is formally established that for each iy € Jy
Hﬁ(av Bv Z)
He(a + 0, + 07,8+ 067 + 93 ;2)
3—[(i0—1)/2]
«Q ui(l)(z)
=1-— —43
25510 + ‘ _2[(2:1)/2] 3-li-1)/2 . (@) ;
1= 20 'Ui(l) + i(2)

ia=2- 1 -1)/2) VT

denotes the Kronecker delta, and, for i(1) € J;,

_2a+1

21, lf’LO:]., ’i1:2,
22 L. .
= ifig =1, i1 =3,

(28 — a)(a+1) . .
—_—— o, if iy =2, iy =2,
wy@) =3 PO
NECERY
ifi():?), i1:17

27 !
26(B+1)

22, le():Q, il :3,

292, ifio 23, i1 22,

1) € Tpg1, k> 1,

ui(k+1)(z)
2a+k+1-30)062)
Btk —Yr ol
z2 e .
— =) y if 1 = ].7 U+1 = 3,
ﬁ+k_zr:05l§’”1 k—1
(a—=28—k—=3,"0(02 =26} ))(a+k+1—-3"76)
B+k—Sr 0o (B+k+1—r04!)
B—a+Yr (0% o) L .
- e - — 1 29, if i, = 2, g1 = 3,
Btk =200 )B+k+1=30000,)
a+k— Zr:o 55
208 +k— Y55 8%)
otk i 8
208+k— 00 )(B+k+1-Y0 5 6))

ir

21, if Zk = 17 ik+1 = 27

21, if ik = 2, ik+1 = 2,

if iy =3, g1 =1,

29, if iy = 3, ik+1 = 2,

and, for i(k) € Jp, k> 1,

(1.4)

oz—|—k—zk_153 3

r=0 "1,

28+ k-2 goL)

Vi(k) = 1 —

Here it is shown that if

(1.5)

a >0, BZOH—I—HS}U for iy € Jo,
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and there exist the positive numbers vy, v2, v3, 111, p2, and p3 such that

21/1 < . {1 120} 1 120} } [%:3 + < 1
—— > mn — M1 = oy L p2 ) H3 > 5
2 Bus (B+1)us (B4 1)p2 2

then
Qurvgs = {2 € C?: |22] — Re(z2) < 2us, |2x] + Re(zr) < 2up, k=1,2,}

is the domain of the analytical continuation of the function on the left side of (1.1).

The results of the study of branched continued fraction expansions of the other Horn's
hypergeometric functions can be found in [1, 17, 23, 24].

In the next section, we give the formula for the difference of two approximants of branched
continued fraction expansions of the ratios of Horn’s confluent functions Hg with real parameters
and prove the auxiliary Theorem 2.1 on the estimation of the rate of convergence for these
expansions in a new region of the space R? (that is, a domain (an open connected set) which
may include all, part, or none of its boundary). In Section 3, we prove Theorem 3.2 on the new
domain of the analytical extension of the above-mentioned ratios in the space C? and give an
important Corollary 3.1 from it.

2. AUXILIARY RESULTS

Let iy be an arbitrary index in Jy. We set, for i(n) € J,,,n > 1,

(2.6) FZ'((Z))(Z) = Vi(n)»
and fori(k) € Jp, 1 <k<n—-1,n>2,

3—[(ix=1)/2] |
Fiy@=vwm+ > ——— i)
inp1=2—[(i—1)/2] RHD T 3—[(in—1-1)/2]
4

in=2—[(ina—1)/2) i

This gives the following recurrence relations

3—[(ix—1)/2] T (Z)
@7)  ER@=vm+ > S k) €T 1<k<n-1,n>2,
ini1=2 (G —1)/2) Figy) (2)

and also the following expressions

3—[(i0—1)/2]
(10)(g) =1 — 263
(2.8) [0 (z) =1 0o + Z F) (Z)
i1=2—[(i0—1)/2] 7 i(1)

Ui(1) (Z)

n>1.

Suppose that F(k)( z) # 0 forall i(k) € J;,1 < k < n,n > 1. Using the method suggested in
([11, p. 28]), we show that forn > land k > 1

3—[(i0—1)/2] 3—[(in—1)/2] (71) Hn+ ( )

(i0) io . r=1 Yi(r)\Z
@9) L@@ = 3 T
=2l =2 ey ITE By Y @ T2 Fi) (2)
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On the first step we obtain

£ (2) — £ (z)

5 [(i0-1)/2] 5 [(i0—1)/2)
a ;1) (2) o ;1) (2)
=1- 5+ > 1=+ >
io k) io n)
287 e la-na Fi (@) 267l B ()
8-[(i0-1)/2)

B ui(l)(z) (F(n+k)(z) _ g™ (z)).

- n+k n i(1) i(1)
o EG P @) @)

For an arbitrary integer r such that 1 <+ <n — 1, we have

n+k n
Fiy (@) = Fi) (2)

3—[(ir—1)/2]

i1=2—[(i0—1)

3—[(i,—1)/2]

B Ui(r41)(2) Ui(r41)(2)
=Vi(r) + Z F(n+k)(z = | vty T Z () (2)
irp1=2—[(ir—1)/2] Ti(r+1) irp1=2=[(ir—1)/2] ~i(r+1)
3—[(ir—1)/2]
B Ui(ry1)(2) (n+k) (n)
(210) = — Z F(Tl+k) (Z)F(n) (Z) (Fi(r+1) (Z) - F,L‘(T+1) (Z)) .
irp1=2—[(ir—1)/2] Yi(r+1) i(r4+1)
Since
3—[(in—1)/2]
(n+k) (n) . Ui(n+1) (z)
Foy @-Fo@= " > oy

inp1=210m-1)/2) Fitn11)(2)

using the recurrence relation (2.10), at the nth step we obtain (2.9). For convenience, we rewrite
(2.9) as follows

3=[(f0—-1)/2] 3—[(in—1)/2]

. i . ui(l)(z)
O R R O e D SR DR (2)
i=2-[l0=1)/2]  ins1=2-[(in=1)/2] Ti(1)
n n/2
[(n+1)/2] U2k (Z) e Ui(2k+1)(2)

(2.11) < II 11

(p) (p) (@) (@)
k=1 Fiék_l)(Z)Fi(gk)(Z) k=1 Fi(qzk)(Z)Fi(qzkH)(Z)

where g =n+k,p=mn,ifniseven,and ¢ = n, p = n + k, if n is odd.
The following theorem is true:

)

Theorem 2.1. Suppose that o and (3 are real constants such that satisfy inequalities (1.5). Then for each
io € Jo :
(A) The branched continued fraction (1.1) converges to a finite value f("0)(z) for each z € O, 1,
where

(212) @ll,lQZ{ZERZZ -l <z <0, OSZQSZQ}, l1>0, O<l2<§,
in addition, it converges uniformly on every compact subset of an interior of the region Oy, i, .

B) If fio) (z) denotes the nth approximant of the branched continued fraction (1.1), then for each
VAS @11,12

|f(i0)(z) _ féio)(zﬂ < C (i) <Q—|—QI> , n>1,
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where
m(a+1xﬂ+1) mz.
! (2(6 2l)(+1)1) 2 (ﬁf O _) )
(i0) _ 1 o+ 2 .
213 ¢ BB—2+1) B 0T
o) n Lo ifio — 3
208—2y)  28(B-2p+1)" 7"
and

- 2AW(B+1) 2\ B B L2
(2.14) gmaX{<5_212+1+5>5_4z2’5_252+2(6—212+1)}'

Proof. We will carry out the proof in the same way as in [5, Theorem 3.2]. In [5, Formula (3.22)],
it is shown that

atk—3r 55
2842k —23 "1 41

r=0 i,

Vik-1),3 =1 —

(2.15) > i(k—1) €Ty, k> 2,

L\J\H

are valid under the condition (1.5).
Let n be an arbitrary natural number and z be an arbitrary fixed point in (2.12). We set
2 2l2 1
= 1 - —, = 1 - S - —.
91 3 92 B+1 93=73

By induction on k, we prove that
(216) F})\(2) > gi,,

where i(k) € T, 1 < k < n.

Taking into account (1.4), (2.6), (2.12), and (2.15), it is clear that for k£ = n inequalities (2.16)
hold for i, = 1,2,3. Let (2.16) hold for k = r + 1 such that r + 1 < nand for all i(r + 1) € J,.
Then from (2.7) for k = r and for any i(r — 1) € J,_1, we have

FZ(( % + Z uz r+1 Z
Grt1=2 z(r+1)(Z)
l
> Ui(,n) (Z) — 252
2
B
- 917
ifi, =1,
™ (z) > 5 L2
L(T')( ) Vi(r) B+1
2
=1— b
B+1
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if i,, = 2, and
Ff{ii () > vi(r)
1
> -
-2
= 93,
ifi,. = 3.

Let now n be an arbitrary integer such that n > 2. We show that

3—[(ix—1)/2] |Ui(k+1)(2)] ¢

(2.17) Z - - < ,
i1 =2—[(in—1)/2] ‘Fi((k)—&-l)(z)Fi((k))(Z)‘ e+l

where i(k) € J;, 1 <k <n —1, and g is defined by (2.14), or the same as

3=[(ix—1)/2] 3—[(ix—1)/2]

|Uz k41 (Z)| n |Ui k+1 (Z)|
Yoo BRI <o [ IFS) @) - D
IE | (2)] IE | (2)]
inp1=2—[(ix—1)/2] Wi(k+1) in1=2—[(ik—1)/2] IWi(k+1)

where i(k) € T, 1 <k <n-1.
Using (1.2)—(1.4), (2.12), (2.15), and (2.16), for any i(k) € Ji, 1 < k < n — 1, and for any
z € ©,,;, we have

(n) > \Ui(k+1)(z)| > |Ui(k),3(z)|
|F> 2 (z)| — Z —_—— > 22—

i(k) n -
ip41=2 |Fz((k)+1)<z)| g3
o 2 Iz2|
- k-1 ¢1
B+k—=3.2, 6; 93
4l
>1- 2
- B
and
3 k—1
Z [Ui(k+1)(2)] <20<+/€_Er:05?r+1@+ 1 22|
n = k—1 k—1
Wl IF @) T BE=3008E 92 Bk -0 6] 9
< 20(B+1) | 2
T B4+1-2 B
412>
é 0 1—— )
(-5
ifig, =1,
3
(n) |ui(k+1)(z)| |ui(k)73(z)‘
Fin(@l = > g 212 e
i1 =2 | i(k+1)(z)|
L B—a+3 (68 —d) 22|
B+k—02g 0 )(B+k+1— Y05 6k) 93
415

>1-
- B+1
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and
23: Juigen) (@) _ (26 — ot k4 3505508 — 26))) (o +k+1- 377 82) |2
W IEG (@) (Btk—Yr g8l )(B+k—1-0250}) 93
B—a+3,25(5 —d |22

B+k—SF 0o )B+k+1-Yr0060) 03
- 201 (B +1) 2,
“B+1-2 pB+1

2W(B+1) 2,

B+1-21,

if i, = 2, and last

2
n |ul k41 (Z)|
|Fi((k)) (z)| — Z 7((@ ) 2 Vi(k)

ipg1=1 \Fl.(k+1)(z)|
> g3
_1
2
and
5 Pu@l _atk- S d 1
n = k—1
W |G (@) T 28+ k=550l )
) a+k—Yr) 8 |2
Brhk—Sr 1ol )B+k+1-Y "tol)
B ly
< +
~2(B8-2l2)  2(B+1-2l)
1
< =
= 2&%

if i, = 3. Hence, due to the arbitrariness of i(k), the validity of inequalities (2.17) follows.

Now from (1.2), (2.12), (2.13), and (2.16) it follows that
3—[(io—1)/2
(@)

7@ @) <C for igeJy and ¢>1.
i(1)\#

(2.18)
=2 {(io—1)/2] |

Indeed,
lu2(2)| | Juia(z)] _ 26(a+1)(B+1) L2

F\%(2)  |F4(=)|  BB-2+1) 5
20(1)7
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ifig = 1,
u22(z)| | Jus(@)| _ h(28-a)(a+1)(B+1)  2b(8-a)
F9@)|  F9@)]  BB+DB-2+1) BB+
_h2B-a)a+1)  2(B-a)
B(B =2y +1) B(B+1)
=0,
if io = 2,
usa(z)| | lusa(z)] . of | La(B+1)
E @) FD@) 26— 2k) ' 2B(B+ (B -2+ 1)
o (¢4 n laac
T 2(8-20)  28(8 -2y +1)
=B,
if io = 3.

From (2.12) and (2.16) it is clear that FZ.((‘Q)(Z) #0fori(k) € 3k, 1 <k <gq,¢>1,and forall
z € Oy, 1,. Thus, using (2.17) and (2.18), from (2.11) for any z € ©;, ;, we have

3—[(io—1)/2] n
(z ) ; [ui1)(2)] 0
ri(2) = £ (2)] < 2 IF (z)] \e+1
i1=2—[(i0—1)/2] 1*'i(1)

<O<ZO>( +1) o on>1,k>1,
0

where ¢ = n + k, if n is even, and ¢ = n, if n is odd. Finally, (A) and (B) follow when n — oo
and k — oo, respectively. O

3. ANALYTICAL CONTINUATION
In this section, we prove the following result:

Theorem 3.2. Let v and (3 be real constants satisfying the inequalities (1.5), and vy, va, vs, i1, [i2, 13
be positive numbers such that

211 . vy vy } K V3 1
3.19 — <minq1l—pg———, 1—ppo————"-——7, —+——-—-—< = —pus,
G { M Bus BT B D N CES A
where 0 < k < 1. Then for each iy € Jy :
(A) The branched continued fraction (1.1) converges uniformly on every compact subset of the domain

— —
(320) Sy ,vg,vs — U Sw1,ve,v3,00

pe(—m/4,m/4)
tg(p)<vk
where
— Re(z0e7%%) |zk| + Re(zre™2%)
321) Sy v = dzec?: 2
020 Zsniny = {2 0 (g) cos?(¢)

to the function f(0)(z) holomorphic in the domain =,,, ., ..,
(B) The function () (z) is an analytic continuation of branched continued fraction (1.1) in the
domain (3.20).

< 2vs, < 2y, k—l,?},
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Proof. To prove (A), we use the convergence continuation theorem (see, [3, Theorem 3] and also
[11, Theorem 2.17], [34, Theorem 24.2]), which extends the domain of convergence of a branched
continued fraction, which is already known for a small domain, to a larger domain.

Let i be an arbitrary index in Jy. Let us show that {f{*)(z)}, where f{*)(z), n > 1, are
defined by (2.8), is a sequence of functions holomorphic in the domain (3.20). Since each
approximant of the branched continued fraction (1.1) is an entire function, it suffices to show
that

Fi(g))(z) #0 for i(1)€Jy, n>1, and for z€Z, 1.,

Let ¢ be an arbitrary real in (—7 /4, 7/4) such that tg(¢) < v/k and z be an arbitrary fixed point
in the domain (3.21). Under the condition (1.5) and (2.15), from (1.4) for any i(k — 1) € Jx, k > 2,
we have

—i O“"k_zlrc:l‘s? —i
Re(vik-1)3e” ") = 1— " — | Re(e™)
28+ 2k — 25 1 4]

r=0 Y1,

and for i, =1 or i, = 2 we get

Re(vi(k)e_w) = Re(e™ %)
= cos(y).

Now, using (1.4), (1.5), (2.15), and (3.21), from (1.3) for any i(k) € J, k > 2, herewith i;, = 1 we
obtain

Ao+ k—SF 13 +1)

r=0 "1,

B+k—Y ks

r=0 ",

(I21] + Re(z1e7%%))

‘ui(k)72(z)| - Re(ui(k)z(z)e*Qi@) _

< 4vy cos®(p),
|z2] 4 Re(z2e2%%)
B k—1

ﬁ + k— Z’I‘IO 6217

|wik),3(2)] — Re(ug) 3(z)e ")

21/2 2
< —-cos ,
5 (%)
and, thus,
3 _2;
U; z)| — Re(u; z)e ¥ 4 )
Z [Ui(k+1)(2)] (Wigk+1)(2) ) _ A cos(i) + vy cos()
ipp1=2 Hijoia cos(p) 2 Bus

< 2(1 = p1) cos(yp)
= 2(Re(virye™ %) — p cos(p)).
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When i, = 2 we have
[wicky,2(2)] — Re(ur) 2(2)e %)
_(2B-atk 3506 — 200 ))(a+k -3 8 +1) (21] 4 Re(z1e=7%))
(B+k— 0000 )(B+k— 2058k +1)

<4v1 cos®(p),

[wick),3(2)| — Re(u;r),3(z)e %)

B—a+y,5(8 —d) N
N TN R TR AR
= Zur=0 Y%, — 2.r=0 Y%,
<%C0S2(<p),

and, thus,

3 —2i
w; z)| — Re(u; z)e %) 4 2
) |wi(kt1) (2)] (wigh+1)(2) ) < os(p) + 2
Wiy, €OS() H2 (B4 s

< 2(Re(vi(rye™ ") — pa cos(p))-

cos(¢p)

Tp41=2

If i, = 3, we obtain

a+k—F 08 a+k— 21’3;7{ 5

(k)1 (2)] — Re(ui), (z)e %) = — - — cos(2¢)
R ot 2B+k— Y Lat)  2AB+k— > iol)

1
5(1 — cos(2¢))
< kcos?(p),
(a+k — Y2070 02 )(|22] — Re(zae~2%))
2B+ k= 200 )(B+k 4137260

IA

N

\ui(k)’g(zﬂ — Re(ui(k),g(z)e_%”’) =

2
< 3 —7—31 cos(y),
and, thus,
9 )
[uik+1)(2)] — Re(uey1y(2)e %) & 2v3
< —cos(p) + —5———— cos(p
2 i <OS() O G, W)

ikp1=1
< Q(Re(vi(k)e*w) — psz cos(p)).
From [6, Proposition 2], with g;) = pi,, i(k) € Jx, k > 1, it follows that
(3.22) Re(F\})(2)e™™) > pux cos(p) > 0
fori(k) € 3y, 1<k<n,n>1andforz € E,, ., .,,,. Hence,
Fi(g))(z) #0 for i(1)€J;,n>1, and for z€Z, 1,0,

and, therefore, due to the arbitrariness of ¢ and for z € Z,, ,, ... Thus, each approximants of
the branched continued fraction (1.1) is a function holomorphic in the domain (3.20).



On the analytic extension of the Horn’s confluent function Hg on domain in the space C2 21

Again, let ¢ be an arbitrary real in (—7 /4, 7/4) such that tg(¢) < /kand let Y, ,, ., , isan
arbitrary compact subset of the domain (3.21). Then there exists an open ball with center at
the origin and radius p containing Y., ., v, Using (3.22), from (2.8) forany z € Y., ., 1., We
have

- o, liezn/
L@+ gg0 D
i1=2—[(i0—1)/2]

= M(io)(TVthW?,#P) for n> L,

|Ui(1)(z)|
Hi(1) cos(p)

where
T G T )
552 cos(p) ?Ns cos(¢)
MO (T, ) =414 (28 —a)(a+1)p (B—a)p Cifig =2,

B(B+ 1)z cos(p)  B(B+ 1)uzcos(p)
R cp
28 2Buicos(p)  2B(B+ 1)ugcos(p)’

that is, the sequence { fr(fo)(z)} is uniformly bounded on Y,, ,, .., and, at the same time,
uniformly bounded on every compact subset of the domain (3.21).

Now, let T,, ., ., is an arbitrary compact subset of the domain (3.20). Let us cover T, ., s
with domains of form =, ., ., . From this cover we choose the finite subcover

if ip = 3,

—_

Su1,v2,03,00 0 Su1v,v5,0) 5y Buy v ug,0 ) -
We set

M(io)(Tl,hVQm) = max M(io)(T

1<r<k V1,V27V3#P(r>)'

Then forany z € T, 1, ., we have
|f7(1i0)(z)| < M(iO)(Tthz,Va) for n>1,

that is, the sequence { #iio) (z)} is uniformly bounded on YT, ., .., and, hence, it is uniformly
bounded on every compact subset of the domain (3.20).
Next, let

T = min {ll, lo, V9 cos2(<p)} .
Then, according to Theorem 2.1, the branched continued fraction (1.1) converges in the domain
A, ={zeR*: -7 < —x <Re(z1) <0, 0 < Re(z2) < x < 7}.

It is clear that A, is contained in the domain (3.20) for each 0 < x < 7, in particular, A/, C
Zu1.vs,05- Therefore, (A) follows by Theorem 3 [3].
To prove (B), we use the PC method (see, [2, 3]). Let ig be an arbitrary index in Jy. We set

Ho(a+n— "0 03 B+n— 3" 0t ;2)

3.23 R™ (z) = r=0 %, _ 5o
(3.29) 0 = ot 1- S o0 Btntl-3  ol:z) in) €3, n21,
and
3—[(ix—1)/2]
Uigk+1) (2)
Rg(nk)) (Z) = Vi(k) + " - ( . ) ’
ip=2=f-n/2) TEED T sl
- Ui(n) (2)

)
in=2—((in1-1)/2) Bin)(2)
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where i(k) € 3,1 < k <n—1,n > 2. Then itis clear that

. 3—[(ix—1)/2] Uiges ) (2)
(3.24) Ry (2) = vigey + ) M’
ipr1=2—[(¢x—1)/2] “Yi(k+1)

where i(k) € 3,1 <k <n—1,n > 2. It follows that forn > 1

HG(OZ, ﬁ? Z)
Hg(a + 51»10 + 5fo,ﬂ + 51.20 + (5?0;2)
3—[(i0—1)/2]
—1- 2 4 OZ i) (2)
287 : vi1) + 3—[(ins1—1)/2]
i1=2—(io—1)/2] .. o Ui(nt1)(2)

. Z i(n+1)

R(nJrl)

i2=2_[(in+1_1)/2] ’L(”+1)(Z)
3—[(i0—1)/2]

@)
B Y .
) (n+1)
28 ey Biny (@)

ui(l)(z)

Since FZ.(&))(O) = 1 and RE&))(O) = 1forany i(k) € 3,1 < k < n,n > 1, then there exist

A(1/ Fi(&))) and A(1/ REZC))) (here, A(-) is the Taylor expansion of a function holomorphic in some
neighborhood of the origin). Moreover, it is clear that Fi((?)(z) # 0 and RZ(,ZC)) (z) £ 0 for all
indices. Using (2.6), (2.8), (3.23), and (3.24) from (2.9) for n > 1, we have

He (v, B; 2) — flio)(5)
He(a + 6L + 62,8+ 02 +02;2) "
3—[(i0—1)/2] 3—[(in—1)/2] Hn+1 Ui (2)
r=1 "ur

=(-1)" > e > AT p(ntD)

n (n) ’
i1=2—[(i0—-1)/2]  int1=2—[(in—1)/2] IL2 i(r) (Z)Hr:1Fi(7~)(Z)

From this formula in a neighborhood of origin for any n > 1, we have

He (v, 3;2) ) ; (n) k1
A( *A(fr(fo)): Crl #1725
He(a + 6’10 + 6’20’6 + 630 + 6?"; z) k+l>[n+zé.1:+6.2 172 7
k>0, 150 ©

where c,i’fl), k>0,1>0,k+1>[n+0d} +62]/2, are some coefficients. It follows that

0

_ He (v, B; 2) (io)
vn = A (A (Hg(a TS e p ot rolim) MUY

=[n+6) +62]/2

(o]

(here, A(+) is a function defined on the set of all formal double power series L(z) at the origin as
follows: if L(z) = 0 then A\(L) = oo; if L(z) # 0 then A(L) = k, where k is the smallest degree of
homogeneous terms for which at least one coefficient is different from zero) tends monotonically
toocoasn — oo.

Therefore, the branched continued fraction (1.1) corresponds at the origin to

A He(a, B;2)
He(a+ 6} 4+ 02,8+ 02 +6;:2) )
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Let © be a neighborhood of the origin, which is contained in the domain (3.20), and in which

He (o, 8; 2) _ = kI
(3:25) A <H6(a+5}0 Y02, B+62 +0%;2)) D i %

io? i’ k,1=0

According to (A) and Weierstrass’s theorem (see, [32, p. 288]) for arbitrary k +1, k > 0,1 > 0, we
have _
3k+lf7(:0)(z) 5k+lf(io) (Z)
02802, 02%02,

on each compact subset of (3.20), and to the above proven, the expansion of each approximant

as n — oo

Fio) (z), n > 1, into formal double power series and (3.25) agree for all homogeneous terms up
to and including degree ([n + 6 + 67 ]/2 — 1). Then for any k + 1, k > 0,1 > 0, we obtain

o+l ’r(liO) r+1 £(io)
lim (f(o)> A N

n—oo \ 0270z} 025024
= k'l'ckl
For all z € O, it follows that
) > 1 ak+lf(z’0)
190 =3 (G ©) 4
k;@ K1Y\ 02502 !
== Z ck,lzfzé.
k,1=0
Finally, by the principle of analytic continuation (see, [33, p. 53]) follows (B). O
Note that if
P B SIS 1
— 4 Vl_VQ_V3_205 H1 = M2 = 3 = 57 R = 1507

then it is clear that the inequalities (3.19) hold.
Setting oo = 0 and iy = 1 (or iy = 2 and replacing 3 by 3 — 1) in Theorem 3.2, we obtain the
following result:

Corollary 3.1. Let /3 be real constant such that 8 > 2, and vy, ve, vs, ji1, fi2, i3 be positive numbers
satisfying (3.19), where 0 < k < 1. Then for iy = 1 (or iy = 2):

(A) The branched continued fraction

1
3 )
ui(l)(z)
bt Z 3—[(i1—-1)/2] _
i1=2 v + Z Ui (2) (Z)
i(1
W i9=2—[(i1—1)/2] Yi(2) +,. 3—[(ik—1—1)/2] i ()
_ i(k)
=2 [(in_1—1)/2) Vi) T
where for i(1) € 3y
2 o
——=Z1, lel = 2,
wiy(z) =4 5,

—2 ifi, =3,
5
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fori(k+1) € Jpq1, k> 1,
k—
2k 1=
k—1
B+k— lz— >y 0F

2 e, .
— yifig =1, tgp1 = 3,
Btk—1-Y 1ol f i i
(201 —B) — k=S¥ (03 — 201 ))(k — S 62 +1)
B+k—1-3r 10 )(B+E—3r16})
titk+n) (2) = B-1+3,71(5% —3L)

— 2o, if iy =2, igi1 =3,
Grho 1oy lo )@k la) > TH=nmn

k—Youl 62
28 +k—1-Yr_1o})
k=326
28 +k—1— Y0210} ) etk —>02)6t)
and for i(k) € Ty, k > 1,

21, l'flk; = 17 ik+1 = 27

21, zflk = 2a ik-i—l = 27

ifiy =3, dky1 = 1,

22, lflk = 3a ik:-‘rl = 27

E-Yo%
U'L(k) =1- k-1 ¢1 ig?
2B+k—1-3>216;)
converges uniformly on every compact subset of (3.20) to the function f()(z) holomorphic
in (3.20).
(B) The function f(")(z) is an analytic continuation of He(1, c; z) in the domain (3.20).

Note that Theorem 3.2 and Corollary 3.1 are generalizations of Theorem 3.3 and Corollary 3.1
in [5], respectively.

4. CONCLUSIONS

In the paper, a new domain of analytical expansion of the ratios of Horn’s confluent func-
tions Hg due to their branched continued fraction expansions is obtained. These expansions can
be used as an efficient approximation tool for approximating special functions and solutions
of differential equations represented by the Horn’s confluent functions Hg. Recent studies of
branched continued fractions (see, [9, 10, 15, 22]) open up good prospects for establishing new
domains of analytical continuation of hypergeometric functions and conducting analysis of
truncation errors and computational stability of their branched continued fraction expansions.
Our further investigation will be devoted to the development of the approach proposed in [22]
to the study of numerical stability for the above-mentioned expansions.
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